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The differential equations for the coupled bending and torsional vibrations of
a slender beam in a centrifugal force field are obtained. A method based on
the Rayleigh’s quotient is used to obtain an upper bound for the fundamental
frequency, and the accuracy of this upper bound is investigated by considering
the application of the method to uncoupled vibration.

NoraTioN
2z = radial co-ordinate
Y = tangential co-ordinate
z = axial co-ordinate
v = deflection of elastic axis in Y direction
e == axis of minor moment of inertia I min
v" = deflection perpendicular to axis e
I = length of the blade in radial direction
m = mass per unit length of the beam
E = modulus of elasticity
I = moment of inertia of the cross-section about the axis perpendicular to
the plane of bending
G = shear modulus of rigidity
J = a constant depending upon the cross-section of the beam such that GJ
is the torsional rigidity
8 = distance between the elastic axis and the centroidal axis
8 = rotation of the beam cross-section about the elastic axis
8 = area of cross-section of the beam
Ip = mass moment of inertia about the elastic axis per unit length
t = time
M = moment of centrifugal force at the point
¢ = dimensionless variable £ = z[l
w == frequency of vibration

INTRODUCTION

The analysis presented in this paper considers vibration of a slender beam
that could represent a turbine blade of simple geometry. The beam is attached
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to a disc of radius 7, as indicated in Fig. 1 and the disc rotates with angular
velocity 2. The shear centre of each cross-section does not coincide with the
centre of gravity, consequently the torsional and bending oscillations are
‘coupled’.

Fia. 1. Cantilever beam attached to a circular disc.

For the analysis it is assumed that S, I and J are constants. This, how-
ever, is not an essential assumption. If 8, I and J are functions of z, the
amount of computing work is greater than for S, I and J independent of x.

Tae DIFFERENTIAL EQUATIONS

The differential equation for the deflected form of the neutral axis of a
bar according to the elementary theory of bending is

04
EIm=w .. .. .o .. (1)

where w ig the intensity of the distributed load.
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If the load is distributed along the centroidal axis, the given load can be
replaced by the same load distributed along the shear-centre axis, and a torque
of intensity w . 8 distributed along the same axis.

Let the z-axis coincide with the shear-centre axis. Since the torsion is
not uniform, the relation between the variable torque 7' and the angle of twist
0 is given by (Timoshenko 1955)

a9 030

where QJ is the torsional rigidity for uniform torsion and C; is the warping
rigidity. Differentiation of this equation with respect to = gives

a2 040
GJE—CHW—UJ-S .o .. .. .. (2)
with the positive torque taken as shown in Fig. 2.
Z
, —>X
v
!
e Elastic_ Axis ___y____1_
Centroidal Axis 3 [~ >X Y
Y {b)
(a)

{e)
Fia. 2. Deflection and rotation of a cantilever beam from and about elastic axis.
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For a vibrating bar the intensity of the inertia force is
2
—m s (043 6)

and the intensity of the inertia moment about the z-axis is
o260
-1, i
The following differential equations for the coupled bending and torsional
vibrations are obtained by replacing the statical load in eqns. (1) and (2) by
the inertia forces,

04 02
Elb?i— -—mw(v+8.0) .. .. . (3@)
020 048 02 020
GJa—xz—Claa-#—m.aa—tz(U-f—a.e)“}'Ioéﬁ . . (3b)

Referring to Fig. 1 the centrifugal force dc exerted by a mass element of
the radial length dy at z = 7 is
de = m$2? (ro+n) dy
If the deflection of the blade at time ¢ is v'(, £), the tangential and radial
components of dc are
v’ sin y
To+7

’oo 21%

v sin x

=de |12 52X
des dc[ ("0+"7 )]

respectively, where X is the angle between Y and e axes.
If it is assumed that sin X <€ 1, de¢z = de¢. The components ¢y and ¢z
applied at z follow by integrating from » = z to y = [ and are

Cz = m8R2[ro(l—x)+3(12—22)] .. .. o @

dey = dc

and

1
cy = mf22 sin xJ' v'(z, 1) dy .. .. .. (5)

Referring to Fig. 3 the moment dM about the minor principal axis of
inertia is

dM = cdv'(z, t)—cy sin X dz .. .. .. (6)
Eqns. (4)—(6) give
2 ’ ’
P _ s [{ =440 2% — k) Lot o}

If x is a small angle and ¢’ = v this may be written as

2 21) a
%j;! = me2 [rp(l-—x)+4}(l2__m2) gﬁ —(ro+=z) 5;] . .. 7
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The second derivative of the moment M with respect to  can be considered
as a lateral load depending upon the centrifugal effect.

M +dM

e

F1e. 3. Showing moment about the minor principal axis of inertia.

The R.H.S. of eqn. (3a) represents an inertia loading, and eqn. (3a)

must be modified by adding the lateral load, 661121 , if the centrifugal force
effect is to be considered and the governing equations then become

% 02 02M

020 040 020

G 5g —Crgg = atz(”+8 O+ Ipws . - (8)

where %ifls given by eqn. (7).
DETERMINATION OF NATURAL FREQUENCIES

The equations are now put in terms of a dimensionless variable ¢ = z/l
and the substitutions,

EI QJ C » Iy
B2=m,y2=;n7§, 02=ﬁ—;4,and19=”—7,.
are used.
Eqns. (8) become
0% 0%y v}
B~ [(l +3- - 30) T~ (7+e)
a 6
9
+ RO =0 } )
820 040 a v
agz —Co3m ogs 6t2 (8 +Ie) a i

The solutions of eqns. (9) are of the form:
v(€, t) = Af(§)es }
0(¢, ) = Bp(£)e*

where 4 and B are constants which are not independent; and f(¢) and ¢(¢)
are functions of ¢ only.

(10)
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The functions f(£) and $(¢) satisfy all the boundary conditions of the
beam which are as follows:
0
%(0) =—3—§<0) = 0(0) = 2

a£2(0>—0 )

% % ao (11)

For an approximate determination of the fundamental frequency f(£) is chosen
as the shape function for the fundamental mode of uncoupled bending vibration
and ¢(£) as the shape function for the fundamental mode of uncoupled tor-
sional vibration of a uniform cantilever beam. These shape functions satisfy
the boundary conditions (11} and are

f(€) = cosh Af —cos Aé—0-73410(sinh A¢~sin Af)
and

12
$(6) =sin3 ¢

where A = 1-87510.
Substitution of eqns. (10) in eqns. (9) gives:

[ SR T e p—
v o (13)
Sw?f.A+ [yza—f; d§4+(52+1 e 2¢]B =0

Equations (13) can be solved for «? but the result is a function of ¢, since f
and ¢ are not the exact shape function. This difficulty can be overcome (Fung
1955) by multiplying the first and the second of eqns. (13) by f and ¢ respec-
tively, and integrating with respect to ¢ from 0 to 1. The method results in
the familiar Rayleigh quotient (Collatz 1960) when applied to uncoupled prob-
lems, and is an extension of Rayleigh’s method to the coupled problem. The

following equations are obtained:
(@1— g+ 03— 402) A —a5w?B = 0 5
—agw2A4 +(ay+-ag—agw?)B =0 } e .. .. (14)

o =F f Tl =P f (d£2)

o, 1 7 2f
az—szO(l—o'f-g-Tof )d§2f d¢

e (s

1
“4=f Jd¢
0

where
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1
a5=a°=8f ¢.f.dE

2

-
as—ozf $.dE

ag = (82+1)) f , $2dé

For a nontrivial solution 4 and B must not both vanish, consequently the
determinant of the coefficients of eqns. (14) must be zero:

a1 — 0o+ ag—ayw? —agw?
—agw? a7+ag3—agw®
ie. Pot — Qu®+R =0 .. .. .. (19)
where
P = aa9—azag, @ = (81—02+as)ae+(d7+ag)ay
and

= (a;—~az+ag) (@7+as)
The solution of eqn. (15) is

ot = 9EV(Q*—4PR)
2P

(16)

The right-hand side of eqn. (16) is positive since it may be shown that
@2*—4PR > 0.

The smaller of the two values of w? given by eqn. (16) is an upper bound
for the frequency of the fundamental mode of vibration. The larger of the
two w? values is an upper bound for the next higher mode of vibration.

Also, for the larger value of w?, from eqns. (14), A and B have opposite
signs and for the smaller value of w? they are of the same sign. The cor-
responding two configurations are shown in Fig. 4.

NUMERICAL EXAMPLE

A numerical example for the coupled torsional vibrations of a slender
rotating beam is now presented. The frequencies are computed from eqn.
(16), and the cross-section of the blade is taken as a semi-circle of radius a,
and thickness #;. The physical constants of the blade except the additional
agsumed value of & are taken from Grammel (Biezeno and Grammel 1954).

l=44lin E = 29-20 x 108 Ib/in2
8 = 0-1488 in? I = 0-001845 in*
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g = 0-23885 in G = 11-53 x 108 Ib/in2
. A4

t; = 0-19706 in J = 0-00193 in4 = 5

m = 0-000111b 8=101bin

7o = 29-10in = 314 sec~!

2
Iy = 0-14834 m Ibfin® = m {a§+(%+0-15) }
w

3
Cy = 0-00014 X 106 Ibjint = Eag 5, (% - %)

<

{a) {b)
Fia. 4. Configuration corresponding to two values of w2

With these values, the various parameters used in the frequency equation are
as follows:

a1 = 16-20711 x 106 a5 = ag = 0-10151
a5 = 0-30724 x 106 ay = 12-75067 x 108
ag = 1-44909 X 108 ag = 0-01021 x 106
as=1 ag = 0-08542

and from eqn. (16)
: w} = 170830 x 107 sec™2
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and
wh = 172511 x 108 sec~2

which are the upper bounds of the frequencies corresponding to the first two
modes of the torsional coupled vibrations of the rotating blade.

DiscussioNn axnp CONCLUDING REMARKS

For the uncoupled case (i.e. § = 0), eqns. (13) are two separate eigenvalue
problems that satisfy the conditions of self-adjointness and full definiteness
(Collatz 1960). The first of eqns. (13) when 8 = 0 is

paa—el(rri-Tee) - (1 )o‘zj‘e}

with boundary conditions f(0) = f'(0) = f" (1) = f'" (1) =
This can be written as
Ulf] = «?V[f]
where U and V are differential operators and the boundary conditions as
BIf]=0.
A sequence of functions f1, fs, fs . . . can be obtained from an arbitrary f, and
application of the boundary value problems

Ulfel = VIfe-1l

Blfel = 0.
If the ratio fi_1/fx tends to a constant as k increases, the sequence converges,
and the function fi converges to the form of the first eigen-function f. The
quotient U[ f¢]/V[fi] should provide an approximation to wf, where w; is
first eigenvalue, but as it is still a function of ¢ the numerator and denomi-
nator are each multiplied by fx and integrated with respect to ¢ from 0 to 1 to
give Rayleigh’s quotient which is an upper bound for w2, that is

f 1eOLfeldE f SVl femrldé
f AV [ SV

k=1,23...

The form of the integrals appearing in the above expressions for 4 may be
denoted by

1
bogoy = [ feVlfe-1}dt
b= [ AVURE [(k=0,1,2,..)

1
boks1 = jofk+1V[fk]d§
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and are called Schwarz constants (Collatz 1960) and 4 is the quotient of two
successive Schwarz constants

A= Hop = bzbk-I
ok
The quotients per_; = box_sfbor_1, pek = bak_1/bok, poxs1 = bok/bsk 1, - .. are

known as Schwarz’s quotients (Collatz 1960) and the even numbered quo-
tients are identical with Rayleigh’s quotients.

Bounds for the first eigenvalue «® can be obtained from the quotients
P&, Pr+y and Iy where I; is a lower bound for the second eigenvalue and such
that I, > pr41. The bounds are given by (Collatz 1960)

Ty
#x+1—’l‘T"—“3wfsyk+1(k=1,2,3...)

2

Prs1

For numerical computation of the quotients f; is taken as the shape function

for free vibration of a uniform cantilever, that is
f1 = cosh 1-8751{-—cos 1-8751£—0-7341 (sinh 1-8751¢—sin 1-8751¢)

and is a non-zero function and satisfies all boundary conditions and possesses
continuous derivatives.
Also, a function f, such that

Ulfil = VIfol

ds T d d
Y - LWL A
can be readily obtained.
In this special eigenvalue problem with V[f] the condition

or

1
| oVUI~fiV oD dE =0
is satisfied and according to Collatz (1960) f, need not satisfy any boundary
conditions.
Using the same numerical values for the physical constants of the beam
already considered but with 8 = 0 Schwarz constants and quotients are

1

bO = J. fg df = 3-02437 % 104 B = % = 1:74325 % 107
1]
1 b,

b= | fofsdé =173490x 107 = 2} = 1.73490 x 107
0 by

1
b2=fffdf=l
0

and an upper bound is

By = By > @ ie, 174325 % 107 > 173490 % 107 > w?
38
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For calculating lower bound from the expression

=ity
T Lpg—1
second eigenvalue and even a rough value for Iy is justified since changes in I,
have little effect on the lower bound calculated from the above expression
when [, is appreciably greater than p,.

Further, it is quite reasonable to assume that for flexural vibrations, the
second eigenvalue for free vibration of the uniform beam is a good enough
approximation for the lower bound of the second eigenvalue of the rotating
cantilever beam. Hence, the calculated value for I; is 6-36515x 108 sec™2.

Thus, the frequency for fundamental mode of uncoupled vibration is
bounded as

o < wf , it is not essential to have a close lower bound I, for the

173467 x 107 sec™2 < w? < 173490 X 107 sec™2

The above result shows that the method provided very narrow limits for funda-
mental frequency of uncoupled vibrations in the presence of a centrifugal

force field.
The fundamental frequency for coupled vibrations could not be bounded

at present, but the above computation indicates that Rayleigh’s quotient
obtained from the shape function f; is a very close upper bound for the first
eigenvalue wf for the uncoupled problem. Consequently, it seems reasonable
to believe that the method results in a close upper bound for the fundamental
frequency for the coupled problem, especially if & is small.
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