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The correlation function caleulation of the shear viscosity of the electron
gas in metals is presented within the Hartree-Fock approximation. It is
found that the relaxation time appears in the expression of the viscosity in a
natural way as the reciprocal of the imaginary part of the self-energy of the
electrons,

Sound waves in a solid are attenuated by thermal conduction and internal
friction or viscosity. In metals the viscosity occurs due to the scattering of
phonons as well as the conduction electrons. In recent years the phonon
contributions to the viscosity of a solid have been discussed by several
authors like DeVault and McLennan (1965), Rice (1967), DeVault (1967),
Kishore and Pathak (1967), Kishore (1968) using the correlation function
formula of McLennan (1963).

In this paper we present the correlation function calculation of the shear
viscosity of the electron gas in metals using the method of double time tem-
perature dependent Green’s functions. This is parallel to the work of Gluck
(1967) on the phonon viscosity and to that of Deo and Behera (1965) on the
lattice thermal conductivity. We deduce an expression for the electronic
viscosity tensor within the Hartree-Fock approximation. It is found that the
relaxation time appears in the expression for the viscosity in a natural way as
- the reciprocal of the imaginary part of the self-energy of the electrons. This
result is valid at all temperature and at low temperature it leads to a well-
known relation between shear viscosity and electrical conductivity. Thus
1t provides an alternative derivation of the usual kinetic theory expression
of the viscosity by a different method.

We start with the correlation function expression for the viscosity tensor
(McLennan 1963)

©
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where V is the volume and B = (kgT)*. The angular brackets denote the
grand canonical ensemble average appropriate to the Hamiltonian H of the
system in equilibrium, Jy(¢) is the microscopic momentum flux operator in
the Heisenberg representation and

o<dy> a<y>
o<H> o<N>

In eqn. (2), second and third terms arise due to fluctuations in energy and
total particle number NV in a grand canonical ensemble. The Hamiltonian for
our particular problem of electrons in a crystal may be written as

H= Ze,_‘agaﬁ ng(b;bg+})+kz Aquk_m (04 +b+) o (8)
k g ke

Jy=<Jy>+ H=<H>)45—H(N—<N>). .. (2

-
Here ¢, = ?kr'ﬁ —u; k, m are the wave vector and mass of the electron and u
is the chemiocal potential, a; » &, and b%,, by are the creation and annihilation
operators for electrons and phonons respectively. w, is the energy of the
phonon of wave vector ¢. In eqn. (3), we have suppressed the spin and
polarization indices for electrons and phonons respectively and have put

k£ = 1. In the free electron approximation the momentum flux operator and
Jss are given by

1
Jﬂ:WZk‘kjagaL‘ . .. . .. - .. . (4(1,)
k
_ 6<J¢j> 8<J¢;>
Jy= <Jy> tioHs Hom<Hy>)+5= = (N—<N>). .. (@)

In (4b) Hy = 2 ;7 is the Hamiltonian in the free electron approximation,
L “ETE

where ni = ag ax is the electron number operator. After substituting for the
momentum flux operator and fi from eqn. (4) in eqn. (1), we obtain the
expression for the viscosity tensor as

o< pm> o< 1>
Tigtm = Vzkkj( zm Vl:' I -V L )

0<Hy> o<N>

x Lt J‘ die-¢ <7)k(t)(’7kr— <7]kl>)> [ .e . (5)
€0 = - =

It is evident from eqn. (5) that the evaluation of viscosity tensor essen-
tially involves the evaluation of correlation function of two electron number
operators. This correlation function can be expressed in terms of the Fourier
transform Gjy(w) of one-particle Green’s funotion (Zubarev 1960)

Geplt) = —i8(t) <[ay(8), a;‘,(O)]>_ O ()
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where 6(t) is the Heaviside unit step function. Within the Hartree-Fock
approximation the viscosity tensor can easily be shown to be (Gluck 1967;
Deo and Behera 1965) ;

< > a<J,,,.>)

4B 1.,
= — kdey | — Ve
Tifim mV; t ’(mk‘k’” Ve'y 0<Hy> O0<N>
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€0
For our system of electrons in a orystal described by the Hamiltonian
the expression for the Fourier transform of the Green’s function is given as

{(Zubarev 1960)
Sk [2m

w—eE—ME(w) v

(8)

Grr'(w) =

where My(w) gives the effect of electron phonon interaction on the single
particle energy. It is explicitly given as
Myw) = Z A; {H<Vg>+<n&-_g> <n,£_g>+<vq>}_ @
4

W—€p_g= g w—e,f_g-!-wg

After substituting the value of Green function Giu(w) from eqn. (8) in
eqn. (7) one obtains the expression for viscosity tensor as (Gluck 1967; Deo
and Behera 1965)

ﬁmm—-mVZktk;(mkzkm Ve PP o 8<N>)

ey 1 10
Frp i o (10)
where the renormalized electron energy & is given by & = ¢,4- A,(%x); A, and
I, are the real and the imaginary part of the M (w). In the evaluation of
eqn, (10) it is assumed that I(w) is small. This is our final expression of the
viscosity of the electron gas in metals as one would expeot.in the usual relaxa-
tion time approximation. The only difference is that here the effect of the
renormalization of the electron energy is also taken into account. We have
derived eqn. (10) starting from a correlation function approach which is
known to be more general than the usual Boltzman transport equation.

We ghall now make use of eqn. (10) to obtain the expression of the shear
viscosity of the electron gas in isotropic metals. Introducing the spherical
polar coordinates (%, 6, ¢) for the wave vector k, it is easily noticed that Jy =0
if{7#4. We assume that & o¢ ¢ and replace the summation over & by inte-
gration. At low temperature, after performing the integration over k, 0 and ¢,

we get

{

2mp
1}=~g;é—0‘ .o .o .o . .a (11)
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where e is the charge of the electron and o is the electrical conductivity. This
is a well-known classical result which we have obtained by entirely a different
approach.

Recently it is found that at low temperature the magnitude of shear
viscosity (or adoustic attenuation) is larger than predicted from free electron
theory such as presented here on the basis of measured values of the electrical
conductivity (Natale and Rudnick 1968). One of the various reasons given is
that the relaxation time for the acoustic attenuation process may not be the
same as one for the electrical conduction. But from our present calculation of
the shear viscosity of the electron gas it appears that the relaxation times for
both the above-mentioned problems should be the same because in both the
expressions of the viscosity and the electrical conductivity the relaxation
times appear in a natural way as the imaginary part of the same self-energy
function. '
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