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Stresses in a hollow composite sphere composed of two different materials,
due to a nucleus of thermoelastic strain, have been found i geries form.
The radial and the shearing stresses have been calculated numerically for
sorme points on the sphere.

Nomenclature

The following nomenclature is used in the paper:
r, 8, ¢ = spherical polar coordinates of a point
Uy, Uy, U$ = components of displacement in the case of the inner material
in spherical polar coordinates
Uy Ugs uq; = components of displacement in the case of the outer material

€r) €g0 €4 = components of the thermal sfrain-tensor in the case of the
,7,9‘ 79¢, Yér inner material
er, eo, €¢ = components of the thermal strain-tensor in the case of the
Vel V0 é y. dw outer material
== components of the thermal stress-tensor in the case of the
B, "'095, r inner material
i 09, 04, = components of the thermal stress-tensor in the case of the
.,-re, ,-0 ’ iy m outer material
a = coefficient of linear expansion of the inner material

a’ = coefficient of linear expansion of the outer material

v = Poisson’s ratio of the inner material

v’ = Poisson’y ratio of the outer material

p = coefficient of elasticity in shear in the case of the inner material
p’ = coefficient of elasticity in shear in the case of the outer

material
p=cos
P =sin 0

. d
P, = JZ—’P"(p)
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INTRODUOTION

The thermal stress problem of an infinite elastic solid at zero temperature
except for a heated region has been solved by Goodier (1937). “Stresses due to
a nucleus of thermoelastic strain in an infinite solid with spherical cavity and
in a solid elastic sphere have been obtained by Sharma (1957). Nowacki
(1962) has extended the results to the case of a hollow sphere, i.e. a shell,

In this paper the hollow sphere is considered to be composed of two
different elastic materials. In the first case the nucleus is taken in the ‘inner
material’ while in the second case it is taken in the ‘outer material’. We
consider the axisymmetric character of the problem.

The radial and the shearing stresses have been calculated numerically at
some points on the sphere and are shown in graphs. In the numerieal cal-
culations, wrought iron_has been taken as the ‘inner material’, while steel has
been taken as the ‘outer material’,

SovruTION

The origin is taken at the centre of the shell. Let the outer radius of the
hollow sphere be a and the inner radius of the hollow sphere be 6. The shell
is made of two different materials, i.e. the material of b <r <d, 0 <0 < =,
0<¢<2n is different from that of d<r<a, 0<0<7, 0<¢<2n
where a, b and d have some finite values. We call the first material as the
‘inner material’ and the second as the ‘outer material’, o

Let us consider that the shell is at zero temperature while an element of
volume d@2 at (0, 0, ¢) is heated to a temperature 7. In this case, the dis-
placement is given by the gradient of the function X where

A 1
X =z-. e e e .. .. ..
21 A/ 72=2r¢ cos 04 c2 @)
in which
A=—="EDP40 and m =117,
2’"‘ 1-,—!’

It may be noted that a nuecleus in the form of a centre of dilatation
produces similar effect.

The components of displacement and stress in space polar coordinates
due to X are given by

i =a_x_ _ A(r—c cos 6)
TTOr T 2u(r2—2rc cos G+ c2)i

alox__ Acsin® e
0= r 80 ~ 2u(r2—2rc cos 04-c2)t
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and
I 4 2r24-3¢2 082 f—4re cos —c2
=S T (r2—2rc cos §4-c2)f

.2 g@)_A{ 3¢2 sin? 0 1
Gg=\Utg )= (r2—2rc cos B+t (12—2r¢ cos 6+4c2)t

- 2# - - - _ A 3
9% = (dr+1p cot 6) = (r2—2rc cos 6+4c2)} ; @
_ (aaa g1 21_2_,) __, 3csin@(r—c cos 6)
=M or T T r o0 " (12—~2rc cos 64c2)E

"7",,¢ = ’7'0¢ = 0.

We denote this displacement and stress field derived from X by [S].

The stresses in the solid being known we have to think in what way we
can free the spherical surface of traction. The problem can be attacked by
any one of the various stress function approaches to the axisymmetric prob-
lems of elasticity. Here we utilize the approach originated by Boussinesq
according to which the general solution of the displacement equation of equili-
brium in case of torsion-free rotational symmetry and the absence of body
forces, is represented as the sum of two displacement fields,

2p(ug, uy, uz) = grad ¢ .. .. .. N Y)
2u(ug, uy, uz) = grad () —4(1—v)(0, 0, ) .. .. (8)
where
V2= V% = 0.

In order to get the particular solutions, we introduce the interior and
exterior spherical harmonics of integral order as generating stress functions
¢ and ¢ (Sternberg ef al. 1951).

We consider the harmonie stress functions

du(r, 0) = r "=1P,(p), Ya(r, 6) = r 271P,(p) .. .. (6)
and

$,(r, 0) = Pu(p), P (r, ) = r"Py(p) N ()
where P, denotes the Legendre polynomial of degree n. The stress functions
in (6) represent exterior spherical harmonics while those in (7) represent the
interior ones. We shall distinguish the particular solutions generated by

b Pns s a,b; by [As], [Esl, [Cy] and [F,] respectively for the inner material
and by [4,], [E,], [C,] and [F,] respectively for the outer material. For
simplification, we replace the solutions [Ea], [Fn] and [E,],[F.] by the
following linear combinations:

[Bul = (2n+1) [Bp)—(n+4—4v) [44_y] N )
(B,]= @n+1)[E]—(n+4—4)[4, ] .. .. (83

[D)=@n+D[F,]-m~3+4)[C,, ] .. .. (9



STRESSES DUE TO A NUCLEUS OF THERMOELASTIC STRAIN 805

The displacement and stress-fields corresponding to the solutions [44,],
[Bs], [Cnl, [Dy) and [4,], [B,], [C.], [D.], with the help of some recurrence
relations in P, (Nowacki 1962), are as follows:

n+1

2 = 1 - ’
Uy = — rn—+2an
1_-i¢ =0
. _ (+)(n42)
Oy = T mts Py,
For [A,]: ,
_ —Pn+1_(n+l)(n+2) .. ' . S .. (].0)
% = 70t3 Py
; —_ Pn+1
¢ = yn+3
- n+4+2 _ _,
Trg = ﬁTs'p "
Trp = Tgp =0
7 (n4+1)(n+4—4v
2% =~ —MT—) Pniy
= n—3+4v _ .,
2ty =——3—P P,
?=l,¢ = ()
= _ (n+D){{n41) (n+4)—2}
Or = Fnte P
For [B,]: 1 (11)
59 = — m{(n+l)(n2—n+l—2v) Pyi1—(n—3+4-4») P}
= 1 ,
Gy = — ;m{(l—fzu) (n+1)(2041) Ppyy+(n—3+44v) P}
(2420 —142v0) _ .,
Trg = gn+2 PP,
\ ;1‘¢ == ?glﬁ = O
2u %y = n -1 P,
2u ?79 = —-r”‘lﬁP;
% =0
ar = n{n—1)rm-2 P,
For [O"J: 30 = =2 {P;+1—(n2+n+1) P:,,} .o .o .o .o (12)
Gg=—r"2{P  —(2n+1) Py}
Frg= —(n—1)rm"25P,

Trg = Tog =0



806

P. R. GHOSH

(2p Gty = n{n—3+4») r* Py_y

For [Dy]: /

\

For [A;]:

-For [Bn]

2plty = —(ntd—4)rmp P,

'qug =(
ar = [n2(n—38)—2wm]rt 1 P, _,
&g = rv-1{(n44—4v) P, —n(n2+3n+3—2) P,_,}
&y = —r"1{(n+4—4v) P, —n(2n+1)(1—2+) P, ;}
Frg = (2—n2—) 15 P
Trg =796 =0
r =’ n+1
', =g b
2 = ]- -
oy = ;HT;EPP"
i =0
= (n41)(n4-2)
¢ =g Ln
= 1
G, = W[P”+1-(n+l)(n+2) P,]
= _ Pn+]
%= T i
= w2 _ .
Tr = yn¥s an
Frg = ;;qb =0
(s nd1)(n+4—4v'
5 r=' n-—3+4v’ J—
iy=———— 9P,
Gy =0
o (n+1){(n+l)(n+4)-—2v’}P
s, = yn+2 n+1
- 1 .
5= — m{(n+l)(n2—n+1—2v') Pyp—(n—3+4») P}

=’ ]' !
5y = =~ {(1=2")(n+1)(2n+1) Ppyy +(n—3+4) P}

’
”

o n2+2n—~1+2v’ﬁP,

5B

Trd ) a+1
Ty = FOq& =0

(13)

. {10a)

.. (11a)
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2u' %, = =1 P,
2u! =£; = — "‘1ﬁP;
iy =0
| 3; =nn—-1)rm-2P,
For [C)]: \ S nes . . (12a)
g =7 [Pn+1 (n24n+1) Py
j = —m~2{P  —(2n+1) Py}
:;.g = —(n——l)r"“Zan
Trg = ?0(# =90
(21 i, = n(n—3+44v')r* Py_y
zp'qi; = —(n+4—4v)mpP, |
For [ D’ 7 = {n¥n—3)—2'n}r*1 Py_, (13)
o DA , , . @
r[D,] 5, = 1 {(n+4—4') P, —n(n2+3n+3—2v') Py_;}
=:;,= —r=1{(n+4—4v') P,—n(2n+1)(1—2v') Py_4}
?;g = 2—-n2=2" )M 1pP

Case I—The nucleus of thermoelastic strain is in the inner material.

The heated nucleus is at (0, 0, ¢) such that b < ¢ < d.
The solution of the problem under consideration is represented in the

form i
[8] = [81+(8]
= 81+ i (tn[An]+ba[Ba-114¢a[Cal+dn[Dayal} . (14)
T for the inner material
and 81=[81= Z (o [A+b,[B,_ JH+e[CI+d,[D, ]} .. (14a)

n=0
for the outer material

’ ’ ’ ’ . .
where @z, bn, ¢n, dn and a,, b,, c,, d, are arbitrary functions of n to be

determined from the boundary conditions of the problem.
As the spherical surfaces are free from tractions, the boundary conditions

are
o,=Tg=0 on r=50<0< 7, 0<d<2n .. .. .. (15)

"=7 =0 on r=a, 0<0<m 0P 2m .. .. .. (15a)

Ur—-T’o
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Because of the continuity of the stresses and displacements on the middle
sphere, i.e. on 7 =d, 0 < 0 < =, 0 < ¢ < 27, we have the boundary conditions

r
T
T onr=d, 0<0<m 0<$ <2 .. .. (I6)
u,-—'
u9=u(;
Now from (3),

2b243¢? cos? §—4bc cos f—c2

[Grlr=p=4. (b2—2bc cos 04-c2)%

@

z "—;’Hf’"(p) -2 (because b < c)

) 30 sin 8 (b—c cos )
and [Frolr=p=4 . {b®—2b¢ cos 0-4-¢?)2

4 zm—l)P WP

pres (because b < ¢).

Hence from the boundary conthlons (15) and (15a) we get by (14) and (14a),

n(n—1)b"-2 (n+l)(n+2) n(n24-3n—2v)
4 cntl + pnt3 @n+ pnti bn

+n(n—1)b""2 ¢+ {(n+1)(n—2)—2v}(n+1)b"d, = 0
4 (n=1)b7"2 (n-2) n242v—2

ol T pats 98T T e bnt(n—1)b""2cy
—(1—2n—n2—20)bd, = 0
, L
n41)(n+2 n(n243n—2v) Iy (
( m)zg-s o, a,+ an+l v)bn-}-n(n—l)a,” e,

+(n+1){(n+1)(n—2)—2v"}and, = 0

w2 . n2—242

—(n—1Dar~2¢
and qn+3 un antl bn (n l)a cn

+(1—2n—n2—2v)ard, = 0
From (2) and (3) we obtain for ¢ < d,
1)(n42)c?
[Grlr=a=4 z (_"I’_i_d;?ﬁtﬁ Py(p)

@

[Frolr=a= 4 z n+2)c" " (p)

'n+3 n
4 < 1
[@rlr=a % z n-t,_;.); Py(p)
=
(el e = = 5 I 2
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Hence from the boundary conditions (16) we get by (14) and (14a),

(n+1)(n+2) ,  (n4+1)(n+2)  n(n243n—2v)
Ay Oy et gnl

(= 1)d72 o+ (1) {(n+1) (n—2) — 20}dnd,y

(r+1)(n4+2) . n(n®43n—2v
= qn+s w1 a1

+ A 1){(nt1)(n—2)—2v"}dd,

(n+2)e* n4-2 n2—2+42
gnts T gur It —ma

+(1—=2n—n2—2v)d"d,

n 2 4 n2_2 2 -~ ’ ’ ’
= d":';3 a,.+ dﬂjl— d b,—(n—1)d" 2¢c, +(1—2n—n2-—-2v)d"d_,

4 (n4-1)c" n41 n{n+43—4v)

bn

) b;+n(n—l)d"‘zc;

4.

bp—(n—1)dn~2 ¢,

qgntz T gniz On an bp—n d? 1oy —(n+1)(n—244v)dnt1d,
= f [Z:l: @, &%—;ﬁ) b, —ndn-lc —(n+1) (n—2+4v')dn+1d;]

and

Ac* @ n—44-4v
TrtEpt— —

pl @ n—tyav
=gzt

by dP~ley+(n4-5—4v)dntid,

b;+dn-1c;+(n+5-4v')dn+1d;]
) (18)

F1a. 1. Nuecleus in the inner material.

Solving (17) and (18) by matrices we get the values of a,, bs, ¢p, dn and
a, b, c,d, forn=01,2,... . The values of these coefficients together
with (14), (14a), (2), (3), (10)—(13) and (10a)-(13a) constitute the complete
solution of the problem,
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Numerical results (in C.G.S. units)

Teking b=1, ¢ =15, d = 2, a = 3, and wrought iron as the inner
material and steel as the outer material, so that » = 0-275, p = T7-69x 1011
and » = 0-31, p' = 8:19x 1012, the values of some coefficients are obtained
numerically.

¢; and c¢; cannot be calculated separately because there remain two

equations, both of which are identical with 8-19¢,—17-69¢, = 0-153397334 to

determine ¢; and ¢,. This is due to a rigid body displacement. Thus the
solution of the problem is not unique but is arbitrary to the extent of rigid
body displacements. The undetermined values of ¢, and ¢, do not affect the
calculation of the radial and the shearing stresses, because the coefficients of
¢y and c; in o, and 7,, are separately zero. If one wishes to obtain ¢; and ci
completely, an additional condition (e.g. an assumption that the interface
suffers no rigid body displacements along x-axis, ete.) is required.

The values of }1 [oglr =g amd}4 [75]r = ¢ are shown in Figs. 2 and 3 respec-

tively, where
ulo 14v

= _W.i:dg.

Fig. 2 shows that [or],_4 is maximum at ¢ =0 and as 0 increases
[or]y = ¢ decreases very rapidly and ultimately tends to zero. It is interesting
to note from Fig. 3 that [r,4],_, is zero at § = 0 and as # increases, [1,4],-q
increages rapidly, reaches a maximum (when 6 is nearly 7°) and then
continually decreases and ultimately tends to zero.

0 20° 40 60" 80° 100 120° 140" 160" 180
.——e—f—’

F16. 2. Radial stress on the middle sphere.
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811
Case I1I—The nucleus of thermoelastic strain is in the outer material.
The heated nucleus in this case is at (0, 0, ¢) such that d < ¢ < a. Due to
the freeness of the spherical surfaces from tractions, we have
a Or=Tg=0 onr=>5b0<8<7 0K ¢<2rm (19)
Op=Tp=0 onr=a 0<0<m 0<¢<2nm .. (192)
6-
a4
v
£
re
x
™ 2]
-ic
0 30° 60 90" 120° 150° 185"
—_— e_ﬁ

Fic. 3. Shearing stress on the middle sphere.

Fic. 4. Nucleus in the outer material.

Because of the continuity of the stresses and the displacements on the

middle sphere, ie. on r =d, 0 <6 <7, 0 <¢ < 2n, we have the boundary
conditions

°'r="1’-
'r,.o=-r,.9

, onr=d 0<0<n 0<¢<2nm .. (20)
ur_.ur
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Remembering that all the components of displacement and stress must be
finite inside the shell and zero at infinity and satisfying the boundary condi-
tions (19), (19a), (20), the solution of the problem under consideration is taken
in the form

[01=[8 = O {ealdnl+fulBail+0nlCnl +halDarily .. .. .. (21)
#n=20

for the inner material
and

(9] = 814181 = 81+ 0, el )+ [Bu 40 [C )41 [ Dy T} (21a)
"=0 for the outer material

where ey, fn, gu, Fn, e;, f.» 9, and &, are arbitrary functions of » and may be
determined from the boundary conditions (19), (19a) and (20).
Now as in (3), we may have easily

[6],_, =4 2a24-3¢2 cos? —4ac cos O—c?
Trdr=a (a2—2ac cos 6+c2)*

< (n41)(n42)c

= 4" pree P,(p) (because a > c)
n=0
where
b w'Ta’ 140
4'= 5 T e dQ
and

[-F' 1 __ 4+ 3csin Bla—c cos 6)
9dr=a"" " (q2—2gc cos O4c2)}

=A'p Z (n;l;ja P (P) (because @ >c¢) .. (22)
n=0

Hence from the boundary conditions (19) and (19a), we get by (21) and (21a)

1 2 —_
A NOHD) o 2O 2 1 bnln— 1) n 4 1) (n—2)—20)

X (n4-1)bhy = 0

n+2  n2—242
gots ot am

(n+l)(n+2) L (+1)(r42) ;  n(n?43n—24')

an+s R T anti futn(n—D)ar-2g,
F(n+1){(n+1)(n—2)—20}amh =0

,nt+2 42, nE—242
4 pre i e e"—l—n a"j’_ vf (n—l)aﬂ’2y +(1—-2n—n2-2' )a"h 0

fa— (n—~1)b""2g + (1—2n—n2 — 2v)b%hy, = 0

(23)
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From (2) and (3) we obtain for ¢ > d,
(7)ot Y M

c'n+1

n=20

, 2\ (n—1) P,
[1—'70]1=d -4 Z cn+1 dn=2

s n P
[ur]' =a= z cn'l"ll an=1

zodnl,

_ 4 _ -« P
(%)=~ anzocnu

Hence from the boundary conditions (20), we get with the help of (21) and
(21a),

2 -9y \
(n+§2&2+2) n+n(n ;33 2 )fﬂ+”("—l)d”—29n+(n+1){(n+1)(n—2)—2v}dnhn

n{n—1)d*2 (n41)(n+4+2 n(n243n—2v p
( cﬂ+)1 T( +d12'(4'3+ ) ﬂ+ ( -;n+1 V)fn_*_n(n_l)dn-’Zg”

= A4’

+n+1){(n+1)(n—2)—2v'}d"h ,

2 —242
Z;';s ent- dnﬁf L fo—(n—1)d"2g 4 (1= 20 —n2—2v)d"hy
,(n—1)dn-2 n42 , 249 , i ’ ,
A( c"')H +d;lt3 n+ dnjl- vf —(n—1)dn~2g +(1—=2n—nZ—2")d"h, ,

n+1 n(n+3 4v)f

o 1 APl — (n+ 1) (10— 2-+4v)d" by

d"’ 1 I ’ 3—-4 4 ’ 4 4
= [-A-ncnﬂ ot "’f,,—ndﬂ-lg,,—<n+1>(n—2+4v')dﬂ+lh,,]

and
€n n—4 +4V

T g Jatd® gy +(n+5—~4v)dntih,
,dn w  n—444 ‘
_-_-.,%[A W-’_m-}-_—tif +dn- 1g +(n+5—4& )d’“‘%] )
(24)
Solving (23) and (24) by matrices we get the values of €4, fa, gu, b and
e, fos Gus by for n=10,1, 2,... . The values of these coefficients together

with the eqmns. (21), (21a), (10)~(13), (10a)-(13a) constitute the complete
solution of the problem.

Numerical results [in C.G.S. units]

Takingb = 1,d = 2, ¢ = 2-5, @ = 3 and as in the first case taking wrought
iron as the inner material and steel as the outer material so that v = 0-275,
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p="769x101 and " = 0-31, ' = 8-19x 1011, the values of some coefficients
are obtained numerically. '

g1 and g; cannot be calculated separately. The equation 8-19g1—7‘6991/ =
1-265217534" is only left for the calculation of g, and g,. This is due to a
rigid body displacement and the remarks made in the previous case may be
extended to this case also. The undetermined values of g; and g; do not
disturb to calculate the radial and shearing stresses, because the coefficients of

g: and g, in o, or 7,4 are separately zero.

The values of [tlr=d [rlr=a oro shown in Figs. 5 and 6 respectively

AI 3 Ar
16 1
12
v
AN
&
-
)
0 30° 60° 90’ 120° 50" 180"
0 ——>
Fic. 5. Radial stress on the middle sphere.
8 E
Poe
<
5
e 4.
“
R
|z
0 30 60" 90° 120° 150° 180°

-—
F1c. 6. Shearing stress on the middle sphere.
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where
wTa' 149
27 1=y’
From Fig. 5, it is evident that o, is maximum at § = 0 and as 8 increases,
o, decreases uniformly and rapidly and ultimately tends to zero as in the
first case. Fig. 6 is almost identical with Fig. 3 showing that 7,5 is maximum
when # = 7° (nearly) and finally tends to zero.

A = - Q.
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