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The method of perturbation has becn applied to a thermally relaxing thermo-
elastic random medium. It has been shown that the thermal relaxation
affects substantially the velocity and dispersion of longitudinal waves in such
random media, while the randomness of the relaxation parameter produces
changes of order higher than second.
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INTRODUCTION

IN the study of problems of wave propagation in a medium in which the departure
from homogeneity, although small, is not exactly known, some information about
the character of the waves may be obtained if the equations satisfied by the average
value of the displacement, stress etc., were known, assuming of course, some stan-
dard probability-distribution for the non-homogenetics. The results of such prob-
lems are of interest in seismology, non-destructive testing of materials and in
engineering structure problems.

Karal and Keller! and Keller® considered wave propagation in non-homo-
geneous media, in which they supposed the inhomogeneity to be random (i.e. the
parameters specifying the non-homogeneity have some probability distribution).
The differential equations satisfied by the mean values of the physical quantities
characterising the waves were obtained by them using perturbation method. Karal
and Kellers method has been extended and applied by Chen and Tien,* Chow* in
thermal and thermoelastic wave problems. Bhattacharyya® discussed a problem
similar to that of Chow for non-simple media.

In the present paper, we have considered waves in random media which obey
the formulations of Lord and Shulman® for thermally relaxing thermo-elastic
media. As this model avoids the paradoxical result of infinite velocity of
thermal waves, it is better suited theoretically for any thermo-elastic medium.
It has been shown that (i) the non-random part of the thermal relaxation term
modifies the effect of the thermal coupling in the dispersion equation in the longi-
tudinal wave propagation and (ii) thermal relaxation parameters, random part comes
in only when we consider terms correct to at least third power of small quantities.
The transverse waves, as expected, are unaffected by thermo-elastic coupling and
thermal relaxation in time.
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Nomenclature
G = Appropriate Green’s matrix on L,.
3(x) == Dirac delta functipn in three dimensions,
3(t) = Dirac delta function in one-dimension,
3i; == Kronecker delta,
ois = Components of Stress-tensor,
A = dilatation,
ui = Components of displacement vector
qi == Components of heat flux vector
p = Mass density
Y = pe,m == (32 -+ 2p) a;
¢ == Sp. heat of the solid per unit mass,
a: = Coeflicient of linear thermal expansion,
t = Thermal relaxation in time,
n = Coefficient of thermal conductivity of the solid,
A, p = Lame’s constants,
F = Body force per unit volume,
QO = Strength of the heat source per unit volume,

12
K. = Compressional propagation constant = w[ Po _,]
Ao + 2y

1/3
K, = Shear propagation constant = o [P—“]
Ho
r=X—X
A = Amplitude of the elastic wave,

K = Propagation vector,

T: = Amplitude of the temperature wave.

FORMULATION OF RANDOM DIFFERENTIAL EQUATION
We may consider a random linear differential equation of- the form
LV = f, ..(D

where L is a random linear operator, V is the field vector and f represents a given
random source. We assume

L =L,+ eL; + &L; 1+ O(e®)
and
=1, + + & + O, -(2)
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where L, and L, L, are the constant and randomly fluctuating parts of L ‘respec-
tively. Similarly, f, and f;, f, are the constant and randomly fluctuating parts f
respectively, e is a small parameter measuring the scale of random fluctuation of
inhomogeneities of the medium. Therefore, the linear equation (1) becomes

(Lo + €Ly + L) V = f, - €f, - ¥, -+ O(eY). ()

Then following Karal and Keller* and Chen and Tien? the mean value of V
denoted by ( V ) satisfies the differential equation :

[Lo + € (Ly> + ((L¥) + (L) Lot (L — (LiLo* L] (V)

=1, + ) + e ((f) + (L) Lyt (fy) — (LiLy)) + O(ed), ...(4)
where

LoGiy (%, X5 8, t') == 3(x, X') 8(¢, ") 8. ()

ProOBLEM OF COUPLED THERMO-ELASTIC WAVES IN A RANDOM THERMALLY
RELAXING MEDIUM

Let us consider a random thermo-elastic medium whose mechanical and thermal
properties are random functions of position but are independent of time and
temperature.

Let U be the displacement vector, and let the medium be unstrained ini-

tially with uniform reference temperature 7,. Let T denote the increase of tempera-
ture above the reference temperature T,

The basic equations of thermo-elasticity with thermal relaxation are the
following :— .

(@) The principal of balance of linear momentum gives the equations of motion
Gisi + Fi = piii. ...(6)

(b) The principle of local energy balance gives the energy equation in a coupled
thermo-elastic medium

T + giyi + mT,A — Q = 0. ()]

(¢) The modified from of Fourier's law of heat conduction considering the thermal
relaxation in time is

gi + tqi = — 9,Ti- .(8)
(d) The stress-strain temperature relations are

oy = (AA — mT) 85 + 2ue;. -..(9)
Here, the strains e;s are given by

2ei5 = Uiy 4 uy,i. ...(10)

The quantities A, g, p, Y, T, 7 and m are random functions of x.
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Reduction of Standard Form
The equations of motion (6) by virtue of (9) and (10) reduce to

PE = (4 w) VTU) + a7+ () (9-U) + (WK X (7 X U)

+ 2(Vp- V) U — v(mT) + F (1)
Elimination of g. between (7) and (8) yields the coupled heat conduction equation
, : - 9\, "0
y(l - ng)T— (0Ti).s + mTo(l + ra—t)A— (1 + Ta‘z) 0=0

The above equation can be written as

0 0
75;(1 + 187)T —v-(vT) + mT%(l + T%) v-U)
== (1 + Tg—’—) Q '(12)

Introducing a four dimensional vector V defined by

V- [‘Tl] ..(13)

The equations (11) and (12) can be put in a compact form as

where the operator L is given by
M ym + my 7
L =
mTog;(l + 127) V) P J
and
" F
f= 0 ...(15)
(r+ ‘a’z)Q]
with
2
M=pls — (A + w) V) = vt — (V) (7°)
~ (V#) X (VX) — AVp-V)
and

—CE ) _ ¢
P = Y'az(l + Ta:) v-(v)-
Assuming the random deviations to be small, we can write

A=2 + €y, p=pgtep, p=1po + € Y=Y+ e
n="ng + ey and v = 7, + 7y, «.(16)
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where Ay, py pps - - - €tc. are constants and (A1, = (g;) = (p,) == .... =0, i.e.,
the random inhomogeneities of the solid are statistically homogeneous and isotropic.

For weak thermo-elastic coupling, we can take the strength of the coupling and

that of the random inhomogeneities to be O(e) i.e., we can write
m = em, such that {(m;) = my % 0,
m, and m, being a constant and a random process respectively.
We assume F = 0 and Q varying hormonically with time, i.c.,
0 = Q'(x)e—**,
where Q' is of the order of ¢ and concentrated at the origin, i.c.
Q'(x) = €0,3(x),

where 0, is a contant.

Then
M= M,+ eM, ]l
P = Py - eP, + &P, ¥
!
f=1f, 1+ f, + €%, J
and
vm + -my = e(ym, + my),
where
al
M, =005 — (o + ) V(V-) — poV"
&2 3
1= Pgs A+ p) (V) — 1V — Ve X (V%)
= (VA (V) — 2(Vp-V),
0 0 b b
mToa—t (1 + Ta?)(V) = {GmlTo é?‘(l '*‘ To "87)
a!
+ e¥mTyr, B—ti} v:)
0 d
Py = Yoa—t(l + T°éT) — noV%
0 0 ot
Py = Ylé't‘(l + Toé?) - 'foTl’éfg — v-(v)
and

82

Py =11, 57{-

k""‘"Y""_'_)

(17

.(18)

(19

-..(20)

1)
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Therefore, we take

M, 0 [Ml yvm, + mA
Ly = v L = _i( n 3_) .
0 Po ml"oat 1 { TOat (V ) Pl

3
|
|

and r.(22)
{
!
l
J

0 0
L') — 82 a'
- [m],To':] atg(V) 1Tt aTi

fo-:[ 8 ] f, :[(,- —~ lw(:o) Q@(x)].

o fwrolQ,S(x)] -3

Wave Solution
Since we are only interested in time harmonic waves, we set
(V) = (V4 (x)) et ..(24)
The equation (4) can be written as
Ly(3x, —iw) (Vo(x)) + €(L,(8x, — iw)) {Vo(x): + €* (L%, — iw))
X (Vo(x) -+ € L,(3x, — iw)) | G(X, X') {Li(8X’, — iw)* (Vo(x')} dx’
— & § (Ly(x, 8x, — iw) G(x — x') L,(x, 3x', — iw)) {Vy (xX") dx’
= e/f* - ¥(f2) + (L, (8x, — iw)) | G(x — x') /f,(x")) dx’

— J (L3x, — iw) G(x — x) fu(x)) dx') + O(e), -.(25)
where? '
Glx — x) = [G°(x . GO,] | (26)
Go(x — X*) = G,(r)] - Gyrr, .27
with
1 . .
Gl(r) == — ‘W‘ [e“xc" (1 - lKar)] ..(28)
and
G,(I‘) = '4$;f [eixcr (3 — IK.r — Kfr’)
— &Ky (3 — iKer — K2r3)] ...(29)

Green’s function Gy(r) satisfying v2G4(r) + B?Gs(r) = 3(x — x') is given by

L ...(30)

Golr) = ~ 4rr
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with
B= N IR WTF 7007 + w4 TF 50t — )]
. M (dx, — iw 0
Lo(3%, — iw) :[ o o ) Pidx, — iw)] ..(31)
Mo(8x, — iw) = — pgw® — (A, + o) V(V-) — HoV* ]I
) . e ...(32
Py(dx, — fw) == — 7 {V’ - })3(1'0&)“ + lw)} J' ( )
and _
(L,(3x, — iw)) — 0 mey
[ — myTo {iw, + 2402 (V") 0 ], (33
. 0 0
L,(8x, — iw)) == o
(La(3x fo) l: — Ty (my7y) (V) — o Tyyy) ]’ %)
0 0
\fl",\ = B n) =
2= laemesw ) @[ o ] 9

For a thermo-elastic mean wave, we represent

(Vo(x)) = [ /;1 ]exp iK-X ...(36)
Equation (25), on substituting from equations (31)—(36) in it, can be split up into
two equations
MK, — iw) A + eim,T,K — & [ [— mE Tyi(iw + 190?) (A-K) VG,
— AM\G M) — T (M,Gy(v'm,; + miK) -+ Ty(iw + 1407 i(A-K)
(my (Gevmy + mvG)) — Ty ((Ggvm, + mvGy) Py)] exp (— iK.r) dr
= €& [ my(l — iwty) Q1 VG,3(x) exp (— iK-X) dx’
— & [ (1 — iwt)Q, (Gyymy + myG,) §(x') exp — iK-X dx’
+ 0(e) (37
and
PoGK, — iw) T, — eim,Tyli + tou?) (A-K) + € {— T, i myty)
X (A-K) — aXeyTy) — € §[— myT,Tei V(GoK) (o + 7q0?)
+ Tyiw + tgw?) (MY(GeM1)) A + T Ti(ie + 5?)
X (my {Gy(v'my + myiK)}) + Ty(iw + 1,0%) i(A-K) (Pim1Gy)
— (P,G4P}) T,]exp (— iK-r) dr
= (1 — iwtg) Q; 3(x) exp (iK-X) — € [ (I — iwry) Qy3(X) (P1Gy)
X exp (— iK-X) dx’ ...(38)



WAVE PROPAGATION IN A RANDOM MEDIUM 713

Eliminating 7, from (37) and (38) and neglecting terms of O(e¢?), a single equation in
A is obtained;

MK, — iw) A — emiTo(io 4 7yw?) K(K-A)/Py(iK, — iw)
— & [ [~ imiT, (io + 7p0®) (A-K) vG4(r) — A(M G M)
+ Toiliw + t0?) (A-K) (my(Gyym, + mvGy)) exp (— iK-r) dr
= — imK(l — iwz)0, 3(x)/Py(iK, — iw) exp (—~ iK-X) -.-(39)
From the above equation, it is seen that the randomness of the medium modi-

fies the source which depends upon the constant part of the relaxation term and the
mean of the thermoelastic coupling.

We see from (39) that, on neglecting terms of order O(e?), there is no term con-
taining 71, the fluctuating part of the relaxation time <.

Also, in the above equation we have
MK, — iw)A = (o + po) K2K(K-A) + (4K? — py0?) A ..-(40)
P(iK, — iw) = 1)K? — vo(tpe® + iw) ...(4])
The weighted correlation operator (M;G,M;) depends upon the nine-correlation
functions of the form (A(X) A(x");, (A(x) pi(X)), (pr(X) py(X))s (p1(x) (A2(x)),
. etc. and was computed by Karal and Keller!, whence we have
§ A (MG, M) exp (— iK-1) dr = [D,A + D,K (K- A)], (42)
where D, and D, defined by (57) and (58) in Reference 1.

The 2nd term in the L.H.S. of equation (39) depends upon the thermoelastic
coupling m, and on the relaxation term <, and after simplification, we get

— mETo(iw + tgw?) K(K-A)/P(iK, — iw) = DK (K-A),

where
Dy — — mMiT,wK? { (nytowK? — Ty — 7y7e@®) + ingk?}/

{(nok® — vyrow®)? + Y3 ,wz}- ---(43)
_Again, the correlation function defined by Rum(r) = (m(x) m,(x')) (i.c., the
correlation depends only upon the distance r between x and x’) occurs in the last

term of L.H.S. of (39). In the sum of the third and the last terms, on substituting
the value of G, from (30) and on further simplification, we get

§imiT(iw + ty0?) (A-K) vG, exp (— iK-r) dr — [ iTy(iw + ty0?) (A-K)

(m'y(Gyym, + myyGy)) exp (— iK-r) dr = DK (K-A),
where

o0
D, = — TK(io + tq0?) | (Rmm(r) — m3) e®r sin Kr dr. «..(#4)
0
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Following Karal and Keller we take all the correlation functions except R,, in
D, and D, to be zero and suppose that

R,y = (p}) €%
where (p%) is the mean square value of ¢, and ‘@’ is the correlation length of the
inhomogeneity.

Now D, involves the correlation function Rnm(r). We consider the case where
the correlation function is given by

Rum(r) = miet7, b > 0. ...(46)
Then D, given by (44) can be evaluated as

_ e o o (K® + b° -+ B3 — B3 - 2bBy) + 2iBy(b+-By)
Dy = = Tgmik® (ieo o) [(K-‘+ b5 Bi— B3 + 2bBy)° T 4Bi(b 1 Ba)*
(K? -+ Bz — ﬁj) + 2iBs
- EeR] 6D

where

By = Re {8} = \[ 5? (W1 F 7ie® + 7ow)'?

B, = wmiB} = ,\/:;gi—:’— (4[1 + tie? — ':(,(.u)‘/z

The asymptotic form of D, at high frequency, i.e. when K » 0 can be written as

— miTy(lw +-
i)

D, ~ woo) [ (bt 4 2bBy) + 2ibB, -+ O] - (49)

Equation (39) can now be put in the compact form
(o + p)KRE-A) — (uK? — poe?) A + ¢'[DiA
+ (Ds + Da + DYK (K-A))
— — etimy(l — iwte)Q, 3(X)K exp (—iK-X)/Po(iK — iw) ...(49)
In the absence of heat source, equation (39) reduces t0
(A + ,u(,)k’K(K CA) + (pK? — powMA + [D1A + (Dy+ Dy + D.)K
X (K-A)] =0 ...(50)
For longitudinal waves the direction of A is parallel to K.
Therefore, the dispersion equation for such waves comes out to be
Oo -+ 2u0K® — gow® + €Dy + Dy + Dy + DY = 0. (51

For transverse waves, K-A = 0, since A is perpendicular to K, the dispersion equa-
tion is given by

pok? — ot + €Dy = 0. (52
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Now for large k, the dispersion equation (51) for longitudinal waves can be solved
approximately as

; 2 2
Ko~ k(15 de o1 o+ g ) + RIS

j‘-‘kea 2 g {noK’c’cow
— Yow — YoTo@®} + MoK} {(meK?e — Ygrew?)? + Yiw?}
_maT,
k2.
+ Tow?hB;}] ...(53)
From equation (52) it is seen that the transverse wave dispersion equation depends
on the randomness of density and is independent of thermo-elastic coupling and
thermal relaxation, as expected.

Equation (51) shows that the compressional wave number is modified by the
constants D, and D,. They represent the effect of thermal relaxation and random
thermoelastic coupling.

From (53) it is seen that besides the effect of randomness of density and the
thermal coupling, the thermal relaxation parameter 7, also enters the dispersion
equation of longitudinal waves and modifies the wave velocity, as also the terms
representing dissipation of the waves.

[{20bB, + wirob*(1 -+ 28,/b)} -+ i {wb*(1 + 2./b)
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