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Scattering of phonons from an off-centre impurity is studied using the stability
condition for the lattice. The perturbation Hamiltonian H; derived by
this method involves parameters characterizing changes in force constant
for nearest neighbour interaction in the harmonic approximation. It is
shown that if the impurity is heavy and tunnels in a multiwell potential but
the splitting of its energy level is small due to this tunnelling, then a simple
procedure is to retain the harmonic approximation and the elegant formalism
for substitutional impurity is also applicable to the case of the off-centre
impurity. Monoatomic linear chain and the simple cubic lattice are used to
describe the method. For small distances d of the off-centre impurity from
the actual lattice site, the mean free path and hence the thermal conductivity
are shown to vary approximately as d-2.

INTRODUCTION

Scattering of phonons from substitutional impurities and its contribution
to the phenomenon of thermal conductivity has been the subject-matter of
many recent investigations (Callaway 1963, Elliot and Taylor 1964, Klein
1966, Lifshitz 1956, Thoma and Ludwig 1965, Wagner 1964, Yussouff and
Mahanty 1965, 1966). The results derived in these cases are in good agree-
ment with the experiments under two assumptions, namely (i) the doped
impurity has occupied a substitutional site, and (ii) the changes in force
constants due to the impurity are essentially adjustable parameters whose
values can be adjusted to fit the observations. In the present paper it will be
shown that so long as one retains the second assumption, one cannot be
sure that the first assumption is true.

Tt is well known that some very light impurities doped in a crystal do not
occupy the exact lattice sites but sit in neighbouring interstitial positions.
Such off-centre impurities are known to move in a potential which is a multi-
well about the actual lattice site and its shape permits the impurity to tunnel
to the equivalent off-centre positions so that these are occupied with equal
probabilities. The effect of the tunnelling is to split the impurity level.
Further, the impurity being light compared to the atoms of the host lattice
can vibrate with large amplitudes and hence the harmonie approximations
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will break down for it no matter whether it is substitutional or off-centre.
There have been attempts (Gomez ef al. 1967) to treat the case of such off-
centre impurities by considering the details of the multiwell.

Here we consider off-centre impurities which are not light compared to
the atoms of the host lattice. Further, we assume that it tunnels but the
splitting of its level due to this tunnelling is so small that it can be ignored.
Such an off-centre impurity can be treated in the harmonic approximation
and the role of the tunnelling is to keep the symmetry intact. Indeed,
any calculation involving off-centre impurities must involve the displace-
ment d of the off-centre position from the actual lattice site and must go over
exactly to the case of the substitutional impurity for d = 0. Since the kind
of off-centre impurity assumed above necessarily goes over to a substitutional
impurity in this limit d = 0 for which harmonic approximation is successfully
uged, there is no reason why for small values of d there should be a radical
departure from harmonic approximation unless the tunnelling splitting is
significant.

With the above assumptions, we proceed to calculate the effect of an
off-centre impurity which is not very light. As expected the scattering
process depends upon d and goes over to the substitutional impurities results
for d = 0. The usual small concentration assumption is also retained here so
that a single off-centre impurity could be considered and a concentration factor
may be supplied with the end result. Another expected feature will be the
scattering of phonons even when a normal atom occupies an off-centre position.

The deviation from a perfect lattice picture caused by the presence of an
off-centre impurity leads to a perturbation which is partly of kinematical
nature. We demand the stability condition of the lattice with impurity to
derive the dynamical condition under which it can exist. This leads to a
perturbation term in the Hamiltonian for which an exact solution exists for
nearest neighbour interactions in the harmonic approximation. The tunnel-
ling approximation restores the symmetry and then the problem becomes
essentially that for a substitutional impurity with a force constant parameter
which depends upon d. This parameter can be considered adjustable and
this then explains how the effects of off-centre impurity are included when-
only substitutional impurity is considered leaving the force constant change
as an adjustable parameter. A linear chain and a simple cubic lattice are
used to describe and illustrate the method. :

Monoaromio LiNgar CHAIN
For a perfect linear chain of atoms of mass M with spacing a, the
Hamiltonian is given by

Ho=2211:‘[+}217(x¢-—x,). S ¢ §
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We follow the usual notation and measure all distances in the units of a.
Then z; = i+ u; where u; is the displacement of the ith atom from its equili-
brium position. '

Now suppose that the nth atom occupies an off-centre position and let it
be at n+d instead of being at n (here d is measured in the units of @ and
hence d <t 1). Then the system is described by the Hamiltonjan

2
v i
H=Zm+;ZV(x,-m,). e ©®

Here V’(x;—x;) is such that it equals V(r;—2s) for all values of ¢ and
j except when i = or j =n. In effect we are considering the off-centre
atom as a normal atom. Both H and H, can be expanded in Taylor series in
(us—uz). The terms linear in (ug—uy) will drop out because by hypothesis
both H and H, describe stable equilibrium configurations. It must be noted
that all the Taylor derivatives are to be evaluated at the assumed equilibrium
sites. Then one-gets in the harmonic approximation,

Hy=H—Hy= z fa(n—jbd)—a(n—7)] (n—ug)® .. ..  (3)
j#n
02V (z)
ox2
have been used. With the assumption of nearest neighbour interaction this

further reduces to
Hy = [a(l +d)—a(1)] (n~ttp_1)2+[a(1 —d)—a(1)] (¥n~Uns1)* .. 4
This is the case when the off-centre atom is a normal atom. In general it
implies a change in force constants if there is a change in equilibrium position.
For a general type of impurity with the changes in mass AM and force
constants AX an additional term H, must be added to the right-hand side of
eqns. (2), (3) and (4). The perturbation in eqns. (3) and (4) which originated
from the new kinematic situation becomes zero for d = 0. For small d,
further, Taylor expansion can be made in eqn. (4) and then H; o« d in the

lowest order in d.
Once H, is known, the rest of the procedure is to write down the equation

of motion and solve it. If we define
A = [a(l+d)—a(1)]

where o(z) = § and the usual symmetry relations «(j—i) = a{i—j)

and
‘ Ag = [a(1—d)—a(1)]
then
i Hyp= ll(u,.-u,,_1)2+A2(u,,—u,,+1)’. .- . (5)
Now the formal scattering theory can be applied to calculate the energy reflec-
tion and transmission coefficients. Following the treatment of Krumhansl
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and Matthew (1965), we have for the perturbation matrix in this case

) Mt = =2
Pr=—| —X A 0 .. .. .. (6)
M
—Az 0 /\2
while the contribution to the P-matrix from the H; part of the Hamiltonian
AM

is a8 given by eqn. (23) of Krumhansi and Matthew (1965) (with g8 =
and « =22 the force constant for substitutional impurity being A+ AA)

M 3
Qu—Pw? —o —uo )
P3=(—C( « 0\). . .. .. (N

—a 0 o/

It is important to note that in the substitutional case P, has the sym-
metry of the point group whereas for the off-centre part P, there is no such
symmetry. Therefore, no group theoretic factorization or partial wave
analysis is possible in this case. But all the same, one can solve for the
reflection coefficient by inverting the 3x3 matrix constructed out of
P,(or P;+P;) and the Green function matrix.

However, such a procedure is not necessary if one assumes the tunnelling
approximation. The physical picture in this case is that the impurity can
be at n-+d or n —d with equal probability and hence the matrix

1 MA+As —Ay —Ap)
Py = i (—Az Ag 0 )
—2Ay 0 M

is as probable a perturbation matrix as P, is. Taking the average for the
perturbations in the sense of expectation values over the equally probable
positions one finds that in the scattering calculation one could use, P =
3(P;+Pp) and then
—(A1+Ag)  —(Ar+2g)

A1+2y

2 2
1 - Ag) M +A
Py= (/\12+ 2) 1'2|" 2 0 L®
T\ =t Mg
2 2

and this again has symmetries of P;. .
Thus considering P; as a function of «, we have

P3(¢)+Plf= Ps (M+ 3?2) . . .. (g)

The resulting energy reflection coefficients are

R(ﬁf (B+I+'y) (5::)2 R )

2B
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A is average force constant, and

s _ 4
wherew, = L

AX  +)y

A 2M)

This is the same for the substitutional case except that the parameter

i}t A Al +A2
p== is replaced by py = 5 S +ton
There is no essential difference when both the parameters 1, and p, are treated
as adjustable parameters. For d =0, A;4+A; =0 and the old result is

obtained. For small values of d, A;+A, is proportional to d2.

Moxoaromic SimerE CUBIC LATTICE

In analogy with the case of the linear chain, we have

Hy = p“"

lv

+%ZV(R,-—R|) 1

and all the distances are measured in the un.its of the lattice spacing a. Now
let the nth atom be at n4-d so that '

H= zp"‘+%ZV’(R,—R.) a9

Again expanding the potential energy terms and evaluating the Taylor
coefficients at the equilibrium sites, one gets

Hy=H—Hy= Z[“A —d)—a(A)] (Ua—ug)E .. .. (13)

where A is the nearest neighbour distance in units of @ and «(R) = T}V; V(R).
This is again for nearest neighbour interaction and harmonic approximation
and H, is to be added separately. Again the problem can be treated without
symmetry but the tunmelling approximation can be resorted to with the
assumption of favourable multiwell potential. That restores symmetry and

H,=Zy(d)[u,,—uA]2 S ¢ )
A

where y(d) is the appropriately averaged out change in force constant ana-
logous to A;+A; in eqn. (8) and y(d) = 0 for d = 0. We have made the
simplest assumption that y(d) is independent of A. Now we follow the
treatment of Yussouff and Mahanty (1965, 1966) to treat the scattering
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process. The additional perturbation matrix in the I'-space will be
—12y(d) 2y(d) 2v(d) 2y(d) 2y(d) 2y(d) 2y(d)

2y(d) —2y(@) O 0 0 0 0
2y(d) 0 —2y(d) 0 0 0 0
Py = 29(d) O 0 =2yd) 0 0 0 (15)
29(d) O 0 0 —2y(d) 0 0
2y(d) O 0 0 0 ~2yd) 0
2y(d) O 0 0 0 0 ~2y(d)

Now the formalism of the treatment of Yussouff and Mahanty (1965,
1966) can be carried through with P;; and the total scattering cross-section
in the long wavelength limit is

_16 [y@]® 1 w |2
ar——g’[——y—] W(Zo:) .. .. (18)

in the notation of the same paper where F, now involves 2y(d) in place of Ay.
This again shows Rayleigh scattering with resonance possibilities. oy — 0, as
d — 0 and for small @, ¥(d) oc d 50 that o7 oc d2 and hence 4 (w) oc d2. This
leads us to the conclusion that thermal conductivity varies as d~2.

Again for H, present, the Ay is to be replaced by 2v(d)+ Ay. When it
comes to be the question of an adjustable parameter, there is no distinction
between the substitutional impurity and off-centre impurity of the type
assumed above.

Other generalizations are straightforward. The concentration factor can
be multiplied at the end and molecular impurities can be taken care of by
the usual methods. Extension to B.C.C. and F.C.C. lattices are straight-
forward.

CoNCLUSION

The above analysis leads to the conclusion that if one treats the changes
in force constants for a substitutional impurity as adjustable parameters, then
one is also automatically including the scattering from a class of off-centre
impurities which are heavy enough to abide by the harmonic approximation
and for which the tunnelling splitting is negligible. From the good agreement
between experiment and theory of substitutional impurities it appears that
the above conclusion is true except when the impurity has a small mass.
The harmonic approximation breaks down in that case even when it is a
substitutional impurity. Apparently the detailed multiwell potential model
is the only way out for such impurities.

’
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