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Berge’s conjecture that a graph is 6,-perfect if and only if it has no C,py,
or anﬂ,n > 2 as induced subgraphs is a famous unsettled problem of
graph theory. Its importance is both theoretical (because of its bearing on
the four-colour conjecture) and practical (because of its relation to perfect
channels in communication theory). In this paper we show that the conjecture
is equivalent to the following.

A B,-critical graph different from C,n,; contains neither C,i,, + X nor
Cusiy + x as induced subgraphs, n, s, t 2 2.

INTRODUCTION

Graphs considered here are finite undirected graphs, without loops and multiple
edges. Generally the terminology in Harary (1969) is followed. A clique of a
graph G is a maximal complete subgraph. The point clique cover number, 8o(G) is
defined as the minimum number of cliques covering all the points of G. A point
cligue cover {8,(G)} is a family of minimum number of cliques that cover all the
points of G. A set S C V(G) is called independent set in G if foru, vE S, u is not
adjacent to v. The largest number of points in such a set is called independence
number B, (G).

A graph G is 0,-perfect if 8,(H) = By(H) for every induced subgraph H of G.
G is called 0, imperfect if it is not 8,-perfect.

CriTicaL. GRAPHS

A graph G is 8,-critical if it is 8 -imperfect and G—v is perfect for every v& V(G).
A graph G is edge @,-critical if B(G) #% 8,(G) and G—x is f,-perfect for every
Xx € E(G). Clearly an edge 0,-critical graph is 8,-critical. But the converse is not
true as C, is 6,-critical but not edge 8-critical. A point v € V(G) is a unicliqual
point in G if it is not in two cliques. Otherwise it is called a non-unicliqual point.
A clique containing a unicliqual point is called a free cligue. A clique on three points
with a unicliqual point is called a free triangle.

STATEMENT OF BERGE’S CONJECTURE
BC: A graph G is 8g-perfect iff G has no induced subgraphs Conyy and Conyys
n>z2.
H. Sachs (1970) has given six equivalent formulations of BC. E. Olaru (1969)
has proved a result which is a bit weaker than BC viz.,
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Theorem [: Every edge Q4-critical graph is Con,y, 1322,

In this paper we prove the following :

Theorem 2: The Berge conjecture is equivalent to the following conjecture.

(A) A Oy-critical graph, different from Cyny, contains neither Csesy + x nor
Cosy - x, as induced subgraphs, n, s, t > 2.

Proof of equivalence of the conjecture : 1In proving this, in addition to
Theorem 1, we use the following:

Theorem 3 (H. Sachs) : FEvery by-imperfect graph contains a Oy-critical graph
as an induced subgraph.

We first establish the following two lemmas :

Lemma 1: If G is 8gcritical then G has no unicliqual point,

Proof : To prove this we assume the following basic lemma due to Berge
(1969) viz., if a connected graph G contains a complete subgraph K by whose
removal, components C,, .., C, (r>»2) are created and if < V(CH U V(K)>
is 8,-perfect for every r, then G is f,-perfect. Suppose G has an unicliqual point v.
Let K, be the clique containing the point v. Clearly K,—v is a complete sub-
graph by whose removal G will be disconnected into r components, r > 2, and
<v> will be one of these components. Let G—K, = C,U C; U.. UCr-,. Since
<V(CHUV(Ko—V) >, 7= 1,2.. r—1 and <V(K,—v)U{¥> = K, are proper
induced subgraphs of G, these are 8,-perfect. Hence by above lemma G is 8-
perfect. This violates the fact that G is 8,-critical.

Lemma 2: Ifapointv € V(G) is a unicliqual pointin G then it is unicliqual
in any induced subgraph containing it. Proof is trivial.

Define M(G) = {v € V(G) : v is a nonunicliqual point in G}

S(G) = {v € ¥(G) : v is a unicligual point in G}

Property P: A graph G is said to have property P if every edge of <M(G)>
is contained in a free triangle.

To prove (4) => BC.

Assume that result (A) istrue. We prove BC. as a consequence of the following :

Theorem 4: If (4) holds true and if a graph G satisfies the property P and
has no induced subgraphs Cynyy and Caney (n322) then G is Oy-perfect.

Proof :  The result is obviously true for graphs with | or 2 points. Suppose
the result is true for every graph having p—1 points. Let G be a graph w_ith p
points and suppose G has the property p and has no subgraphs C,nyy and Conyy,
n>2. :
Case 1: There exists a unicliqual point v such that G—v satisﬁes the
property P. By induction hypothesis G—v is #o-perfect. We show thle G is 0y-per-
fect. Suppose G is 8,-imperfect. By theorem 3, G contains a 8o-critical graph H
as an induced subgraph. Therefore V(H)C M(G) by lemma l.and 2. But <M(G)>.,
being an induced subgraph of G—v, is 8,-perfect. Hence H is also 8q-perfect. This
contradicts that H is 8,-critical.

Case 2: There does not exist a unicliqual point v € V(G) such that G—v
satisfies the property P. It is easy to observe that for eagh e € E(<M(G)>) there
exists a unique unicliqual point v adjacent to the terminals of e and conversely
for each v € S(G), there exists a unique edge e € E ( << M(G) > ) such that v
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is adjacent to the terminals of e. Thus there is a 1—1 correspondence between
S(G) and E( < M(G) > ).

If for some v € S(G), G—v is @y-perfect then G is 0y-perfect as shown in the
former case. Otherwise G—v: (for every vi € S(G)) contains a 84-critical graph
H as an induced subgraph such that V(H) C M(G—v)=M(G) (from lemma 1 and 2).
But for every u € M(G), G—u satisfies the property P. This implies by
induction hypothesis that <M(G)> — u is 0,perfect for every u &€ M(G).
Thus H = << M(G) >. Since by our assumption A contains neither Cyny; - X nor
Cynyq + x, G—v,—x; does not contain Cgnyy and Cynyq and satisfies the property
P for every vi € S(G) and corresponding x; € E (H)<M(G)>. Hence by induction
hypothesis G—vi-—x: is 8,-perfect for every i. This implies H — x; is 8,-perfect for
every x; € E (H). Thus H is edge 6,-critical. By E. Olarus theorem 1, H=C,,,,,
n>2. This violates that G has no Cp.1 | »3»2 as an induced subgraph. So our

assumption that G—v; is not 84 -perfect for every vi € S(G) is wrong i.e., G—v;
is Bg-perfect for some v € S(G). This implies that G is 8,-perfect as in the
previous case.

Theorem 5: If (A) holds true and if a graph G has no Cynyy, and Cin,y,
n22 as induced subgraphs then G is 8y-perfect.

Proof : Let e,..e, be the edges of << M(G) > which are not contained in a
free triangle. Join a point vi F(G) to the terminals of the edge ei = (u, u;)
such that <v, us, u; > is a free triangle in the resultant graph G’'. Now G’ satisfies
the property P. We also observe that G’ has no Cn,, and Cyu, as induced
subgraphs. From the above theorem G’ is 8y-perfect. Since G is an induced sub-
graph of G’, G is also @ perfect. Proof of BC immediately follows from the
above theorem.

BC. = (4): BC implies that every 8¢-critical graph 1is either Cy,yq or
Canir 1322 (shown by Sachs 1970). Therefore (A) follows trivially.
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