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Two solvable potentials for the s-wave Schrédinger equation have been
evaluated by using associated Legendre differential equation following the
method of Bhattacharjie and Sudarshan (1962). The same potentials are
also obtained using the technique developed by Bose (1963), thus establishing
the fact that the two methods formulated for constructing solvable potentials
agree with each other. Solutions for the potentials and their corresponding
expressions for s-matrices have also been obtained.

Bargmann (1949) developed the method of constructing phase equivalent
potentials for which Schridinger equation may be solved in terms of
elementary functions, thereby rendering the computation of corresponding
phase shifts possible. Bhattacharjie and Sudarshan (1962), applying suitable
functional transformations to a second order differential equation, established
a general technique for evaluating solvable potentials for the Schrédinger
equation. Bose (1963), starting with the normal form of the second order
differential equation and using the Schwarzian derivative, formulated another
method for constructing the potentials. They have obtained solvable potentials
from hypergeometric, confluent hypergeometric and Bessel equations. Aly
and Spector (1965) following the technique of Bose (1963) derived an inverse
fourth power singular potential through modified Mathieu equation. Sharma
and Varma (1970) using the method of Bhattacharjie and Sudarshan (1962)
evaluated further solvable potentials from Whittaker and Jacobi differential
equations.

The object of this paper is to construct two solvable potentials for s-wave
Schrodinger equation by  transforming associated Legendre differential
equation following the method of Bhattacharjie and Sudarshan (1962).

By applying Bose’s (1963) technique to associated Legendre equation,
the potentials so derived are similar to those which have been obtained by
the method of Bhattacharjie and Sudarshan (1962). It is, therefore, estab-
lished that the two general methods used for evaluating solvable potentials
completely agree with each other.

Finally the solutions and corresponding expressions for s-matrices have
been obtained for both the potentials.
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BHATTACHARJIE AND SUDARSHAN’S METHOD

The associated Legendre differential equation (Erdélyi 1953) is given as

m2

(1—Z8)W"(Z)—2ZW'(Z)+ [n(n+ 1)— —-——] W(Z) =0

(1=2%)

where Z, n and m are unrestricted.
Equation (1) can also be written in the form

m

=z B)+ [n(n+1)— ——-—] W(z)=0.

2
(1—-22)

Using the transformation

1+7

eqn. (2) becomes
dn(n-41)e2f
(2P +1)2
which is the form required to evaluate the solvable potentials.
Making the following substitutions in eqn. (4)

W (p)+ [ —-mz] W(p) =0

p =100 W(e)=g(rg(r), hir) = & (log, g(r)},
we get
0+ AN )+ BRI =0

where
2t 1)
AN =57 ~ 70

B(r) = g'(r) _g'(r) f'(r), dn(n+1)e¥ N{f(r)}2

gir)  glr) " f(n {e2fN1)2 —m2{f'(r)}2.

For eqn. (6) to be the following s-wave radial Schriodinger equation

¢ (r)+ K=V (r)lg(r) = 0
[with units F = k%],
the values of A(r) and B(r) should be such that
A(r) =0, B(r)=R=V()

and V(r) should be independent of .

Thus eqns. (7) and (10) yield the relation

- J(r) = Cg(r)

where C is the integration constant.

Similarly eqns. (8) and (10) produece

zf 4
win—aee+ e O

48

—m2{f'(r)}* = B-V(r).
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Now under the choice

p=f(1')=17' .o . .. s e (13)
eqn. (12) becomes
W —m2a? = k2—V(r). .. .. .o (14)

Equation (14) yields the potential of the form

_ __n(nt1l)a®
Vi = cosh? ar (15)
and
—mBa? = k2. .. .. .. .. (16)
For n = 1 this potential takes the simple form
202
The following relation was deduced by Bargmann (1949) for linear type
of potentials

) V(r)=2{(1£—,)2—£”z. 4 13}

w w
On substituting w(r) = cosh ar in eqn. (18) one gets

2a2
cosh? ar’

Vir)= (19)

Hence the potential derived in eqn. (19) through associated Legendre
equation may be known as one of Bargmann’s potentials of the linear
type. Bhattacharjie and Sudarshan (1962) also derived a similar potential
by transforming the hypergeometric equation.

For n =1and p =f(r) = — %r , V{(r) takes the form of an Eckart (1930)

type of potential.
As a next example, consider the transformation eqns. (11) and (12) with
the choice

14-¢-0ri2
p=f(r)=%10gi—:'_'~e—_~°7,2 .20
the following relations are obtained
Tg(r) = ——\/TZc eG4l memary=t | .. ..o 21
and
a2 e~ aZ  e2%r a2 g-%r n(n4-1)a? e-%
2 M—e®R™ 4 (I—e-)z” 4 (I—e o) 4 (I—e)
Sn2p— 0T
e w216 ==V (). .. .. .. (22

T 4(l—eor)2
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By rearrangement of the terms and setting
2 2
A=% (nn+1)—m*+1} and B= — S nnt 1)} .. (23)

the potential of the following form is obtained

_ 5Ae-°"+Be'2°"
Vo) =~ e | 24
and

k2 = —a?/16. N )

The potential derived in eqn. (24) may be recognized as Manning-Rosen-
Newing potential energy function proposed for diatomic molecules (Manning
and Rosen 1933; Newing 1935, 1940).

Bosr’s METHOD
The normal form of an ordinary differential equation can be written as
) +Ip(p) =0. .. .. .. .. (26)
Setting p == p(r), one gets
()2 L(p)+3{p, 1} = Is(r) . .. - (27)

where {p, 7} is the Schwarzian derivative.
Now I4(r) of the s-wave radial Schrédinger equation is given by

‘ I =k=V({). .. .. .. .. (%)
Thus combining equations (27) and (28)
(") 1(p)+Hp, 1} = k2—TV(r). R 4]
The I(p) of the associated Legendre equation is given as
_|n{n+1) _
I(p) = [cosh2 ; mz]. N £: 1)
Hence putting again p = ar in eqn. (27), one gets
_ ot n(n+1)
Iy(ry = az[coslﬁ o —mz] . . . .. (31)

Thus the potential of the form given by eqn. (15) can be obtained by
this method also.
Again for the choice

l +e’arl2
p= & lOg 1————_6_“’/2

20 —ar 220 -0f 2 {Ge-Ur—e-20r__1
I‘(r)=n(n+1)ae m2aZe « { e e 1}

4(1—e-r) —4(l—e—°tf)2 16 (1—e-ar)2 (32)
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Equation (32) on simplification yields once again the potential of the

form
—or -20r

v = -
where A and B are constants defined in eqn. (23).

Thus it is apparent that for the same choice in the value of p, similar
potentials have been evaluated by the above two methods formulated for
deriving solvable potentials.

SoLuTIONS
(A) For the Potential (s a2
o
Vi = — cosh? ar -~
The solution of eqn. (1) is written in terms of @}'(z), the Legendre func-
tion of the second kind. :

Thus expressing @y (z) as a sum (Erdélyi 1953) of two hypergeometric

funections

W(Z) = @ (Z) = Aem o F (a1, by; c1; &)+ BetmyFy(ay, by; cg; €) (33)

and choosing suitable values for A, ay, by, ¢, €, B, a;, by and ¢, from. the table
of expansions given in Erdélyi (1953), the solution may be finally written as

W(Z) = e . 2m=11(m)(22 m/%( -5 =g 1-m; 1—z2)‘
. P +ntm)(—m) (1 nomo—n,m
imm ~ — 2 PR T
1+m; 1—22). N 7))

The above equation with the transformations z = tanh p from eqn. (3),
= ar from eqn. (13), and with the value of m = ik/a from eqn. (16) will be
as follows:
$(r) = V/ fhe kIt Pk a)(—1)~ 11 +e'2°‘f)‘k/¢e""2F1(l+Z— % 5 —;-’Z;
A 4-n4-ikfa)[(—ik/x)

T +n—ikja) (1)

1—- Zﬁ; sech? ocr) +4/ c[Aae-Emlx

zk——nz
+5+5, Tta

Asymptotically ¢(r) can be written as

x(1+e“2°"’)""/°‘e-”‘f2F1( ; 1+ ; sech? ar). (35)

_ _ — r kfe)
$0) ~ {1/ cJEe=FmIoT (ikfe) (—1 )kl ethr 4. { A/ efae"ml p—-—“‘—g i:i-zka)

xr(-ik/a)(—l)tkla}e—mr. N € )
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Hence the s-matrix in the explicit form is given as

I'(14n+ikfa)D(—ik/a)
I'ek/a)[(1+n—1kfex)

This expression for the s-matrix can be further simplified to the form

a(k) = (37)

n (k—ina
S(k) = ﬂ]gl (m). . . . . (38)
Thus the repulsive potential under consideration has a s-matrix with
‘redundant poles’ at & = —ina in the lower half plane and a sequence of

zeroes which are mirror images of these poles.
By inserting » = 1 in eqn. (38) the expression for the s-matrix takes the

form
k—io\ .
S(k) = (m) . . .. . (39)
a result in agreement with Bhattacharjie and Sudarshan (1962).

The unitarity (Wu and Ohmura 1962) of the s-matrix can also be
established from eqn. (39).

(B) For the Potential

-or - 20y
Vi =~ [Aeu—_:f:)z ]

Utilizing the expression for W(z) as given in eqn. (34) and writing the
value of ¢g(r) from eqn. (21), the solution $(r) can be written as

$(r) = —etm7a/ 2c]aer (1 —e=0rI2M -1 (m)( —1)-m(] —e~0r)=m/2

XZFI(%+1§—-%, ——g——%; 1—m; 1—e-°")—eim“\/2_c/&

X eatr/4(1 _e‘ar)};Z»m—l F(—m)F(l+n+m)(—1)m (l_e-ar)m/2

I'(l4+n—m) ‘
ngI(%+g+7§, - g'l'%b'; 14-m; l—e‘“f)‘ . .. (40)
Choosing m = 3, #(r) is given as
$(r) = ez cfagsI4(1—e-or) 1T (1/2),Fy (§+,§ —E ks 1—e-af)
e/ —e-sopu L IO i (0,5 2
+i; 5;’-; l—e‘“'). .. .. .. .. .. .. .. (41)

From eqn. (26) « = +4:k and thus, for determining the s-matrix explicitly,
the values of « are chosen such that a = 4 ik in the first term and « = —4ik
in the second term of the solution.
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From (Erdélyi 1953)

; 1) = oos (+n)

[ N1

1 » n 1
2F1(Z+§’ ~37 4
and

3 1 3 .
2F1(z+g, —-g-l-z; 55 1) = sin (3+4n) g/(‘"f-l-%)v

Therefore, asymptotically ¢(r) can be written as

$(r) ~ 724/ clae*r(1/2) cos (n+3})

r—o 2

+eimi2/ cJaae~rT(—1/2) sin (n+ 1/2)’5’ . . (42)

”

Hence the s-matrix for the particular value of m = } has the simple form
s(k) = tan ('n+§)g. .. .. .. .o (43)
Here the s-matrix evidently is independent of k.
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