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The methods of transform calculus are used as tools to calculate the mechanical
response in a piezoelectric annular disk owing to a step voltage with a pre-
scribed temperature field.

INTRODUCTION

It is sufficiently well known that the piezoelectric transducers play an
important role in the generation and detection of ultrasonic waves, vide Mason
(1950), Cady (1946). The problems of producing mechanical response by a
voltage step in a piezoelectric transducer, in the form of a plate and bar, have
been investigated by Redwood (1961a, b), Sinha (1962) and Giri (1966) and
their discussions are confined to the plate and the bar transducers. Sinha
(1965) in his recent paper has studied the mechanical response of a piezoelectric
annular disk transducer owing to an impulsive voltage input. The present
paper is an attempt to study the mechanical response in a piezoelectric trans-
ducer in the form of an annular disk owing to a step voltage input with a pre-
scribed temperature field. The solution has been facilitated by the use of
Laplace transforms and under suitable assumptions similar to those of Red-
wood (1961a).

ProerEM, FUNDAMENTAL EQUuATIONS AND BoUNDARY CONDITIONS

For the present case we need an annular disk transducer of piezoelectric
material. Let r; and r; be the inner and outer radii of the boundary of the
disk. Let ¥V be the electrical voltage in the form of a step function. Let the
temperature at the inner boundary r =7, be T; and the outer boundary
r = rg be at zero temperature. Now our problem is to investigate the nature
of the mechanical response in the above type of transducer.
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To serve the purpose of our problem we first need a relation connecting
the variables representing mechanical, electrical and thermal fields. We
choose the mechanical (radial) displacement « as the mechanical variable, the
electrical voltage V as the electrical variable and the temperature T' as the
thermal variable. To simplify the algebra, we assume the disk to be open-
circuited. Referred to the usual coordinates, the equations of piezoelectricity
as suggested by Mason (1950) have been modified for the present problem and
they are given by

d

<n=0u£+0m%—MZ—MT N € )
du U

00 = 012 $+0u ; —th—'/\zT .o . .o (2)
du u), D,

E,———h('d*;-—;)"‘-;——vT .« . .o (3)

where (or, 0y) are the components of stress, Dy is the radial component of the

electric displacement 5, E, the radial component of the electric intensity Z,
C11, C,2 the elastic compliances, & the piezoelectric constant, ¢ the permittivity
and 7' the temperature.

The equation of motion in the radial direction is given by

aﬂ'r 07—00 — a2u
W—l- o = Pw. .o .o .o s (4)

Gauss’s equation given by
div D =0

in polar coordinates (r, #) becomes

D, 19D _
or 'r a6

Assuming the disturbances to propagate in the radial direction, we have
from the last equation,

—'a—=0. e .. .o . (5)

The equation of steady heat flow to be satisfied by the temperature 7' is

vl = 0. .. .. - .. (6)
7B
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The solution of eqn. (8), subject to the boundary conditions

T=T, on r=r1}
T=0 onr=mr,

. T e _21__ log :’;g
is 9 r
log =
"1

Considering eqns. (1), (2), (4), (5) and (7), we have

azu 1 3u u Al Tl 1 (I\Z—Al) Tl Ty — 14 aZu

ErRa i nrt o Ry ®
—= log —=

7‘1 r1

Taking Laplace transform defined by

ar, p) = | 0°° ulr, e ?tdt, p >0

we have
d2a lda (1 _ ‘e T2} 1
W"‘;&?‘(Fz”z“z)“: (K2+K2 log 72);5 L
where
)
Cn
Kg = m—- 'Al“ T1
11 T2
log 7’1
;o M= Ty
K,= oa—
log =
r1

Solving eqn. (9), we get

K.C K.+ K, log r5)C
9 ulogr—( 2+ K, log 2) 11

prp3 PO 1o

@ = Al (apr)+ BEK;(apr)+

where I, and K, are Bessel functions of imaginary argument and of order
one, 4 and B are constants to be determined from boundary conditions.

From eqn. (3)
. (d &\ D, 1y
m-*“m‘ﬂ+““"—z r
plog =
1



712 B. CHAUDHURI

Therefore the potential ¥ across the disk is given by

V= J"” ErdT = —h[(’a)r =re ("2)1 = r1]—
1

L (rg—r1) log ry
T2
p log =

Tz-

(re log ro—ry—ry log "1+"1)+hf ‘ar .. .o (1)

”'1

+
p10g~

where we have considered the fact that the disk is open-circuited (so that @,
the surface charge is zero and hence Dy related to @ is zero). Now eqns. (10)
and (11) constitute the fundamental equations of the problem.

With the value of 4 from eqns. (10) and (11) can also be put in the follow-
ing form:

_ K.,C1 (KoK, log 15)Cyy
V=—h[AI aprg)+ BK 1 (apre) +——— log ro— 2
1(aprg) + BKy(aprs) orap? (082 P
K. O (Ko+ K, log rg)ou]
— AT (apr)) —BK (apry) — —>— log r 2
1(xpn) 1(xpry) oript 08T g3

_ VT]('I‘Z—TI) 10g 7'2+ VTI

(re log ro—ry—ry log ry41y)
) T
P log = p log oy
1

( Il(“p7)+BK1(:pr)} dr]

S|[7]

1

+kK;011 (log 1 log rz) (K Kz—K log 72)h011 (__ _ _1_)
pp® 71 T3 pp® 1 7T

(12)

In accordance with our assumption, we have
V = VoH(t) N ¢ £
where H(t) is Heaviside unit function equal to unity when ¢ > 0 and equal
to zero when ¢ << 0. 'We, therefore, have

V=

*sl‘:‘

(14)

In addition to the condition (13), we assume the boundary of the disk
to be rigidly fixed, so that

@ropy=0. .. .. .. .. .. (5
Because of eqns. (14) and (15), it follows from eqns. (10) and (12) that
L
AIl(aprz)-{-BKl(aprg) = - 1—)—3' .e . . (16)
Aay+Bogg = — %+(V°+N T

»
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where

T2

11 = h[Il(uprl)+J —l(#:ﬂ.—)dr] .. . . (18)
71
T2

A9 = h[Kl(aprl)-l—f -[gl(—:p—r) df] .o .. (19)
71

I K;On log ry 3 (Ko+K, log r5)Chy
P2 P2

s 2hK Oy log 1 _ h(Ky+ K, log r5)Cy, _ hK (1, log e
pry Py pre

+h(K;—K2—K; log )0y ( 1 1)

P rn Te

T1{reg—1r,) log r vT
N=" 1(re ;l ET2 _ :'2 (rg log rg—rg—ry log ri4r9).
log -2 log =

ry Ty

Solving eqns. (16) and (17) we get

1 1
[MK (aprg)— Lays] » (Vo+N) K (aprs)

A=
[a3ol1(apra) —ay Ky (xprs)]

(20)

1 1
[MIy(apry)~Liay] » P (Vo+ N 1 (aprs)

B =
[@131K 1 (apre) — @101 (aprs)]

(2h)

Substituting these values of 4 and B in eqn. (10) and then taking the
inverse transform of the resulting expression, we get the mechanical displace-
ment u corresponding to V given by condition (13). From this, the displace-
ment of the inner boundary r = r; can also be calculated. This displacement,
from eqn. (10), is given by

_ w
(@) = r, = AL (apry)+ BK,(«pry) +ZT3
where

W= K;CJI log r; _ (K2+K; log 7’2)011 ]

7Ty P71

By eqns. (20) and (21)

) 1
(@r=r, = (21201 (xpra) — 011K (xpre)]p3

[{MEK,(aprs)— Lajg— (Vo4 N)p2K,(aprs)}

Iy(apry) — (M1 (apry)— Lay, — (Vo+N)pﬂl(aprz)}m(apnn+-g-§ .
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Its evaluation for large values of time will be possible if we expand it
in powers of p [see Carslaw and Jaeger (1959)]. p is small for large values of
time. Therefore, in the expansion of the relevant quantities in powers of p,
we neglect squares and higher powers of p.

The expansions for I(apr) and K,(apr) are given by Carslaw and Jaeger
(1959).

(%apr)”"‘“
m=0m! I'im+4-2)

© m+1 m
Ky (opr) = {log (hapr)-+7)apr)—3 >, A2 [ Sat> «] |
m=1

Iy(apr) =

m! (m+1)! ;

-4

Restricting to the kind of approximation referred to above, we can write

Iy(apr) ~ Y{apr)

b
K;(apr) ~ “1(“]”)‘!‘@
where @, and b, are numerical quantities.
Thus
T
[T a1~ saptrir
1'1 r
2 K1 (apr) by (1 1)
= dr ~ agap(ro—r)— | — — —}.
frl " 14p(ra—11) w\n "
So

T2 .
Iapra [ O ar g (- 1)
1

i1 Tg

T2 7 b
K (aprs) J —1—(%1‘)1) dr ~ %7; (rg—ry)
7y

,
Ky(opro)Iy(apry)— I (apro) K, (apry) ~ %bl(% -~ ;,*:‘)

iy ¢ b, b
Iy (apry) f #ﬂ dr ~ $a,03p?r 1’”2“%“1(“]”'1)2-}-51 - -21—::
Ty

2 I (apr b b
Ky (apry) f ‘li::tl)*) dr ~ %“1P2¢27172—%a1(19“’1)2+§12 - -21
7 71

Hence from eqn. (25) it follows that
(-2
M . 7o ry

~ W ' 7'1 rg rz-—rl 1 ].) }
{ (a - r:)+T “'2(;; T

(’E)f =1
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-
(Vo+N) _ g N

4+

or

] M <V0+N>( ) L@rra=ry=r) W
(u)f=1'1 NWIJE‘( + )+ 2hp 1+7’2 272(71—72)P3 p3'

Taking the inverse transform, the mechanical displacement of the inner
boundary of the disk r = r;, for large values of time, is given by

w Mtz( ﬁ) L(Zrlrg-rg—rf)tz Wiz
T=rT e 4ro(ry—1s) 2

(Vo+N) 7
+[ S (1"7;)]1{“)'

Thus to conclude we say that the mechanical response owing to a step
voltage input under thermal conditions is partly step in character, for large
values of time. The similar result can also be had from (24). In the absence
of temperature the result agrees with some known results.
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