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The thermal expansion of uniaxial crystals is related to the generalized
QGriineisen parameters ¥’ and y” of the various normal mode frequencies of
the lattice. y’ refers to the change in frequencies due to a uniform areal
strain perpendicular to the unique axis and " to the change in frequencies
due to a uniform longitudinal strain along the axis. A procedure is de-
scribed for calculating y” and y” for the elastic modes from the third order
olastic constant data. This is applied to calculate the y’ and y” values of
the elastic modes in alpha-quartz for which TOE copstant data are present.

In a review paper by Srinivasan (1968) a possible method of calculating
the Griineisen parameters (GP) from TOE data is described. Briefly the
method is as follows:

The equation for wave propagation in a homogeneously deformed material is
(Thurston and Brugger 1964)

poW2us = ZA;kpmNmeuk . . Y|

pmk
po 18 the density of the unstrained material; u;, the components of the dis-
placements from the strained state; and W, the natural velocity for wave

propagation perpendicular to a plane whose natural normal is N. To the
first order in strain A4, ,, is given by

A;kﬁ,,, = Z (¢ps, mk, rs=+Cpm, rsdsr)ers+ Z Cpg, mk€fgt+ Z Cpf, me€kqg  --  (2)
rs q q

€7 are the deformation parameters; Cyi, me and G s, are SOE and TOE
constants. For uniaxial crystals we would be interested in the variation of W
with (i) a uniform areal strain ¢’ in the plane perpendicular to the unique or Z
axis; 80 eyz = eyy = €'/2; other ¢y are zero; and (ii) a uniform longitudinal
strain along the Z axis (e;; = {; other ey are zero). The secular equation
determining p, W2 = A is

M_ANLBA—-C2=0 .. .. .. .. (3

* Paper presented at the symposium on ‘Lattice Dynamics’ held at Bangalore in August
1968.
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where
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Here
Dy = A;k'pmNme .. . .. . (B)
Pm

is a function of ¢’ and ¢ if the SOE and TOE constants of the material are

known.
The generalized GPs for the elastic modes are

{4021
'=-—i-29—)"=_1'\"(—a? M0 ), t5e), (6)
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Here A; (j = 1, 2, 3) are the values of p, W2 in the unstrained state for a given
direction of propagation, and the subscript 0 refers to the values of the con-
stants 4, B, C and their derivatives in the unstrained state.

For alpha-quartz which belongs to the trigonal system, the second and
third order elastic constants have been measured by McSkimin ef al. (1985)
and Thurston ef al. (1966) at 25 °C. The values of the SOE and TOE constants
are given in Table I.

Tasre 1

SOE and TOE constants for alpha-gquartz
(All the constants are in units of 1011 dynes/em?)

SOE constants Third order elastic constants
011 = 8‘680; 012 = 0-704 0111 - '—21'0; 0112 = —34'5; 0113 = 1-2
Cra= 1191; Oy = —1804 Cpyq= —163; Cyoy = —294; Cppq = — 150
Ogs = 10:-575; Cgq = 5820 Opgg = —31:2; Opge = 02 Cpgq = —134
065 = 3'988; 0155 = —‘20‘0; 0222 = —‘33’2; 0333 = —81-5

Cses = —11:0; Cpgq = —27-6;
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The direction of wave propagation is given in polar co-ordinates (8, 4);
g is the angle the wave-vector makes with the unique axis, and ¢ the angle
which the projection of the wave-vector in the basal plane makes with the

TasrLe II
Oaloulated values of A 'yJ and y; © for the case ¢ = 0 and various 8 values for
alpha-quartz

8 N 2 A3 v, vy 7, v, g 7,

5 10-62 548 6-09 1-42 1-03 0-63 2-32 0-03 0-04
15 10-92 4-71 6-34 1-40 1-36 0-30 211 —~0-10 005
25 11-36 4-02 6-16 1-30 1-53 0-14 1-79  —0-43 0-05
35 1171 3-60 568 1-15 1-45 0-13 1-46 —~0-93 —0-03
45 11-77 3-54 5-04 0-99 114 0-19 1-15 —1-38 —0-24
55 1148 3-81 4-43 0-85 079 0-28 0-85 —149 —062
65 10-82 360 473 073 0-65 0-28 0-55 —1.20 —1-19
75 9-88 3-16 5:70 0-66 0-81 0-11 0-2¢ —1-58 —093
85 8-90 2-91 6-71 0-76 0-93 —-0-09 —0-07 —-1-88 —0:60

X-axis. Table IT gives the values of A, ¥, and ¥; for waves propagating at
different angles ¢ to the Z-axis in the XZ plane. In hexagonal systems of the
highest symmetry A; are independent of ¢. In quartz calculations indicate
that A; vary very slightly with ¢. It is assumed that in quartz the variation
of ¥; and ¥; with ¢ will be small and can be neglected.

The thermal expansion coefficient of quartz at very low temperatures
can be described effectively by the GPs 7, and ¥, as follows:

V“H = [23137(’]+833')-'8]00 = ‘)7”01;)( . . .o (8)
Va = [(311+312))7;+513‘)";]00 =7 0. .. .. 9

Here V is the molar volume, O, is the molar specific heat in the 7' region, sg;
are the elastic compliance coefficients and X is the isothermal compressibility.
¥, and 7, are given by

5 _fz,\-m ’dg/fz,\“”/zd.@ R § 11}

j=1 i=1
y —fz,\‘”y d!?/fz,\‘f"zdg Sy
i=1

The values of 7, 7., 7, and %, for alpha-quartz are given in Table III.

The negative value of 9, indicates that the linear expansion coefficient
parallel’ to the axis must be negative at very low temperatures. White’s
(1964) measurements indicate that o, is indeed negative below 12 °K. The
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TasLE III

Caloulated values of ¥, 7., 7, and 7, for alpha-quartz

e s 7” Yy Reference
4072 -—0-87 —0-36 0-33 Present authors
~0-32 0-25 Brugger and Fritz
(1967)

negative expansion arises because of the negative values of 7, and 7, for the
transverse elastic waves for a large number of directions. The value of 7, is
predominantly determined by these values. The volume GP % =8V /xc, =
27,+%, where 8 is the volume expansion coefficient comes out to be -0-30.
The volume expansion, therefore, is expected to be positive down to 0 °K.
White’s measurements extend down to 6 °K but ¥ does not yet appear to
level off. At 6 °K, its value is roughly 0-6. We also give in the same table
the values of 7, and 7, computed by Brugger and Fritz (1967). These authors
do not present details of the individual GPs. The agreement with our cal-
culations is quite good. The slight difference is perhaps due to our neglect of
the dependence of 7; and ¥; on the angle ¢.
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