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In this note the motion of light rays in the stationary gravitational field of a
rotating star is discussed. It has been shown that rotation drastically
modifies the behaviour of the ray. However, for stars with small angular
velocity the escape of ray is similar to s non-rotating case.

1. INTRODUCTION

Recently, interest in the problem of gravitational collapse has been
revived by the discovery of quasi-stellar radio sources and the possibility of
ascribing their enormous energy output to gravitational origin. Under
continued gravitational collapse the energy of the star is given away in the
form of electromagnetic radiation. It is interesting to study the effect of the
gravitational field of the collapsing matter on the escaping radiation. The
effect of the gravitational field of a stationary spherically symmetric bedy on
escaping radiation has been extensively discussed by Hagihara (1931), Darwin
(1959, 1961) and Synge (1966). In this note we wish to discuss the escape of
photons from a spherically symmetric massive body which is rotating about
an axis passing through the centre of the body.

The rigorous solution of Einstein’s field equations corresponding to the
above problem is, unfortunately, not known and, therefore, we make use
of an approximation method. We assume that the angular velocity of the
rotating body is small and consider the effect of rotation as a small per-
turbation away from the static Schwarzschild metric. A general perturbation
away from the Schwarzschild metric will give rise to various modes of gra-
vitational radiation (Brill and Hartle 1964). Here we confine ourselves to the
case when resulting metric is stationary.

2. Tae Mzgrric AND THE PATH oF THE RAYS

Let the axis of rotation of the body be taken as z-axis of the coordinate
system. Then we may take the line element of the external field of the
. rotating star as (Kerr 1963)

-1
de? = (1_ 2;’?') drtr2(d02+sin? § dg?)— (1- 2%") de
-1
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Here m is the mass and « is a constant such that ma is the angular momentum
of the body. The form of the line element is suggested from the linearized
theory. It is seen that (1) differs from Schwarzschild metric only in the
addition of the last term. (The metric given in eqn. (1) is, however, an
approximation of Kerr’s metric.)

It is convenient to introduce the dimensionless coordinates

—_ =
P=om> 7T 2
so that eqn. (1) reads
ds? = dm2[(1—p3)1 dp?+p?(d6+sin? § dg?)— (1—p~?) dr |
+Kp-tsin? 0 dg{dr+(1—p=1)2dp}] .. .. .. .. (2

where K = a/m is a characteristic constant of the rotating body and for a
given body of spherical shape depends on its angular velocity. The above
equation shows that for all stars without rotation the behaviour of the ray of
light may be discussed in a single argument because m appears as a common
factor if the last term were absent. Thus we conclude that in case of rotating
stars the path of light rays will be determined by their mass as well as angular
velocity.

In order to discuss the path of a given light ray we choose a coordinate
system in which the ray is emitted initially in the plane § = #/2. Now it has
been shown in the Appendix that it will continue to move in the same plane

in the approximation we are using here, Then we obtain the equations of
motion of the null geodesic as

b _ 4oe BT _ .
= d4p7% = AB(l—p™)

e (o8 e ()

+Kp’1d¢{ +(1=py 1 2 }=o

——

(3)

where A and B are constants depending upon the initial conditions and u is
an affine parameter along the ray. The constant B gives the inverse of the
distance of the light path from the point of origin of the coordinate system
(Bergmann 1960).. In order to avoid Schwarzschild singularity we have to
To

'2_"; .
Suppose now that we follow a particular ray emanating from the surface of
the star. Then, from (3), the differential equation of the ray is obtained as

dp ) 1 KB, K2
e T

discuss the above differential equations for p; < p < 0 where 1 < py ==
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Thus for a star of given gravitational intensity the path of the ray will be
given by the above equation.

3. DrscussioN AND CONCLUSION
To discuss the escape of rays in general we draw curves with equation

K. p—1 K2
e — B T = . .o

BBt =0 (5)

with B and p as coordinates for different values of K. A point in this diagram

represents a point on a ray. In Fig. 1 we have drawn curves for K = 0-5,

1, 1-5, 2. For the sake of comparison we have also drawn the corresponding
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Fie. 1. Escape of photons from & rotating star (curve with K = 0 corresponds to a non-
rotating star and curves for K = 0-5, 1-0, 1-5 and 2-0 correspond to stars with increasing angular
velocity).

curve for a non-rotating star. Since the right-hand side of eqn. (4) cannot
be negative, no representative point can lie below the curve for a given value of
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K. TFurther since p lies in the range 1 < p < o no point can lie to the left
of the line p =1 (shown shaded in Fig. 1).

The interesting point is that for small values of K the curves have maxima,
similar to the case of non-rotating stars, which shift towards left for increas-
ing values of K. But for K > 1-5 (approx.) there are no maxima. This
leads to the conclusion that as long as the angular velocity of rotation is
small, the escape of the ray from a rotating star is similar to that of a stationary
star. Thus, three typical points, say A, B and C, may be seen in the diagram
for a particular curve, say for K = 0-5, having a maxima. In each case, as
we move along an outgoing ray, the representative point moves horizontally,
starting to the right and continuing unless it runs into the curve. For those
points, e.g. A, for which the horizontal line runs into the curve the ray has an
apse. But if the representative point lies above or to the right of the maxi-
mum (e.g. B or C), it may be moved horizontally to infinity without meeting
the curve. It is clear from the diagram that the curvilinear triangle A; A,
A; is the domain of recapture.

In case of stars with large angular velocity we have a large value of K
and corresponding curves have no maxima. It means that none of the rays
has an apse and a ray once emitted from the surface of the star escapes to
infinity.

The above considerations apply to all rays, whether incoming or out-
going. If we wish to discuss the behaviour of an incoming ray, the representa-
tive point will move horizontally from right to left. All the previous argu-
ments equally apply to this case as well.

Thus, we see that the escape of a ray emitted from the surface of a star is
sufficiently modified due to rotation. But there are certain limitations to
the conclusions which we have drawn here. Firstly, we have used an approxi-
mate form of Kerr’s exact metric (1963) retaining the first power of the cons-
tant a. In doing so we intended the metric to be valid to first order in the
angular momentum parameter. But to this order we obtain the Schwarzschild
metric plus a term in d¢dt. Although many authors have used this procedure
(Brill and Cohen 1966, and Landau and Lifschitz 1962) but there is no
reasonable justification for adding a term proportional to dédt. The con-
clusions drawn here are, therefore, not rigorous.* Secondly, the behaviour of
the rays in only equatorial plane is discussed.t Thirdly, the constant K in
eqn. (2) will generally have lower values than the one we have assumed here.

Nevertheless, the conclusions drawn in this note are interesting. It is
expected that more exact treatment of this problem will lead to similar
conclusions.

* Note added in the proof: For‘ the full discussion of Kerr metric, sce Boyer, R. H., and
Lindquist, R. W. J. Math, Phys. 8, 265 (1967).
1 For a complete discussion all the rays should be discussed.
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APPENDIX

The equation of motion of the ray is obtained from the geodesic equation

dx#rdx"dxﬂ

du? 8 du du 0

When the above equation is specialized for the metric (2) for 22 = 0, 23 = ¢
and x4 =t we obtain the respective equations for the plane 6 = #/2

a2
m:O . .. . e .. e (Al)

2 2dpdp, a (d¢)
p du du" 2mp® \du

a [dr\? %1 el @ [dp\®
~ dmpb (Zfz_&) + -2—[)(_1—,) ") 2}2mp4 (@)

{(1-,0-1) 1 l}df dp o dr do

(l _1) 1 dp d¢ =0

du du= . .. .. .

-+

4m?2pb (42)
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dxr 1 dr dp a dpdé
U=p 7zt % T du ™ Impt du du

a2 (dr a? 1\/({dp\®
—_—p—1)~2 pE— pc
+8m2p ( )+(1 p™) 4m?p5 (1 2P) (du)

a? (d¢)2+ a? {1_(1—p-1)—1}§1 dp

- 4m2p3 du 4m?2p5 p du du
ad®  dr t_iiﬁ as 1 49 d(ﬁ
8m3p® du du+8m3p6( —p) du du (43)

Equation (41) shows that a ray initially moving in the plane 6 = #/2 will
continue to move in the same plane. The other two equations cannot be
integrated as such and we, therefore, make use of the approximation referred
to earlier. We expand different terms in decreasing powers of p and retain
terms of the order O(p~3). Thus, we obtain

2 2dp dp a qu)
E'u—z'i-ﬁ(-z'&a; 2mp (du —O .. .. Py (A4)

and
1drdpe a dpdd
—p T T2 % P

(I=p )duﬁ +p2 du du  2mp? du du (45)
Equations (44) and (A5) are completely integrable but for the presence of
a a dpdd
terms Impt (d¢/du)2 and — gt du Ta”
congsider the effect of rotation as a small perturbation away from the stationary
body. The corresponding equations for spherically symmetric stationary body
are completely integrable and if we compute the order of magnitude of

But as we have already remarked, we

a [(dé)\® a dp d¢
Smgh (@) and — T & du this is found to be much smaller quantity than

we are interested in. Therefore, we are justified in neglecting even these
terms. Thus we obtain eqn. (3).



