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Bairstows® (1914) method of improving an approximate quadratic factor of a
polynomial of degree n > 2 with real coefficients is generalized to improve an
approximate factor of an arbitrary degree m < n. The treatment is an algebraic
one but the numbers can be easily substituted. As is easily seen the method
can have several applications. The algorithm for such a method is given
and its convergence is proved in this paper.

§1. Consider the polynomial
Flz) = aget+a12P 14 a2+ . .. Fay_1z+ay

of degree »n with real coefficients ay, a4, ..., a, and let an approximate factor
of it be

P(z) = am+p1a™ 1+ por™ 24 .. +Pu_1Z+ Pm
where m < n. Then the problem is to improve the coefficients p;, py, . . . , Pm

of P(x) so that the modified coefficients are better approximation to the factor
of F(x) than the original ones. In other words, if the identity

F(x) = (am+pam=it ... +pp)Qx)+ Bia®m 14+ Byam—24 ... + By (1)
holds, where
Q) = bpa® M4-byjat=m-14 . by

and the coefficients by, by, ... , dbu_m, Ry, Rs, ..., Rm depend only upon
P1, P2y + - - » Pm, then the problem is to find py, s, . .. , Pm, so that
Ri(pl:Pz:---,pm)=O; i=1>2,---)m . .o (2)

For this we use Newton’s interative process. That is, we find the small
corrections Ap;, Aps, ..., APm, 80 that

R‘(P1+Apl’ ?2+Ap2:-~-:pm+Apm)=0; 7= 1) 2) e M .. (3)
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Expanding eqns. (3) in Taylor series and supposing that the squares and
products of Ap; are negligible as compared to Api, we truncate after the
first order terms and get a system of m linear simultaneous equations

Rt(Phpz,---apm)'i'z Aps = t=12,...,m o @)
in m unknowns Ap;, Aps, ..., APm. When this system has been solved,
the procedure is repeated with the corrected values for py, pg, ..., pn. The

problem, however, is to find the values of 0R;/dp;. For this, we proceed as
follows. We use the identity (1) to obtain

m
= ap— Zb,,_,p, R /-
f=1
where
k=0,1,2,...,0-m, by=bgyg=...=b_p=20
and
"
By = Anm4i— Z pkbn—m-{-i—k
P=i
i-1
= bp_myi+ Z Pibn_myi-k .. .. .. (6)
k=1
where t =1, 2,..., m and bp-m+1, bu-m+es - - ., bn are also defined by eqn. (5)

fork=n—m-1,...,n.
Differentiating eqn. (5) with respect to p; we obtain

)
@’f=_(k_,+zb”.) R ¢ )
ji=1

It may be noted that a; are constants and, therefore, their derivatives are

zero. Putti 6_ = —Cg-+, it i8 obvious that
Obkyy _ Obryz . _ Obrym _ o
opy  Ope T Opm
for all k. Inserting cg in (7) we find
m
QF 0k=bk—;ck—jp1/ .. . .. .. (8
where k=0, 1, 2,..., n—M, Coy=C_g=...=C_4ys =0, We see that ci

are computed from the b; exactly as the i; were computed from the a;. We
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now differentiate eqn. (8) with respect to p; and write Ry for 0R/dp; to obtain

db ob o
ho Pty S (Pt 3)

zpkcn myi—t-k fit<ye
= io1 .. ()]
- 2 PrCn-mii-t-k (Po=1)if t >1
k=0

Thus the values of Ry are known and the system (4) can, therefore, be solved

for Ap1, Aps, ..., Apm. The whole procedure is summarized in the following
algorithm.
Algorithm—QGiven an approximate factor

Plx) =am+pamt4+ ... +pp
of the polynomial
Fz) = apat+taa® 14 ... a,
determine for each y =0, 1, 2, ... a sequence of coefficients pm k=12,
..., m) of P(zx) as follows. Determine
(i) the sequence {5} from

(¥4 (¢4 Y.
B = ap— Zb g

ji=1
where k=0, 1, 2, ...,nandb‘_’_'i:b(f;=...=b(f;=o,
(ii) the sequence {c\"} from
"
¥ __ 3 @ 7
G =by = 2 6.y
i=1
where k=1, 2,...,n—m and c(f)1=c(f’2=... =c(2')m=0,

(ili) the sequence {R"} from

) _ (7)p(
'R bn m+1+ z Py bnylm+1—k
where7=1,2,...,m.
(iv) the sequence {Rf,’ 1 from

) (‘)’) : .
Z Py n—m-H'—t—k ift<s

., : .
ZP Cp-myi-t—p I 21

where 2, =1,2,...,m. Then
4

R(y)
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(v) the set {py™; k=1,2,..., m} is obtained by p! " = p?+ Ap?, where
{ap?; k=1,2,..., m}is determined by

m
D RYap)=~R; i=L12..,m
=1

§2. To prove the convergence, we give below the conditions sufficient to im-
ply that there exists a neighbourhood around a real solution p = (py, P, . . . , Pm)
of the system (2) such that for an initial choice p(®@ = (p(lo), pg’) e pig)) in that
neighbourhood, the above process converges to the solution.

Let D(p) denote the determinant of the coefficient matrix of system (4),

i.e.

En By ... EBim
By By ... Rom
Dpy=|- - - - .o
By Bue ... Buym )
and let (81, $2,..., Sm) = 8 be a solution of the system (2). If the function

Ri(p) have continuous first partial derivatives in the neighbourhood of the
solution p = s, and if the determinant D(p) is non-vanishing in the neigh-
bourhood of this solution, then Newton’s process of solving the system (2)
converges (Householder 1953). Also if D(s) % 0, then since D(p) is continuous,
it follows that D(p) 7 0 for all points p sufficiently close to s. Thus in order
to show the uniqueness of the solution of the system (4) and the convergence of
the above method we have to show that D(s) £ 0. To prove this for general

case seems to be difficult but if the zeros xy, @, ..., xn of the factor
M 4-5xm-14- ... 48y of F(x) are simple and distinet the result can be proved as
follows. Since F(x) is independent of pi, ps, ..., pm, differentiating the
identity (1) with respect to p,, ps, . . . , Pm respectively, we obtain
0= meJQ(x)"-P(x) aa%—l—xm‘lﬂu-}—xm‘zﬂm—}- - +le
1
0 = am2Q(n)+ Pla) 32 4am™ Rk am2Ron t .+ B
2
aQ N
0= Q(.’IJ) +P($) ‘67)—"'3)’”‘ IR,m+x’”'2R2m+ “ o +Rmm
m
Setting p¢ = ss and ¥ =2 (i =1, 2,..., m) we obtain m systems

TRy Ryt o A By =~ (i=1,2,...,m)
o Rip+al "Ropt ... +Rme=—a07%, (i=1,2,...,m)
e (10)

2 Bim+2] *Rom+ ... + R = — Q4 $=1,2,...,m)
4B
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each of m linear simultaneous equations in m unknowns with the non-vanishing
determinant

m -1 m=—2
% x) 1
x;”'l x;"—z 1
[4]= :
m—1 w2
x, z, |

>3
# 0 (because the zeros x, s, ..., Zp
of F(x) are distinct)

of the coefficient matrix 4. Here @; = Q(x;) and the derivatives Ry are
taken at p =s. Now we shall show that the solution vectors of the systems
in system (10) are linearly independent. For this we have to show that

oy (By1. Boy, - .., RBuy)4-ag(Ryg, Roo. ..., Buo)+ - .- +0m(Bim, Bom, ..., Bpyg) = 0

(11)
is true only for a; =ay; — ... = ap = 0. Let the identity (11) be true of
any constants a,, as, ..., a,. Then

@By +asBiz+ ... +apBip =0 l
R R e tapBRyy =0
aqfig; +aglige+ +ombigm 12)
a/lle+al2Rm2+ e +amRmm =0 )
From (10) and (12) we obtain
x:”"]Qia1+av:”'zQia2+ e @i =0 (=12 ..., m) .. (13)
But ¢ = Q) # 0, because the zeros #;, %s, ..., Tn of P(x) are simple zeros
of F(z).
Dividing (13) by @; we obtain
2 oy dol Papt . dam=0 G=1,2,...,m) .. (14)
Since the determinant | 4 | of the coefficient matrix of the above system (14) is
non-zero, this system has only trivial solution, ie. ¢ =a; = ... =an = 0.
Hence the solution vectors (Ry;, Ry, ..., Bmi1), (Riz, Res, ..., Rms), ...,
(Bym, Bom, - . . , Rmm) are linearly independent from which it follows that
Ry Ry ... Rim
Rzl Rz‘g “ e Rgm
D= - . . . . #0

Rpi Bue ... Bam
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Thus for all p sufficiently close to s the system (4) has a unique solution
APy, Ape, ..., APm and the POint (p1+ ADy, Pot+ AP, - - -, Pmt APnm) is
more close to s than p.
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