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The asymptotic form of the amplitude in the localized mode (due to an
isotopic impurity) is derived by a multiple saddle-point approximation. Itis
shown to be a substantial improverent over earlier evaluations for localized
mode frequencies not too close to the largest normal mode frequency of the
, perfoct lattice.

1. INTRODUCTION

Montroll and Potts (1956) and more recently Abraham (1966) have
studied the decay characteristics of the amplitudes in localized modes using
certain approximation techniques. Mathews and Seshadri (1965a) have out-
lined a saddle-point approximation with the same ends in view. The present
paper is essentially a refinement of this technique in that it recognizes the
requirement of a special form for the integrand (see for example Jeffreys
and Jeffreys 1946) as an indispensable prerequisite for any saddle-point
approximation.

2. Tar ASYMPTOTIC BEHAVIOUR OF AMPLITUDES
The model considered here is that of an n-dimensional ‘simple cubic’,
monoatomic lattice wherein one allows for both central and noncentral inter-
actions between nearest neighbours. We denote the central force constant

by ¥, and the noncentral ones by v+ (=2, 3, ... n). The largest normal
mode frequency of this lattice is w;, where g
4 < 4 < M Y
w§=ﬂzm=7c Za,; b= a¢=7~,—: 4}
=1 i=1

and M is the mass of the host atoms of the Jattice. If a sufficiently light
isotopic impurity (mass M) replaces one of the host atoms (say, the one at the
origin) a localized mode of frequency w > w; is excited. The amplitude of
vibration at the site (m;, mg, . . . m,) in this mode is (with ¥’ = M’ [y,)

Uy, Mg,y ... = (k"kl)wzuo, 0,... 9m1, Mgy s o .- .. (2)

* Paper presented at the Symposium on ‘Lattice Dynamics’ held st Bangalore in August
1968.
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$==1

The z;’s are complex variables and the ¢;’s closed contours that lie within
domains which are simultaneously free of the singularities of the integrand
for w > w;. Mathews et al. (1965b) have given a detailed analysis of these
points for » = 2 and the generalization to the present problem is quite straight-
forward.

Now, the integrand in (3) does not have the special form* that one would
need for a saddle-point approximation. Mathews and Seshadri (1965a) over-
looked this requirement and applied the saddle-point approximation to the
n-fold integral in (3) as such. However, this difficulty is met by carrying
out one preliminary integration. We first rewrite (3) as

where

1
Iy, my, ... (2’"@)”.f f o % ".31)(371—;32) dhgmetl | gmatl
(3a)
where
B _ —-B:i:(ﬁ’—hﬁ)* . _

(ﬂz)—'—————_'z—u';———"ﬁlﬁz_l .. . .. (4“)

B = sz—-i 2«,+i o (x,+l) . e . ()

i=1 i=t x’

For given z; (j = 2, 3, ... n), $1 and B, are simple poles (sp) of the integrand
of which ¢; encloges only ;. On carrying out the ¢, integration one finds

ﬁ"ﬁ
. (2m)"-1f f oi= z{x"%-*‘l} - @

The integrand in (5) does have the standard form required for a saddle—pomt
approximation.

. Conventional saddle-point approxxma.tlon apphed to (5) yields the followmg
agymptotic form for large {m}:

(=) i
 Imy, m, .. (2,,)(n-1)l2 A;gnﬁl g”‘-‘l‘l(l-—ﬁz)

(6)

-

* The standard form would be exp{mf(z)}x(z), where m is the sharpening paraxmter,r
Jiz) & function with one ormomsaddle-pomtaandx(z)mmesmoothly bebaved function in the
oeighbonrhood of the saddie-points.
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where the f s are the saddle-points in the various planes and B,, defined by
eqns. (4a) and (4b), is to be evaluated at the saddle-points. 4 is the
determinant (of order n—1) of the matrix of second derivatives 9%y/d¢, 9¢;
(¢, 7=2,3,... n) where
31"1
(Bi—By) 11 a1
=

exp s ... 2a)] = (M)

1t can be shown that
o [1 + (14+6) & me1(E—-1)] » (ms+ (¢ +1)
m+1(1-p) Sy (§+1)  Ji=2  €(E-1)
We shall briefly discuss the location of the saddle-points. These are the

solutions of the set of equations

oy ..__ ’
5m,=0 (=23 R )

By combining eqns. (9), one can conveniently re-expréss & (j > 2)in terms of £;:
Hrpon(=1)+{re(6—1)* +4a7 65}

(8)

é= (10)
2a4€0
with psg = (my-4-1)/(ma-+1). The equation determining £, itself is given by
m+1 28 I (mo+1) €5
— + = . . e (11)
[ 1 (1-Bf)] (B2—tal)t  ag(£5—1)

Using egns. (10), one can eliminate the & (j > 2) in favour of £; to obtain
" 1 1 ”
pmkot= 3 2t (fbg) 4 > (-0 02
i= . i=3

so that the left-hand side of (11) can be rewritten entirely in terms of £&. It
may be noted that |{]=—&>1 (j=2, 3, ... n) and that || < 1.
In a few special cases the equations determining the saddle-points can be
solved analytically. The explicit forms of the saddle-points obtained in these
cases are listed in the Appendix.

. '3. DrscussioN ‘ _

It is seen from (6) that Imy, ma, ... suffers an exponential decline with
increase of the m’s together with a ﬁzrther decay which is as (m)~(n-1/2, (Note
that 4 =0 (m*').) These features are precisely the ones noticed by
Mathews and Seshadri (1965a) and are in broad agreement with those charac-
teristic of the expression of Montroll and Potts (1956). However, it must be
emphasized that there are significant differences with regard to the frequency
dependence of the ‘damping constant’ (characterizing the decay of the ampli-
tude with distance), between the present approximation and that of Montroll
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and Potts. In the succeeding paragraphs we explain the nature of these
differences and point out their origin as well. :

In the one-dimensional case (n = 1), one has an exact expression for
the Green’s function of eqn. (8). It is then easily shown that the exponentially
decaying term (in the exact expression) has the form exp (—dd), where d is
the distance from the impurity site and the damping constant 6 is defined by

o _ (@hot—kaf)—{dho?(kut—ka])}

2
ka?

e (13)
On the other hand the damping constant in the Montroll-Potts expression
would have the form (see Maradudin et al. 1963) (constant) («*—w3)t. It is
clear that 6 defined by (13) takes this simple form only when o’ ~ w}. If
on the other hand kw® >> kw7, inspection of (13) shows that § = O (logw?)
while the Montroll-Potts expression would suggest that 8 = O(w). The
difference is of course striking. We would stress that these differences, signi-
ficant as they are, persist for the higher dimensional cases as well. To cite
an example, for n = 2, using the explicit form (b) of Appendix, we find

(2km2_kw§)+{4kw2(sz_.kw§)}*]

2
kot

6 = (const) log [ (14)
Again 6 has a far more complicated frequency dependence than the simple
(0*—w} )t envisaged by the Montroll-Potts approximation. In fact from
(14) it is easily seen that only when o ~ w, does § have (w’—w})! type of
- frequency dependence. These examples suffice to convince one that only in
the immediate vicinity of the top of the band does the Montroll-Potts approxi- .
mation hold.

One can also write eqn. (3) as a Laplace transform:

T e B}
=1
""'1""»--~=Ld” T [k’ZI(—Y”‘Im»(Mt)]. .o (18)

However the known asymptotic expansions of In(f) for large m cannot be
invoked in the present context since these involve questions regarding the
. relative magnitudes of the order and the argument of the Bessel function.
We submit that our procedure has the virtue that it does not call for any
asymptotic expansions of the I,’s—in fact there is none that meets our re-
quirements. To vindicate our approximation procedure for frequencies
w® >>> w}, we observe* that the coefficient of ¢ in the exponent of (15) would be
very large in this limit. Hence a good estimate of g,,, ,,, ... (for any m) can be

* Wo wish to thank the referee for drawing our sttention to the usefulness of (lG)fn!ihe
high froquency limit.
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obtained replacing the I'm’s by their expansions about the origin. The integral
in (15) is then a I' function and its evaluation is quite simple. One can special-
ize this result for large m’s and see that it is the same as our asymptotic result,
eqn. (6), wherein the saddle-points are replaced by their asymptotic forms for
® >> wz, given in the Appendix. Since our estimate of g,, ,,. . coalesces

with the high frequency limit, derived from (15) in a rather simple manner,
and with the Montroll-Potts expression in the w —> w; limit as well, we claim
(with ample justification) that it holds for intermediate frequenciés as well.

One might pose the question as to why the asymptotic form derived by
Montroll and Potts is valid only in the neighbourhood of the band. This
restriction stems from the very character of their approximation technique.
Their evaluation presupposes that the dominant contribution to the integrals
in (3) arises from the immediate neighbourhood of {#;} == —1. One can
show from eqn. (9) that for @ ~ w; the saddle-points of the integrand in (3)
are given by

1
f,m—l—-’——'t—(lc e—ko?). .. .. .. (18)

It is now clear that as w — «; the saddle-points move towards {—1}, while as
o deviates from w; they move away from {—1}. This feature can also be
seen from our expressions for the saddle-points (in some special cases) listed in
the Appendix. It is precisely for this reason that one cannot obtain a good
asymptotic form by expanding about {—1} for all localized mode frequencies.
One must, as done in this paper, take proper cognisance of the frequency
dependence of the saddle-points.
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APPENDIX
i (&) w>> st
{my-+1)

" kw,
ou( 2 my+1)
j=1

by -
(b) All the m’s > o such that their ratios remain finite and equal the ratios of the a’s:
q

my+1 o
my--1 =g = otg

£2=£3=-..=§”
Bilse (kwi~2kw2) + {470&02(/6«:3—- k‘”i )}}
( é ) = ]

(e) Let my and mg ~> oo such that pgp = (my+1)/(ma+1) + 1, all the other m’s remaining
fixed. Then £, £, ... én all tend to —1, Further

(e —[a+4(of—of)]—{[42+4(a} —oZ) - 160342 }}
2= dapd

where
S o | L e e ey
Brlee = ) gy A

A = bo?—ka] 20, 4+ 20ty
(d) Let my ~» o0, the other m’s remaining fixed. Then the corresponding séddle-point is
given by
(Foop, — 20y~ kew?) — { (ke —Foeo] ) (hiw? — boo] + 425 ) }
&= Ty
fim —1(#4); Bilee = ~1




