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A sum rule for lattice infrared absorption due to a substitutional impurity
involving the change of mass as well as nearest neighbour interaction has
been obtained in the harmonie approximation. This involves only the
mass and charge of the impurity. An expression for the mean square dis-
placement is obtained at high temperature limit.

Introduction of defects changes considerably the vibrational properties of
crystals (Lifshitz 1956, Montroll and Potts 1955). The dynamics of an in-
dividual atom (which happens to be an impurity) or an individual normal
mode plays & dominant role in problems like Mgssbauer effect, optical absorp-
tion, etc. In such cases the impurity vibrations and its effects can be best
investigated theoretically by the method of Green’s functions. The perturbed
Green’s functions and their correlation functions, which describe the motion of
the lattice with the impurity, can be obtained in two different ways. The
most general and widely used method is to solve the Dyson’s equation given
by

where ‘ . .. .. .. ()
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= perturbed Green’s function matrix.

@° is the unperturbed Green’s function, # and I are the mass and dynamical
matrices respectively. The perturbation matrix P takes into account the
change of mass and interaction constants of the impurities. For many
impurities the exact solution of the above equation is difficult. However,
the one impurity problem which yields satisfactory results for low concentra-
tion of impurities is exactly solvable.

_The alternative way is to look for a suitable transformation which can
diagonalize the perturbed dynamical matrix, so that the perturbed Green’s
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function can be obtained directly. Such a transformation matrix can be
constructed out of the eigenvectors of the perturbed crystal. In the absence
of defects the eigenvectors of the dynamical matrix (D°) are the travelling
plane waves with propagation vector k and the eigenvalues are the squares of
the normal mode frequencies {w (Ic)} (5 is the branch index). The presence
of defect destroys the translational invariance, as a consequence of which the
normal modes depart from their plane-wave characters. Hence the eigen-
values cannot be labelled by the propagation vector £k and branch index j.
Instead, they can be characterized by an index s which takes up values from
1 to 3N. In practice the determination of the new eigenvalues and eigen-
vectors is very difficult but one can always get a formal solution. This formal
solution becomes very useful in deducing the sum rule for lattice infrared
absorption and in obtaining an expression for mean square displacement of an
atom at high temperatures.
The eigenvalue equation for the perturbed lattice is given by
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{(p(?’)} are the normalized eigenvectors which satisfy the following ortho-
normality and closure relations.
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" Then the element of the perturbed Green’s function matrix is given by
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APPLICATIONS
Sum Rule for Infrared Absorption

Recently there has been conslderable interest both theoretically and
experimentally in the far infrared absorption due to charged impurities in
otherwise uncharged host crystals and in ionic crystals containing impurities
[Takeno (1967), Angress ef al. (1965), Benedek and Nardelli (1967), Dawber
and Elliott (1963), Patnaik and Mahanty (1967), Sievers (1964), Sievers and
Takeno (1965)]. It has been pointed out by Angress ef al. (1965) that the
effective charge of an impurity atom can be estimated from the total area
of the absorption curve provided the concentration of the impurities is
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known. In fact, they have used the sum rule formula given by Dawber and
Elliott (1963) for an isotopic impurity. The above authors derived the
expression for the sum rule for the integrated absorption over the band and
localized mode separately assuming a shape function (normalized to unity)
for the later mode. Here the aim is to derive the sum rule expression for
a defect which involves a change in its interaction with the host, besides
the change of mass, without any such assumption of the impurity level.

For harmonic crystals the expression for power absorption (Patnaik and
Mahanty 1967) is given by ' :

Blw) = } z emenBoEgolnGop(m, n; w?—ie) .. .. (6)
m, @
where e, denotes the change of the mth atom and K, is the a-cartesian com-
ponent of the electric field of the electromagnetic radiation. Using the ex-
plicit form of the Green’s function as given in eqn. (5) the total absorption
becomes
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Now the S-function integral can be carried out easily. The closure
relation given by eqn. (4) helps us to write BT as
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From this formula it is clear that the total absorption depends on the
mass and charge of the impurity, but not the force constant that binds it to
the host. This expression is general and can be applied to the case of charged
impurity and ionic crystals containing defects.

(i) Charged impurity.—For a dilute concentration of charged impurities
(N per unit volume) whose masses are M’ in otherwise uncharged host crystal
the total absorption becomes .

n e2E2N 1
=l e O

(ii) Impurity in ionic crystals.—We consider the model as that given by
Patnaik and Mahanty (1967). If N, are the number of impurities per unit
volume of mass M ;, then
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Mean Square Displacement

The momentum and displacement correlations of two atoms at two
different points and two different times can be calculated in terms of the
Green’s functions (Zubarev 1960). The displacement auto-correlation func-
tion of an impurity atom determines the probability of the zero phonon pro-
cess in Mossbauer effect. In order to calculate the mean square displacement
of the impurity, we start from the time-independent correlation function, i.e.

< ug(m, 0)u,{n, 0) > = }IJ dw coth %“—’ImGas(m, n; w—ie). .. (11)
0
The angular bracket denotes thermal average. With the help of eqn.

(5) we have
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At high temperature one can expand coth ‘8— in a power series as
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Substituting eqn. (13} in eqn. (12) and making use of the closure property
given by eqn. (4) the mean square displacement comes out to be
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(14)
This result is general, the specific model enters into the calculation through
the force constants and the perturbed Green’s function corresponding to zero

frequency. The validity of this formula is above the temperature gQ (6p is
m

the Debye-temperature of the crystal). For a simple cubic lattice with equal

central and non-central forces (Patnaik and Mahanty 1967) the expression
becomes
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where k5 is the Boltzmann constant and ¥’ is the impurity host force constant.

At high temperature (T > -g—:) the Debye-Waller factor can be computed
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with the help of the above equation and an estimate of the change of force
constant due to the impurity can be made.
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