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A few solvable potentials for the Schridinger equation have been evaluatad
through modified Mathieu equation following the method of Bhattacharjie
and Sudarshen (1962). The same potentials have also been obtained using
the technique formulated by Bose (1963), thereby establishing the fact that
the two methods agree with each other.

Solutions of the Schrédinger equation under one of the potentials constructed,

viz.,
V(r) = — Vg cosh 2ar,

have been derived in terms of the product of H-function introduced by Fox
and confluent hypergeometric function. Finally, the expression for the
s-matrix has been obtained.

1. INTRODUCTION

Bhattacharjie and Sudarshan (1962) formulated a general method for
deriving solvable potentials for the s-wave Schrodinger equation. Here they
applied suitable functional transformations to a second-order differential
equation., Finally, the expressions for which the transformed equation may
behave as Schrodinger equation are deduced by choosing two conditions, viz.
(@) setting the first derivative equal to zero and (b) setting the coefficient of the
function ¢(r) equal to {k2—uv(r)} of the Schridinger equation. It is then the
variable term appearing in the latter condition that gives the potential to be
evaluated.

Bose (1963), starting with the normal form of a second-order differential
equation, transformed it to a form ¢"-7,(r)¢ = 0, where

Ii(r) = 2"21(2)+3{z, 1}, {2, 7}
being the Schwarzian derivative. Thus for the condition under which this
equation may behave as one variable Schrédinger equation, I,(r) should be
equal to {k*—w(r)}. Therefore, the variable term included in I4(r) supplies
the potential to be evaluated.

Aly and Spector (1965) utilizing the modified Mathieu equation and follow-
ing the technique of Bose constructed an inverse fourth power singular poten-
tial. :

Sharma and Varma (1970) using the method of Bhattacharjie and
Sudarshan evaluated a few solvable potentials from Whittaker and Jacobi
differential equations.
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The object of this paper is to construct further solvable potentials for the
Schrodinger equation using the method of Bhattacharjie and -Sudarshan
through modified Mathieu equation. This has been done in section 2.

Finding that one of the potentials evaluated in section 2 is again an
‘inverse fourth power potential’, it can be said that the two general methods
used for comstructing solvable potentials for the Schridinger equation
completely agree in the sense that they give exactly similar results.

In section 3, it is further proved that the results obtained by these tech-
niques are exactly the same.

In section 4, the solution of one of the potentials generated has been
derived in terms of the product of H-function introduced by Fox (1961) and
confluent hypergeometric function and then finally the expression for the
s-matrix has been obtained.

2. BHATTACHARJIE AND SUDARSHAN TECHNIQUE
The modified Mathieu differential equation is given as
') —(a—2q cosh 2z)p(x) =0, .. .. .. (2D
Applying the following transformations

z=1¢* and P(z)==2"y(z),
eqn. (2.1) reduces to

¥+ [Q/z4+(£—a) zlz+9]y(z) =0. . - (2.2)
By making further substitutions
c= (), 9 =B, M) = dllogeg} .. .. @3
eqn. (2.2) is transformed to the form
" (r)4-A(r)d' (r)+B(r)d(r) = 0 .. .. ..o (24)
where
_ [26®) _f"(r)] - 9
A(r)_[g(r) ol o e
and

"

_[e® _gm) £ dSOr o SFOE, 2] )
B(r) = [g(r) 90 Fi +M{f(r)}4 +(% a){ 7 } +o{ S (N} (2.6)

Now for eqn. (2.4) to be of the form of the following radial Schrodinger
equation

& (r)+ [kz_ l(l;” —V(r)]¢(r) =0 e
A() =0 @8
B(r) = I2— &;-';—1_) V@ .. @29

and V(r) should be independent of k.



232 L. XK. SHARMA

Thus eqns. (2.5) and (2.8) yield

£'(r) = Cg2() N A 1))
where C is a constant.

Similarly, eqns. (2.6) and (2.9) yield

’ 2 :
por-1+ZE O g 12OV g = =MDy, @y

{fn}* f(r)
Choosing Z = f(r) = ar, we obtain
k2=a2q, V(r)= —gqla?rt and [l+41)={a—}) . .o (2.12)

a result which is exactly similar to the one obtained by Aly and Spector (1965).
Further potentials have been constructed for s-wave Schrodinger equa-
tion (I = 0) by giving other values to f(r).

Thus for
2= f(r) = e*r .. .. .. .. (2.13)
the potential has the form
V(r) = —V¢ cosh 2ar .. . .. ..o (2.14)
where
Vo= (2q«2) and k2= —au. .. .. .. (2.18)
Similarly, for the choice
z = f(r) = tan (ar+p) .. .. .. (2.16)
V(r) = —qa2{cosec? (ar+B)-+sec? (ar+ﬂ)}2 .. .. (2.17)
where :
(3—a) =29 and k2=a2 .. .. .. (2.18)

3. Bose TECHNIQUE

In this section applying transformations similar to those as used in section
2 and following the method of Bose (1963), the potentials evaluated in eqns.
(2.14) and (2.17) are rederived.

Choosing again 2(r) = *

L) = atetor glowr (o)l bg= 5 .. .. @)
and thus the potential V(r) = — ¥V, cosh 2ar has been reconstructed.
Similarly, for the choice
#(r) = tan (ar+p)
Iy(r) = atsect (ar+B)[g/tant (ar+B)+(}—a)/tan? (ar+B)+q]+a® .. (3.2)
and we obtain once again
V(r) = —qu2{cosec? (ar+fB)+sec? (ar+-B)}2.

The above results clearly show that the two general methods formulated
for deriving solvable potentials for the Schrédinger equation give identical
results.
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- 4. SoLUTION

As the exact solution of the inverse fourth power singular potential has
been already discussed by many authors (Wannier and Vogt 1954; Spector
1964; Aly and Miiller 1966; Aly et al. 1969), thus an attempt is made here
to write the solution of the Schrédinger equation under the potential

V(r) = — V4 cosh 2ar

[V(r) repulsive for Vy < 0, attractive for ¥V, > 0].
The two solutions (McLachlan 1947) of eqn. (2.1) may be written as a
product of Bessel functions

@

(@) = Kopy, Z (—1)"A§£+"Jn(”1)t’n+v(’”2) . - (41)

N=—®
and

Vo) = Kapsy > (—DPAZPTupodales) . .. (42)

Nn=~o
where v, = Vge™ and vy = V qe®.

Thus, two solutions ¢;(r) and ¢,(r) of the Schrédinger equation for the
potential under consideration can be written as

$1(r) = VcJaKopy, Z (—DrA2 " TV ge WiV 2€™) (4.3)
and B

o0

=VeaKspsy D (—UMRVI0(Ve WAVEE). @4

NnN=—=w0
Reducing the product of Bessel functions as a product of hyper-
geometric functions (F; (Luke 1962), we get for ¢,(r)

- SN - G DL b ¢ ) L -
¢1(/r) = \/O/MKZP+V(%\/q) exr” Z ((n+1)1"(n+i+ 1) OFI(’"’+1; —iqe 2“)

X oF1(n+v+1; —-}qem). R 7 )

From eqn. (2.15) a = ‘/— and if v is set such that » = 4/, then

B e © (—1)”A2£+‘/E(iq)”
¢i(r) = ‘\/G/“K2p+VE(%1/Q)\/ & z T(n+1)112n+'\/a+1)

X oFy(nF1; —3ge” 2 )oFy(n+1/a+1; —}ge™). .. (48)
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Thus, the general solution ¢(r) may be written as

o©

(— 1P A2V ) S
$(r) = Ae*" Z Tt DI (n+Vat1) oF1(n41; —3ge ™ )oFi(n+/a+1; —ige™*")

@

(— nA2p+\/a (1)

+Be""' I’(n+lI’(n+\/a+1)0F1(n+1 —1ge™)oF1(n+1/a+1; —1ge™>)

4.7)
For evaluating the product of the functions ,F, in the form of
oF1[B1; ca®]x oFi[By; cx~2], we make use of the result obtained by Singh

(in press). The expression for the required product has been derived in terms of
H-function and the Hermite polynomial (see Appendix).

Utilizing eqn. (A5) of the Appendix, we get for the general solution

«©

( 1)”A217+\/a iQ)n =® g de)/z( iq 521‘;_
d(r) = Ae‘k’nzm Tint) (n+1 3)(8)T (u)! 2%

2,0
XHLS[q

M
(1+8—— ok 1) ]Hu(e"")

(1428, 2), (1, 1), (—n—4/a, 1)

o (1A iggn o (e-20% 3 gyt
+Be Z T(ntA/at1) ,‘zo(n+\/a+1 5)E)! (! 2
p
x B ¢ 1+8— ) ]H,,(e-ar) (4.8)
(1428, 2), 1, 1), (~n1)

where H? 0[ ’ (. )] is the H-function and H,(e~*) is the Hermite

polynomial.
Now denoting

(—1)p a2+ Va(gqn
F(n’:}- ) by Pn

e e 49
(—1)maZ+Vaggn by 0
atvat1) )

and writing H,(e~*") in terms of confluent hypergeometric function (Gradshteyn
and Ryzhik 1965), the expression for the general solution may be finally
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written as

© =202

S U
4y = Aer D P, sz (n+1; s)(s>' (1 2%

n=-o

“
BN T
i L

+ Be—ikr Q _
n=z—co ﬂy,s:o (n+1+\/u; 8)(8)[ (w)! 2%

“
e (1+3"2" ) (=1¥p)! 1(_
1
" a8, 2), (1, 1), (=0 ) (g

[ ST S
DOJ

3

; e-‘w> . (4.10)

Asymptotically, i.e. # — o0

L]

d $
iq"’Z”
~ Agik
r)r_)wAe r ; P"yzo(n+1 83)(8)! ()l 22

(1+8—’i 1) (__])%( )
XH?:g q 2’ AT AR

(1428, 2), 1, 1), (—n—+/a, 1) (ﬁ)l

ar] S S (—dgr2"
e ,.qu",,,8=o(n+\/&+1; B)@)! (w)! 2

(1+8 © 1) ( 1)%( )
. —1)2(u)!
xHi’g q 2 N -

(4.11)
(1428, 2), (1,1), (—n, 1) (g)'

Equation (4.11), together with the requirement ¢(r) = 0 at r = 0, yields
s-matrix
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o (—iq)ﬂz“'*(—l)g 20[ (1+8—%’,1) 1
Z Py 24 HY 519

n=ce wE=0 (n41; §)(3)! 228(5)! 1

;1)
¢ #
(32 TH=DT L f (145
a4
=0 (n4+/a+1; 8)(3)! 2%(‘_;)! b

1
XIFI(— g,—i; 1)

(1+28) 2)7 (1’ 1): (—n—'\/a, 1)_
XIFI(

lvl';
N)l ot

(k) =

o

©
s\Vje

n=-o "

(1428, 2), (1, 1), (—mn, 1)_

. (4.12)
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APPENDIX
Utilizing eqn. (4.1) derived by Singh (in press)

, Oy Ca2d | (@ €n)}
Hﬂ 1 [ P ¢ ]
, Bo ) T (g, Fo)}

ST
2

xPF(

W TO\B,y, ...

1 (g, 8)e®*I%eo2H 2Pt {(@p, ep)} (1+p+8d-—-, m)

i J=1 Hn+ll 22m
w520 11 (8 329(0)! () Pt (1+2p-+254, 2m), {(b. fa)}
x Hy(x ) (A1)
where H i ’[ ‘{ ] is the H-function introduced by Fox (1961) and H ()

is the Hermite polynomla.l.

In eqn. (A1), m is a positive number, d being & positive integer and p = 0,
1,2,3,.

We know that if

g=fa=1 (1=1,2,3,...p;h=1,2,3,...,9)
n, 1l - {(C"P, )}] l( —g Gy, oo vy ap)
H""I[zx - {(bg, 1)} 4 " by, ..., bg (A2)

where G/ ;( .. l ” ) is the Meijer’s G-function.
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Thus, choosing p =0 and setting u =0, v =1, d=m =1, eqn. (Al)
reduces to
Lo ap] < em2(2hop
b1, ...; by _psz=o(‘81; 8)220(3) ! (u) !

oF1(Br; )Gy ‘[W
®
xH’;iit‘q+1[ R L B ] Hy(o)

(1+28; 2): (bly 1), Tt (bq, 1)

(A3)

Further, putting » = 1, 1 = p and replacing ¢ by ¢-+1, a; by (1—ay),

(=1, 2,..., p), similarly, setting b; =0 and replacing b; by 1—b;_;

(=2, 3,..., g}+1), we obtain after utilizing the reduction formula for
G-function into »F4 function (Bateman project 1953)

»
I I'ay) N ® (B2 pou—t
oF1(By; cx )L—I—qu[bh ' ,bp; —295\2.] = Z B 2:825)? Y
Hlp(bj) broees ™ “nm8=0 15

j=
l—ay, 1)... 1—a,1,(1 s—ﬁ,l)
xHA?, [4z( p 1) (1=t 1), \140=73 ]HF(x).
(1428, 2), (1, 1), (1=by, 1)...(1=bg, 1)
(Ad)
Finally, putting p =0, ¢ =1, we get the required product of hyper-
geometric functions as

® Py DY
. . c?2

oF1(By; cx )OFI(bl z2) = I'(b) FZO( 8)2%(8) ! (p)!

®m
a5

(1+28: 2)) (la 1)’ (l_bl’ 1)
(A5)
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