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The refraction of spherical wavefronts through an optical system bounded
by coaxial spherical surfaces is considered. Equations have been developed
which enable tracing of the emergent wavefront. A theoretical treatment
is presented for the computation of wavefront aberration. The formulae
developed have been applied to semi-infinite plane, array of transverse plane
parallel layers, single lens, and Zeiss Orthometer (meniscus anastigmat),

INTRODUCTION

It is well known that the performance of an optical system can be described
in terms of the deformations caused in the incident wavefront as it traverses through
any refracting media. Utilising Malus and Dupin, Aldis theorems, and Snell’s Law,
the contour of the emerging wavefront can also be correlated with the contribution
made towards aberrations by each individual surface of the optical system.

The wave theory of aberrations has been dealt with in comprehensive manner
in several treatises (Hopkins 1950; Born and Wolf 1959; Cox 1964). However, the
methods presently emplayed to compute the total wavefront aberration in optical
system are in general quite involved and cumbersome. Recently, while considering
spherical wave propagation through systems of planar stacks, a convenient method
has been suggested to trace the emergent wavefront (Stavroudis 1969; Prasad and
Mitra 1971, 1972; Prasad and Jain 1973).

In the present communication, a gencralized treatment of the refraction of
spherical wavefronts, emanating from an axial object point, through an optical
system bounded by coaxial spherical surfaces with the object/image space and
intermediate media as optically homogeneous and non-absorbing is given. The
equations developed enable determination of the coordinates of an arbitrary point
located on the refracted wavefront. Adopting Hopkin’s (1950) definition, equations
have been developed for direct computation of the total wavefront aberration in
the optical system. These equations are then applied to a few typical cases and
solved numerically.

ANALYSIS

Coordinates of point Py — Consider an object point P from which concentric
monochromatic spherical wavefronts seem to emanate (Fig. 1). Let a ray from P
traverse through the optical system which is assumed to be composed of n coaxial
spherical surface: with the object/image space and intermediate media as optically
homogeneous and non-absorbing.
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We now introduce the following symbols :
— perpendicular distance from the pole of the refracting surface onto

H H

I

LA
The

~—]

incident and refracted rays respectively,

axial separation between (k—I)th and kth refracting surfaces. ¢, is
PP,

angle between the ray and X-axis,

incident/refraction angles,

curvature of the refracting surface,

refractive index,

ray height,

axial distance from the pole of the last refracting surface to marginal
focus,

longitudinal spherical aberration.

initial and final emergent media are numbered 1 and n-1, respectively;
and intermediate media as 2 to n. Accordingly, the above quantities take proper
suffix in the treatment outlined. Further, Conrady’s (1957) sign convention is adop-
ted; as such all parameters bear ( - ) sign in Fig. 1.

Y

Fic. 1. Notations used.

Without any loss of generality, the problem is treated in two dimensions. The
tangent at the pole, P,, of the first refracting surface is taken as Y-axis. X-axis is
orthogonal to Y-axis and is coincident with the optical axis of the system. P, is
taken as origin of the coordinate system chosen. The direction of light wave propaga-
tion is taken from left to right of optical system.

Choosing an arbitrary point P; located at an axial distance p from the pole P,
of the last refracting surface, from consideration of the geometrical optics of the
configuration (Fig. 1), the following sequence of equations can be built up —

let] sin U],
In=arc sin (Hn cm—sin Usy), (m=1,2,........ n

I'm=arc sin (Nm sitt Inn/Nmay),
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Um+1: Um+Im_‘I’m,
oS Uny1+cos I'm
cos Un—+cos [

1+cos (Un+1m)
cos Un+tcos I, ’

H'n=Hp

Yn=Hp
Hy=H'1—t sin Uy,
and L'y=H'y sin Up ;1

Denoting g to represent optical path length from P to Py, the coordinates (x, y)
of P; can be written as

n
x=p+ ?tk ¢))
and y=(L'z—p) tan Unp1 )
where

p = Lo+ S8Unn U"+1|: Z{(wsec Unyy — 2" _cosec Un )Nm+1Ym}]
'H-l Nm+1

WAVEFRONT ABERRATION

In Fig. 1, let Po, Py, tepresent paraxial and marginal foci, respectively. Employ-
ing Egs. (1) and (2), for a given q, (x, y) is computed for different values of U, and
the wavefront WW is constructed. It is now assumed that the reference sphere, SS,
and WW are coincident at axial point P,. SSis built up with P, as centre and P, P,
radius. Assuming that there exists a real intersection point P’y of ray P’y Py P'm
with §S, as per Hopkin’s (1950) definition, the wavefront aberration, gW at P, is
(P’s Py). Npq;itis taken as ( + ) when WW lies in front of SS.

Taking under paraxial approximation /', to represent P, Py, the coordinates of

n
Gaussian image point P, are [(I',+X#%),0]. Further, P, Ps=I'n—p*. Equations of
2

SS and the straight line P’; P; P’y can, therefore, be written respectively as follows :

Yit(x—I' —Efk)2 ('a—p*)? ©)

and y = (L'p—x + Ztk) tan U,y “4)
2

n
where ¢ + Ny — ZNitx
2

*
P - Nn+1
If the point coordinates of P; and P’, are taken as (x*, y*) and (x*, y*)
respectively, o W is

aW=[(x+—X*)""+(,v+—y*)2 b N 5)
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where (x*, y*) are determinable from Eqns. (1) and (2); and by solving Egqms. (3)
and (4) simultaneously (x*, y*) are '

n
x¥=L'n+(I'n—L's) cos* Upiy + Zty
2

£ (I'n—p*) cos Up iy {1—‘(;:”“”__—‘_)%1 sin Upyq)? }%’
n
and y*=(L',—x*+3t) tan Upyy,
2

The sign before square root term in x* being fixed by a priori assumption
that at U;=0, gW is zero. Further, P’y P; P’,, shall intersect SS only if the
quantity under square root contained in brace in the expression for x*is ( 4 ); thus
p* cannot take values between the range I'n+(I'a—L's) sin Uuyy t0 I'y—('n—L' 1)
sin Upyy.

Eqn. (5) above can also be employed, even if SS is centred at any other axial
point e.g. in case when marginal focus is chosen as centre of SS, W is obtainable by
replacing /'s with L', in the expression for x*. :

RESULTS AND Discussion

We now consider application of the above theoretical treatment in the following
cases of the composition of the refracting system : (i) Semi-infinite plane; (ii) Array
of transverse plane parallel layers; (iii) Single lens; (iv) Meniscus anastigmat.

Semi-infinite plane — In this case, n=1, and ¢;=0. Employing Eqns. (1) to
(5), we get

oW = [{(Nltl sec Uy+q)a—B }H—F{Tl‘zz- (N?,—N* . t;, tan Uy—qN, sin Uy)

. . BN]Sin Ul 2 é
(tl tan U, TaNg ANy, .o (6)

1
where a = (N%:—N?Z, sin? U,)%/N22,

aly

and p = 3! (N21 sin U, tan U1+N32a) o {TV%I( N%—N%. t,—Nyg )

- 2) 1
—(1—~¢:;N2 sec Uy. Nity sin Uy ) }2

the (+) or (—) sign against 2nd term of @ being taken according as q is
greater or less than (N%,—N%) #;/N1. It might be noticed that in Eqn. (6) above, the
left hand term in each of the two squared braces represent x and ¥, respectively for
the configuration considered and these are identical with the previous results (Prasad
and Mitra 1971).

In Figs. 2(a) and (&) are illustrated 91 versus U,, ¢ curves for different values of
11, a close scrutiny of which leads to the following observations :
(1) For U, upto 10°, when Ny;=1.0, N,==1.519, 0W is found to be within 1.25
A (A=>546 my); it exceeds to 4.7 A when refractive indices are reversed.
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qu. 2 (a). W versus U, for semi-infinite plane. For t;=-10, g=0, 5, and 10, curves A, B, C
respectively are when N;=1.0, N.=1.519 ; and D, E, F when N;=1.519, N.=1.0. Primed alpha-
bets have the same meaning excepting that t;=—4.
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Fic. 2 (b). gW versus g for semi-infinite plane. For curves G, G’, H, H’, N;=1.0, N.=1.519;
and for remaining N1=1.519, N;=1.0. Further, for curves G, G’, J, V', t=—10, and for remaining
ty=—4. For curve J’, origin is taken as 650 a.

(2) When refraction takes place from rarer to denser media, the emerging wave-
front is hyperboloid. On increase of ¢ from 0 to 10, curves 4, B, C run close
to each other for U, upto about 30°; with W becoming appreciably different
only thereafter. At t;=-—4, curves 4, B’ corresponding to g=0 and 5
exhibit mostly (— ) 9W, whereas C’ shows (+ ) wave aberration. These
results can largely be understood, if it is recalled that for the configuration
considered, on fixing #, increase of g cause flattening of the emergent

wavefronts, even though their form remains unaltered (Prasad and Mitra
1971).
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When N;=1.519 and N,=1.0, the emerging wavefront is ellipsoid. With
fixed t,, as ¢ is increased, the emerging wavefront progressively converges;
at intermediate stage it is made up of two branches, and finally expands
in opposite direction. This sequence in alteration of the shape of emergent
wavefront is also reflected in §W versus U, curves. Thus, while D, E possess
(+) oW, Fis (+ ) only for U, upto about 20° and becomes ( — ) there-
after. Again, for curve D', W is ( + ) at all U;,; throughout (—) for
F’; and for E’, (4 ) upto about 33° and (—) thereafter.

oW wvaries with ¢g to a much larger degree when refraction takes place from
denser to rarer media. Thus, while at N;=1.0, {;,=—10, U,=20°, when
g is changed from O to 8, W changes only by 1.0A; at N;=1.519, it is changed
by as much as 146A.

With fixed £, N,, as U, is changed from 20° to 30°, the variation of oW
with ¢ becomes more pronounced.

ARRAY OF TRANSVERSE PLANE PARALLEL LAYERS

In this case, Cy, are zero. Employing Eqns. (1) to (5), we get

n

2

oW =[{(N1t, sec Uy +q—yv. ac’—}—z te )—(3’ }
2

where

1 S FO— .
+ { (Nz,.ﬂ—-N‘l' ttanU,+Y—N2?,,,8—q. N,sinU, )

Niapa
Ny sin U n\)3
_ (z, tan UL—;I—SA;’;":-:—. Nonsad/ -+ — )}]2.N,,+1 %)

= (N2n+1"‘N21 sin? Ul)%/Nan,
t .

= ml {N——I(Nzl sin Ul tan U1+N3”+1 ul)_Nzls Sin2 Ul
1

n n

—N3n+1 G.l '7{,% + } ztk
2 2
+ a [{ (N p—N?)—g+ 2__(1\/2,‘_]‘]2“_1) }

2
{— Noasy £, sin U, (1-« Noga sec Uy + Y18 Nooya'— ;,L)} ]5
k
2
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n

Nty
Y = ) % b
5 (N%—N% sin *U,)

n

and § = z L .
2 (NZk_NZI Sin 2U1)2

the ( + ) or (—) sign against 3rd term in B’ being taken according as ¢ is greater
or less than

n
t t
{NIT(NZW—N%H > (N Nus) }
2

As n case I above, the left hand term in each of the two squared braces in Eqgn. (7)
represent x and p respectively for the system considered and these are identical with
the previous (Prasad and Mitra 1971) results. Further, for semi-infirite plane, since

n
only single refracting layer exists: v, 3 and other X terms become zero, «'==«, and
2

g'=g, hence Eqn. (7) reduces to (6).

Utilising Eqn. (7) above, as an example, we now proceed to compute wave
aberration caused by a given composition of four layer anti-reflection coating on glass
(Prasad and Mitra 1971: Macleod 1969). g W versus U, curves obtained are given
in Fig. 3(a¢). For clear manifestation of the influence on aW of change in t,, the
parameter [(9W)f,= — 100-(®¥)1, —30j=A versus U, for different values of ¢ is
plotted in Fig. 3(b).

The following results are important in this connection :

(1) With fixed ¢, and at any Ui, as ¢ is increased from 0 to 1, g W is increased;
at g=2, it is (4 ) for U, between 10°—30° and (—) outside this range;
and at g=4, g W is (+) for U;>10° but possess diminished magnitude com-
pared to g=0 and 1. These deductions can largely be understood from

computed wavefronts of the system reported earlier (Prasad and
Mitra 1971);

(2) The change in distance of object point from the refracting surface does not
alter much the wave aberration characteristics;

(3) For any chosen assigned value of g, ¢,, 3W is within 2.75 A for U. upto
20°. For higher values of U, ¢W increases in sharp manner; thus, when
U,=70° t;= —100, g=0, aW== 6644,

(4) For the U; range and values of ¢ considered, A is within A/2;

(5) For any particular ¢, the values of U, for which A\ becomes zero can bz
' directly read from the curves presented;
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FiG. 3 (a). @W versus U, for 4-layer anti-reflection coating on glass.
For dotted curves, origin is shifted along gW axis by 50 A.
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FiG. 3 (b). A versus U, for 4-layer anti-reflection coating on glass.

(6) A varies with U, in a fluctuating manner. Thus, for g=0, when U, is changed
from 20° to 30° to 40°, A becomes A/64, —2A/4.5, and —A/10, respectively.
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Following case 1 above, on plotting 8 W, A\ versus g curves, it is also possible to
find out the value of ¢ for which these attributes attain minimum value for any
particular Uj.

Single lens — In the case of a single lens, n=2. In terms of the configuration
parameters, Uy, #;, Iy, ¢1, ¢3, Ny, Np and N3 and for known ¢, Eqgns. (1), (2) and
(5) can then be written as
X = t-+-L'3— cos Us,

y = 7 sin Us,
and gW = 4y + N, (I'y;—L'3) cos Uzt {(N31'a+Naty—N,t,—q)?

— 1
—_ (1'2——L’2. N3 sin Ug)’}2 (8)

where

U,+5h U
5 sec

n = t1cos ;Il (N, sin Uy cosec Us—N1)

4 sin (Us+-1p) (N3 cosec Us—N, cosec Us)—q,

. 3
L'y = 2 cos (Us—— (U’—i-[‘)> sin E%I—Z [cy sin Us,

U, = Uy-+1,— arc sin (Nzls\;ilz—)— ,

3

Ui+l
2

UI_II

I, = arcsin { ¢yt sin Uy cos (Uy— ) sec —y (t3e,+1) sin U, } ,

U, = Uy+I,—arc sin (N1 sin I,/ Ny),

I, = arcsin(tiei—1 . sin Uy),

’ Noty — (Na—N, - ha+Ny 1

and l'y = N3 i )
(Ng—N, - i¢1 + Ny) (Ny—N; - e + No)— (N2 —Ny) 16Ny

the ( + ) or ( — ) sign against square root term contained in brace in Eqn. (8) being

taken according as ¢ is greater or less than (Nsl'y+ Noty—Nit)).

As an illustration of the utility of Eqn. (8), we compute the wave aberration of a
thin lens immersed in air as a function of its shape. The data assumed are :
N;=Ng=1, N,=1.5, t;= —2500 mm, 1,=0, and focal length=100 mm.

aW, LA’ versus c, plots obtained are given in Fig. 4. It may be noted that
the magnitude of wave aberration is minimum when ¢; = — 6c,, which position is
shown by vertical line ¥V in Fig. 4. The longitudinal spherical aberration can
also be seen to be minimum about this point, which is largely in agreement with
Hopkin’s (1950) results. The slight discrepancy observed can be understood, when
the object distance is taken as infinity, and it is recalled that in the present study
the total wave aberration for the optical system is calculated out, whereas in Hopkin’s
(1950) treatment the contribution to spherical aberration only upto third order was

taken.
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Fic. 4. dW, LA’ versus ¢, for single lens. For U;=0.1,0.2, 0.3, K,L, M are oW
curves pertaining to q=0 ; and K', L', M’ are LA’ curves.
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Fic. 5. For q=0, ¢W, LA’ versus U; and (x, y) plot for Zeiss Orthometer. Curve
N-wavefront, P-LA’ versus U;, and R-gW versus Uj.

It may also be of interest to note that while at all values of U; taken, L4’ is of
the same sign as that of the power of the lens, but at g=0, 3 W bears opposite sign.

MENISCUS ANASTIGMAT

For illustrating the application of general formulae developed, Eqgns. (1), (2)
and (5), we choose the design of Zeiss Orthometer as per the U.S. Patent 1, 792,
917, the constructional data of which for a focal length of 100 is given in Table 1
(Smith 1966).

Taking unit magnification, relative aperture =f/ 4.8, and ¢=0, oW, LA’ versus
U, and (x, y) plot for this system are given in Fig. 5. The emerging wavefront, curve
N, is found too much elongated, possess small curvature, and departs from sphere only
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TABLE I

Constructional data of Zeiss Orthometer (Smith 1966)

Radius Thickness Glass
+25.9

5.1 611 : 558
—96.1

2.3 540 : 474
+18.4

0.8
+23.8

3.5 561 : 611
+35.5

5.7
—33.1

4.0 561 ; 611
—22.7

1.6
—18.1

1.9 540 : 474
+77.4

5.6 611 ; 558
—25.4

slightly. LA’ is ( + ) for U, upto about 2.96°, with maximum value as 2.24 mm
at U;=2.2°; on the negative side maximum LA’ in the U, range considered is
—-9.98 mm. The wavefront aberration is found to be negative at all values of U,
considered, with maximum oW as —3.94A.

When the object distance is taken as very Jarge, i.e., approaching infinity, LA’
vs. semi-aperture height plot, computed according to the present study, is further
found to be identical with the reported spherical aberration curve (Smith 1966).

It might be noticed, that an inherent advantage of the present study is that while
computing 3W, the ray aberration parameters are also simultaneously evaluated.
As such, on following this approach, a better insight is made into the behaviour of
the lens system designed and in estimating the relative contribution of individual
optical surface to aberration residuals. A direct knowledge of the wave aberration
at various image distances can also be helpful in determining optimum focal plane
for the optical system under consideration. Further, since 2W is a basic attribute,
it might be possible to correlate it with other established image evaluation criteria,
like, OTF, spot diagram analysis, Strehl intensity ratio, etc., and in estimating total
light flux density at any particular point situated in the image space.

It might also be remarked that the method outlined in the present treatment is
quite general and can be extended in like manner for axial or extra-axial object points,
in tracing the emergent wavefront, and in computing wavefront aberration caused by
aspherics, gradient index media, catadioptric systems, etc.
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