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The present article is concerned with the determination of mechanical re.
sponse in a piezoelectric bar with divided electrodes owing to a prescribed
distribution of the polarization gradient and subjected to a constant flow of
heat.

INTRODUCTION

In recent years an apposite combination of the equations of electricity
and of mechanics of continuous media has made some piezoelectric problems
tractable, more so for piezoelectric transducers. In this connection the papers
of Redwood (1961), Sinha (1963, 1965, 1967a, b), Giri (1966), Roy (1967) and
Das (1967) may be referred to. Besides, the problems become very interest-
ing when the above interplay of two fields is accompanied by a thermal con-
dition. Among them, the problems by Sinha (1964, 1967¢), Giri (1967) and
Das (1969), may also be cited. The present article, a similar attempt,
seeks to investigate the problem of determining the mechanical and the
eloctrical response of transducer with divided electrodes (vide Vandeer Veen
(1956)), and subjected to a constant flow of heat. The paper makes use of
Laplace transforms to achieve its solution.

The principle of divided electrodes, as remarked by Vandeer Veen (1956),
can be used as a four-pole and therein lies its physical significance. It may be
of interest if these can be made use of to transform a four-terminal network
to a two-terminal one. It may also be of interest to see if the two halves of
the crystal are parallel to each other, two halves of the crystal are connected to
each other in series, one half of the crystal is short-circuited and unloaded
(Vandeer Veen 1956).

ProBLEM, FUNDAMENTAL EQUATIONS AND BOUNDARY
CoxnbprrioNs
A lon.g thin bar of length 2b is taken whose centre is chosen as origin
fmd. the direction of the length as Y-axis. An exponentially decaying polar-
1zation vector Py is applied at the extreme end of the left half of the transducer,
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the current through it being I; and a constant flow of heat is maintained.
The thermo-mechanical coupling between the two halves of the bar produces a
polarization P; and a current I, at the right-hand extreme end. Our problem
is to determine-the mechanical deformation, with the aid of the equation of
mechanical motion and the constitutive equations of a piezoelectric material
together with the boundary conditions.

The constitutive equations of the piezoelectric material are given by

Tl = 01181+811E1+A0 .. .o . .o (l)
P1 = 61181+k11E1+p.0 .o .o .o . (2)
where T'; is stress, Si the strain, B, the electric field, ¢,, the average stiffness
coefficient, A and u the thermo-piezoelectric moduli, § the temperature, k;;

the dielectric suscéptibility and e,; the piezoelectric constant.
These relations have been derived by Mindlin (1961).

In accordance with our assumptions, we have g—z = k, so that by suitable
choice :
O0=ky .. .. .. .. .. {3
oP, . .
and i ~Pye-#, so that by suitable choice
P1=—Poye"°‘* .o . e . .s (4.)

where P, is a constant and « a decaying factor. The second assumption is
justified by experimental facts (Swann 1950).

The boundary conditions are the same as those enumerated in Vandeer
Veen (1956), and, according to normal notations, we have

T(+b) = :Fﬁa—”%:—:@ O )

B is a positive damping constant, and
7(—0) = n(+0) T TR ()
T=0) =Ty (+0) .. .. . .. ()

SOLUTION OF THE PROBLEM
Since D = E4-4#P, using (2) and @ = _” D.ds, we have on integration

Q= (4w+—L)Pobzce’“‘— a1 2¢[n(—0)—~n(—b)]— K ckpe
kyy kyy k1

where 2¢ is the length of the bar along Z-axis.
Since I, is the current .
I, = —A'Pge-%—i, R )]
where

A= (4w+£;)bzca
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and
d
i1=—]2—;°.a[n(—-0)—-n(—b)]. O )
Using (4) _
11=A'-§—1-—i1. £
Similarly
12=A'—1:y-2-—'52 O 0 )
where
Py = —Pye~= . e e e (1)
and
d
z-z=_._2,j§".32[n<+b>—n<+0)]. ¢ £
As in (8), we have also
Iy=—A'Pe~%—iy .. .. .. .. (1)

P, being another constant.

Now, from (1) and (2), we get after eliminating g_z,

Pn p w0
Pt Pk =Kl L)

where
2

- _EL]."_" - _i
k_(z\ ku)k and 7011—(011 T )

11,

Taking Laplace transformation of (15) of parameter s and choosing »(0) = 0,
7'(0) = 0, we have

82')7) 82 - ” 1 k’
—-a—-gz:—;é-n— 11 o.m—;‘;—is .o .. ..‘ (16)
where .
k;.I/P =92 and 811/’011 . k;.l == k;l'
Therefore
s »
-G ~37 K2 1 Pokj0?
7 =08 4-ce ¥ + ’0;1 S o+ fory<0 .. ..o (I
and .
y -3y ket 1 Pgk ot
7= cge’ Fcee ° +7c,—.;§—;_—22’;%) fory>0. .. .. (18)

11

To evaluate the four constants, c;, cs, ¢g and ¢,, we use the four boundary
conditions (), (6), (7) and then we solve for ¢;, ¢, 3, ¢4. Substituting these
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values in (17) and (18), we get for y < 0,

. ks | 2cen | 2% Poys [eyb k;{”zﬁ §(b+y) —§(b+y)
[’1 v +k11 {k(l"i 8+b)'-;—_|:; 'El-l‘—l-—s e +e

2cen1 ) 1 bl— P [end kn” i =i\ [ ie+n -le+n
& —e i -
%, ku { (’C118+ s+a k11+ 8 + ]ﬂ ¢ ¢ + k;v2 Pok;lv2

ﬁ = / . ’ ——
Zoow az[kll (e" +e %) ‘B(e' : ”_egb) - &H] ks $(sta)
kll [
(19)
and for y > 0,
kll" 2ceyy Pos [ennd k%8 O R ()
[ ™y el e irany B O | KL
20611 v2 Poys fenrb k,v%B 2y -ly
{ ( ; ) sta\ kyy T e e
v( +9) S(b+y) , % - '
7 +ible —¢ ~}(Po—Py) [e*+e ¥ k v2 Poklw
k s s s s 2
2ceqy 2[ku ( $+e_ gb)-—-ﬁ(e— 2 —eTb)— 2_]92] k 83 s¥(s+a)’
N v
(20)

Let us find the expression for 5 (the inverse transform of ) when y =
—b/2 in (19). By assigning any value to y for —b <y < 0, we can find the
deformation at any other intermediate point.

The inversion being too complicated, we calculate its value for small
value of time. We take I, = I H(¢) where H(t) is Heaviside’s unit function.
Expanding binomially and keeping the first term in the expansion as in
Redwood (1961) and then inverting, we get

ok’ v2 b\2 2b k1]10 b 2P0611b k]_lA’Po 1—eat
= kyy g (t_ 20 M P kyy 2“11 - )" kn + 2cen1 «
(Bese)e, bu g L

v

o2 2 2Povzﬁk' d—1 b (1 b) -at] Pokuvz : .
T atag) | i e

.5 = ™™
kll 2 IC11+B [- 4 2?}4
b
for t>§1;
(21)
and
ry8 2 P,
n=%-f’-.g+ oh? [l—at—e] for t<2i .. (22)

11
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This shows that, for y < 0, the mechanical deformation is partly constant,
partly transient, partly linear and partly quadratic function of time . % is 0
at ¥ = 0 and the rate of rise of ¢ is zero at ¢ = 0.

Finding P, and then using (12) to determine P,, taking the inverse
transform, as before, we find

( —2Pge1,b 4P, ok;leﬁ 2 [k d'Py _ ’fp_{o knly 2P, Ok’;l”zﬁ
k k k + ceppa®  ceny [ |oened [k
1Eraps B P o

knd'Py byl }tz kyady 8 2Pgenb  4Pok; v p . knd'Py kndo
6ceyia k1 kg 07 cegiat ' ceqqat
( +BJkne® @3 —=+p

20911(12 2081112

2Pgei3b 2P, 0’“11”23 ke A'P, o]
3
kllm(kll-i-ﬁ) " (kll-]—ﬁ) Cey % ;

Thus the polarization for 0 < y < b is partly constant, partly transient,
partly linear, partly quadratic and partly cubic in time. It is, as well
proportional to y.

In finding out the inverse transform we have taken similar approxi-
mations as in finding 4 for ¥y < 0.

To get 4, (y > 0) at y = b/2, using the same approximations as in (20), we
have after taking inverse transform

t.eet] . e @3

N=A+Bt+Ci2+DB34-Ei4 4 Ft54-G . e x4+ H't .e % for > -2% .o (29)
where 4, B, ..., ete,, are constants aﬁd are in terms of the given parameters.
Also, )

= A+ Bot+Cote 4 Dyt3 -+ Eott-+ Goe~<t L Hyte~t for ¢ < % .. (25)
4y, By, ..., etc., being constants in terms of the given parameters. (24) and

(25) give the deformation at y = /2,
The value of I,, after similar calculations, reduces to

’ ’ ’ ’ ’ ’ —z(t-]—-é-) ’ -—a(t-— *é‘)
Iy = A4+ Bit+C2 4+ D3+ Ete =t Fe 2/ 4G . (26)
Ay, By, ..., ete., being constants in terms of given parameters.
The physical constants being not available (vide Mindlin), the numerical
compufations cannot be carried out.
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