STABILITY OF CERTAIN TYPES OF FORCE-FREE
PERIODIC FIELDS

by M. R. RaGEAVACHAR, Department of Applied Mathematics, Indian
Institute of Science, Bangalore 12

(Communicated by P. L. Bhatnagar, F.N.I.)

(Received 21 June 1968; after revision 3 September 1968)

The stability of a certain type of periodic force-free fields having neutral
lines, investigated by Schatzman on the basis of energy prineiple, is discussed.
The normal mode technique is employed restricting to neighbourhood of
neutral lines. The neutral lines contribute to instability in agreement with
Schatzman. Repetition of stability analysis employing energy principle
revealed that every cell appears to be stable contrary to Schatzman’s con-
clusion that instabilities can be present under certain conditions, Moreover,
the present study provides the growth rate of the instabilities.

1. INTRODUCTION

It was pointed out by Liist and Schliiter (1954) that cosmic magnetic
fields occurring in regions of low density should be force-free. As the ionized
matter is highly conducting large currents can flow giving rise to large Lorentz
force predominating over other forces such as arising from pressure gradient
and gravitation or inertia. Consequently the Lorentz force should vanish to
maintain steady states over considerably long time scales. Such types of fields
have been characterized by Chandrasekhar (1956), Bhatnagar (1957) and Menzel
(1964). In particular, Menzel has given a class of periodic force-free fields
which could support quiescent prominences. Stability of the force-free fields
has been investigated by Trehan (1957), Woltjer (1958) and Chakraborty
and Bhatnagar (1960). Schatzman (1960) has discussed the stability of the
periodic force-free fields of the type

—

H= HO[—- icos xz sin ly, gsin xx €08 ly, cos kX CO8 lg/] .. (LD

suggested by Menzel, where «24-12 = «2, a being the constant of proportion-
ality of current to magnetic field. We note in particular that these fields have
neutral lines. He has employed the energy principle given by Bernstein ef al.
(19568) and obtained certain necessary conditions for instability.

In the present study we discuss the stability of an ideally conducting
homogeneous medium in presence of fields of the type (1.1) by normal mode
technique, restricting ourselves to neighbourhood of neutral lines, as the
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general discussion is mathematically very complicated. For the above fields
the neutral lines are given by

T v . .y =
w=o@mtl), y=g@+l); min=0 1 £2,... .. (L2

We find that neutral lines contribute to instability which agrees with the

result obtained by Schatzman. But the conclusion drawn by him that there

can be instabilities present along z-axis if r2 < w2B% sin? I
327 ypy

be correct as can be verified by repeating the Schatzman stability analysis on

the basis of energy principle. Contrary to Schatzman’s conclusion we find

that in this case there is always stability.

does not seem to

2. Livearizep HypromaeNETIC EQUATIONS

We shall work through the physical quantities rendered dimensionless
according to the following scheme:

(', yl’ ) =az,y, 2), V= (“VA)t

3p dp ;)) 7 7;
8,=—; 8'='_, 1)'=——, =
P Po P YPo Va H,
2
where V, = [ is the Alf¢en speed, Pos po being the pressure and

4mp,
density of the medium in equilibrium.
The linearized hydromagnetic equations in dimensionless form are:

a .

—a—z(‘a‘p)+d1v0=0 .. .. .. .. .o (2.
8p = 3p .. - ‘. .. .. .. .. (22)
a_> - -~ - -
a—’t’=—SZV(sp)+Hoxh+(cur1h)xHO . 23
a.}_; -~

W=curl(vx[10) .. .. .. .. .. (24)

where §2 = (c? / V%), H, is dimensionless steady state magnetic field, and
¢s = (¥Po/pg)t is the sound velocity in the undisturbed medium.

, 3. DisrersioN REeraTION
Taking perturbed quantities proportional to
exp (twt--ikz)
o and k being dimensionless frequency and wave number respectively eqns,
(2.1)~(2.4) reduce to after eliminating %, 3p and 8p:
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oH, 0H, 0H,

(S2+ Hy HoYugg+ Hiugy +2 (Hz St Hy ! ) ,+[2tkHsz v

oH oH oH. oH otH
+Hy-a—yy:|u1/+ l:wz—Hy‘b;;z'l'Hz y+’LICHz(7'kHz Z) +H, ax;

S e

- [ikH,,H,—Hy afuﬂy eck ]v,+ [——H,,H,,—zkH,Hx+Hz e _om, ag/"}

e ) a2 ot 2
—H, 38152! ] v H oy H 035~ HyH gy + [H,Hy—Hz%+ikHi+ikS2] e

+[H§_H a;ar,, ]w,+[zkH,,H,+k2Hsz+zkH, el

—ckﬂyaf”] =0 .. .. .. .. .. .. .. .. (3.0)

— H o H g - (32 +Hf) Upy— H o H gy - [H,Hz —op, %8, S2+H, Ei% - zkH,,Hz]

- [H,, (ikﬂ, a;z,) +H, aaH"] Uyt [ikHz—;-H, af :_m, aazy

—H, ( kafyz %Zx%) ikH, aH”]u+H Vent+ (S2-+ Hor H2)vyy

+[ z(ikﬂz_ai{!)+ aaHz+zchsz]v,+2 (H,,- aaguﬂz aHz) v,
+[w2—Hz af’+Hz a;Z[I’HEI,,( k% %%’) +Hx%§f+ﬂz%zgz—z

FikH, (zkHz aagy)]v—ﬂtzwzy-HzHyww— [Hi+ikHzH,,+Hz a_a%] s
+ [i/cSz..H,,Hy+z‘kHj'_H, a;;,,] wy+ [—ichtz—-ikHz%’ FikH, a;; z

+kgHyHg}w=O.. .o .o . .o ,e . .o .o (3.2)
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"Hsz’“m"'Hszuw-i- [ikSZ-—H,Hy—Hy.a_aE_Iy_’.{.ikH: —2H, aazz] g

; 0H, . 2
o[ ) e B

X

. . oH. 92H,
_’kHz ('I«kHz— —z') _Hz —a—x_;} 'U:_-Hszvy”—Hszvzy+ [H:_lkHzHy

ox
—H, %ﬁ] v+ [ikS2+ H.H,—2H, %+z‘kH§—Hx %] v+ [H,, (ichz-— aalf[ ”)
+H, ?aﬂf - H,% —ikH, (ikHz- -a-a%”) +ikH, %ﬁ —H, g;%]v+ﬂiwm
+2Hy Hyogy+ Howyy + [Hy % +H, %%‘-"] wz+ [Hyaa—by’” +H, 9%’] wy
w2 — 282~ k2H —k2H|w = 0 L (33

where H,, H,, H, are given by
Hz = —b cos ax sin by, H, = a sin ax cos by, H, = cos ax cos by (34)
with @ = xfa, b = lfa and a2}-b2 = 1. .
As we shall limit ourselves to the neighbourhood of neutral lines, we put
™ T
¢ = g-+£, y=gtn . .. .. (3.5)

where ¢ and 7 are small. We then have

_ abs o a3bs
Hz—abf—?fn—gf+-.-

H, = —abn+%bf2n+g?n3+ . .. .. (3.6)
H = abpn— 2 o0 ey
Substituting for Hz, Hy and H, in (3.1), (3.2), (3.8) and retaining up to
quadratic terms in £ and » we get
(CF+72) tggtnPumn+ 2+ (W2 2ikEm)ut £y
+Cvgy +Envan +2n0,+ ibyto + (i3 —26n+ikC%w,
+ (n2+ikén)wy = 0 O X 4}
Enpugg+ C gy + Gty + 26— ke
+ £+ (02 + 62+ 260 + (W2 2iktn)o
+(ikgq-§2)u,g+(;kcf+2eq+ikez)w,, =0 e .. (38)
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ik(C2+ nE)ug+ikénuy + ikfu+ikénvg
+(C%+ £2)ikvy +iknv+ E2w e — 26wy,

72wy Gt mwn+ (W2— k20T — k26— k22w = 0

2 82 w?
Co=p "= am

Consistent with our approximation we assume

u = ag+a € +agntagf2+adntagm+ ...
v = bo+ 016 4+-bon 4 b3€2 +bsén+-ben®+- . .
w = 6g+Cé +Can-+3E2-Fegbntem+ ...
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(3.9)

. (3.10)

Substituting the above expressions for u, v and w in eqns. (3.7)-(3.9) and
equating to zero the coefficients of {79%, 0 < r+s < 2, we obtain the following
linear homogeneous equations determlmng a’s, b’s and ¢’s:

20%ag+ W2ag+ 0%, +ikC%, = 0
Wea,+2ik0%; = 0

(W24-2)ag+2b,+6k0%, =0

Waag = 0 .. .. .. .
(W242)ay— 2ikaqg+ 6bg+2b; — 26, +ikey = 0
2a3+(W2+6)a5+2b4+ikbu+ikcl e =0 ..
CPay+2C2b5+ Wby +ikC%0, =

2a9+ (W2+-2)b 1+zk0 €y =0

W2y 4-2ikC%05 = 0

2a4—1kay+ (We46)bg+2bg—c+1key = 0
209+ 6ag+ (W24 2)by+24kbg +ske, + 20, = 0
Wby = 0 L

ikCZay +ikC%y+ (W2— Ic202)co =0
26kC%ag+ikag+ikC%by 4 (W2— k202 +1)c; = 0
k030, +20kC2b5 +ikby + (W2 — k20 4 1)c = 0
ikay +kby+ (WE— k2034 4)og— koo = 0

2ikag +2kby +(W3—k20%)e, = 0
skay+ikbe+ (W2 — k202 +4)e5— k26, = 0

. (3.11)
. (3.12)
. (3.13)
. (3.14)
. (3.15)
. (3.16)
. (3.17)
. (3.18)
. (3.19)
. (3.20)
. (3.21)
. (3.22)
. (3.23)
. (3.24)
. (3.25)
. (3.26)
.. (3.27)
. (3.28)

Equations (3.14) and (3.22) give ay = 0 and b; = 0. We are left with 16
unknowns and 16 equations. These form three mutually exclusive sets, say,
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A, Band C. The set A consisting of the three equations (3.13), (3.18), (3.27) in
the unknowns a,, b, and c,; the set B consisting of the five equations (3.12),
(3.19), (3.23), (3.26), (3.28) in the unknowns a,, b,, ¢,, ¢; and ¢;, and the set O
consisting the eight equations (3.11), (3.15), (3.16), (3.17), (3.20), (3.21), (3.24),
(3.25) in the unknowns a,, a,, a;, by, bg, by, ¢; and c,.

Each of the three sets leads to dispersion relation when we apply the
condition for the non-trivial solution of the equations.

The set 4 gives the dispersion relation

We = k20°—4
or in physical parameters
w? 2 4:K2l2 2

[

=g .. (3.29)

This relation represents the sonic modes modified by the presence of inhomo-
geneous magnetic field. These modes are stable or unstable according as
The set B breaks up into the following two relations:
() Wi—k2C?+4=0 T 1)
(i) WA+22—kRCP)We4kt0t=0 .. .. .. (3.31)
The first relation is the same as obtained in set 4, while the second gives on
solving

[ 2 22 _ o\ 2« w22 o 2
w? = (Ic2cs—- T VAR Va [Ty Vimk L (332
22 V; L
Now, if k2 < ';—2- «2‘4 , the two values of 2 are real and negative, giving rise
cS
2p v

to growing and decaying modes while if k2 > - ——2‘4, the values of w? are
CS

complex conjugate, again leading to instability.
Finally, the set C gives the dispersion relation which breaks up into the
following two relations:

(W2HT)[ e+ (1—R2CY) W2+ k20% 4+ W W2+ 1) £ 4kCEW24-3) =0 (3.33)

We can easily show that each of these factors, cubic on W2 possesses at least
one negative root << — 3, thus giving growing and decaying modes.

From the above discussion, we conclude that there is always instability
in the neighbourhood of neutral lines. This result is in agreement with the
conclusion drawn by Schatzman that neutral lines contribute to instability,
However, by employing normal mode technique, we are able to obtain magni-
tudes of growth rates of instability present around neutral lines.
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4, STUDY OF STABILITY THROUGH ENERGY METHOD

In this section we again investigate the stability of the system (1.1) on
the basis of energy principle given by Bernstein ef al. (1958) and also em-
ployed by Schatzman,

The energy principle states that if

sW=—3[¢.F(¢)ar L @y
where E denotes an arbitrary displacement from the equilibrium,
F(f ) = ypo grad (div z) + (curl EO) X 6—%0 X curl @,

—

@ = curl (gx E:))

and the integration is performed over the smallest cell bounded by the neutral
lines, we have stability or instability according as 8W > or < 0.
Following Schatzman, we assume

-g = z Z {@mn> Dmn, Cmn) eXp t{mxx4-nly-r2) .. .. (4.2

w ”

The integral (4.1) reduces to

—ES S T Fo )+ 8o Flema)] . . )

where K denotes a positive constant.

If E— —gx l_?)o, the contribution to (§W) from magnetic part is

%{E* . [oc curl _E—curl curl E]+E [oc curl —R?*—curl curl ﬁ*]} .. (44)
Taking E,,m = (Amn, Bmn, Oma) exp $(muz4-nly+rz) .. {4.5)
the m, nth component of (4.4) reduces to, after dropping subscripts from
4, B, 0, A*, B* and C%*,
mnwcl{ AB* + A% B)4-nlr( BC* 4 B*C)Lmur( AC* - A*C)
— (2024 12) A A* — (m2e24-12) BB* — (m2x2 4+ n2l2)CC*
+oi[#r(AB*— A*B)4-mx( BC*— B*C) 4+nl(CA*—C*4)] .. (4.6)

We can express the components of R in terms of the components of E to
obtain A4, B, C as follows:

H,
—49 [(bm—l, n-1F0m-1, ny1H0mes, no1F0mer, ni1)

Apn =

K
~x (em-1, n-1FCme1, n41—Cms1, n-1—Cm41, n+1)] .. (4.7

1 This expression differs from that of Schatzman. Perhaps some error has crept in his
work due to some slip.
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H,y
s

Byp = — [ s (Cm-1, 5-1"=Cm-1, n+1+Cme1, -1"Cm41, n1)

H{tm-1, n-1Fm-1, n+1+%mt1, n-1+F%ms1, n+1)] .. (4.8)

H,
Coun = T [k(@m-1, n-1FGm-1, a+1—Fms1, m-1—CPmt1, nt1)

+Ubm-t, n-1—bn1, ne1F+bme1, no1— D1, np1)] .o (49
Substituting for 4, B, ...in terms of @, b, ... and collecting the terms with
index mn, we finally obtain the following expression for (8W):
O’f 12
W) = Vzlmxa+nlb+7'c[2+ o (r24-n2x?)| a2

2
KH 2

('r'2+m2l2 [b]2 + [7‘2+(m2+n2 il ][OP
+[m:<a+nlb]2+ |rc+ma]2+ |rc+'n,b|2 .. (4.10)

where C,, V, are the sound speed and Alfven speed respectively. As the
expression (4.10) shows (8W) is positive definite and, therefore, the system as a
whole is stable. This is in contradiction to the result obtained by Schatzman
where he has shown that instabilities are present in z-direction if

2B, sin? 2w
327 YPo ’

72 < w =tan‘1é.
K

5. CoNCLUSION

By the energy principle which in a way provides a gross treatment, every
cell appears to be stable but the contribution to 8W by the neighbourhood of a
neutral line is negative as proved by Schatzman or by the present investigation
in §3. This explains the motivation of the present investigation. Moreover,
the present study provides the growth rate of the instabilities.
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