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ELASTIC-PLASTIC AND CREEP TRANSITION IN AN
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Seth’s transition theory, which neither requires any ad hoc semi-empirical
laws nor the yield criteria has been used to derive the Elastic-Plastic and
creep stresses in an orthotropic rotating hollow and solid circular cylinders,
For isotropic materials, as a particular case, the stresses are the same as
obtained by Rimrott and Luke, Gupta and Dev, which they derived by
assuming Von-Mises yield condition and Norton’s Law.
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INTRODUCTION

For an ideal plastic material without strain-hardening, the stress distribution in
solid rotating cylinders has been described by Nadai.! The addition of a central
hole and the consideration of a rigid-plastic material with linear strain hardening
have been discussed by Davis and Connelly? and by considering finite strain and a
power relationship between the stress and strain by Rimmrott.3 For isotropic
creep theory, the problem has been analysed by Rimrott and Luke4 for large
strain’s and by Devs for plane strain. In analysing the problem, these authors
assumed incompressibility of the material, an yield condition and a power relation-
ship of stress and strain. TIncompressibility of material in plasticity and creep
problems is one of the important assumptions which simplifies the problem. In
fact, in most of the cases, it is not possible to find a solution in closed form without
these assumptions. Seth’s transition theory does not require any of these assump-
tions. It utilizes the concept of generalized strain measure and asymptotic transi-
tion through the critical points of differential system defining the deformed field.
Seth®7? has defined the generalized principal strain measure as :

edy,
€is = I [t — Zef‘,](nm-l de‘:‘. = % n-qQ- 26':‘)7112]_
0

where n is the measure and efi is the principal Almansi strain component.

In this paper, problem of elastic-plastic and creep transition of an orthotropic
rotating hollow cylinders has been solved by using the concept of generalized strain
measure. For isotropic incompressible materials our results are the same as those
of Gupta,!” Rimrott and Luke# and Davis.2
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GoOVERNING EQUATIONS

Consider a hollow cylinder rotating about its axis with an angular velocity w.
Let the inner and outer radii of the cylinder in the deformed state be ¢ and b
respectively. The components of displacement in cylinderical coordinates are given
by Seth,!8

u=r(1—8), v=0, w=dz (D)

where p is a function of r = (x2 + y2)1/2 only and is d a constant.
The components of generalised strain are given by Seth,¢

e = L —(F + P )
R > )
€g; = an[l — (1 —=adr»

and ero = g5 = €;r = 0. .J

The stress-strain relation for an orthotropic material are given by Sokolinikoff,?
Trr = C11€rr + C12099 + C13801,
Toe = Ca1€re + C22¢59 + C236m,
Tz = C31€rr -+ €32€44 + C33€5
and Toz = C44€g2y Tar = C55€zry, Trg = C66Cry, ...(3)

where ¢y, €12, €13, C21, €22, €235 €31, C32, 33, C44, Css and cgg are constants of material,
From eqns. (2) and (3) we have,

= M= B BT+ R+ B - (1 -

nm

=B R 2 -+ 21— (1~ dn,

Yoo nm

o= = O+ O+ 2= e+ B — (1~ e

and Trg = Tez = Tzr = 0. ...(4)

Equations of equilibrium are all satisfied except,
((117 (reee) — o9 + praw2 =0, (5

where p is the density of the material.
From (4) and (5), we obtain
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d
PP + D™1BIL—B(p + 1™ a’é +p(p + DO [1 = p7)(p + 1]t

+ 8 — gt — ew — ex) {1 — °(p + 1y

mncy B"
+ (e2 — ) {1 — B}™ + (c13 — o) {1 — (1 — d)mm]— n':fcfé:
—o0, ..(6)

where rB! = pf the transition pointsof g are p > — 1, p = 4 oo,
For m = 1, which holds for secondary state of creep, the eq. (6) reduces to,

B ” 2 13 n
plp + 1) + _clT_W_nclﬁ"{(Cu-_cn)(l_B(p+1)

+ln—c)( -+ (cs—cn)(l — ¢ — d")}]

+ gp(p + Dr1 = 0. we(D
The boundary conditions require that:
Q) Trrmp at r=a and r = b;and «.(8)
(ii) the resultant force normal to the plane z = constant must vanish i.e.,

b
I rTzzdr = 0. ...(9)
a

TRANSITION AND PLASTIC STRESS COMPONENTS

For finding the plastic stresses, the transition function R is taken through the
principal stress at the transition point P — 4- oo [Seth,® Hulsurkar,’® Hodge and
Balaban,12-14 Gupta and Dharmani,!#'15 Gupta and Rana,!s Guptal].

We define the transition function R as

Nter npw2r2

Re=1- a1+ ez + a3 2(en + ez + )

— 1 " n o npw2r2}
Y {CuB"(P + D" 4+ cf" + (1 — d) 3 .
...(10)
Taking logarithmic differentiation of eq(10) with respect to r, we get
4 1og R = nplen [ 1y PP + 1y
I e R = rR(ciy + ¢z 4 c3) PP +1) Bdﬁ +AE D
b "PW”’] (11
+ 1 cf” (n

Substituting the value of dP

& from eq (7) in (11) we get,
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% [(ery—ca) (1 —B(P+ 1)+ (c13—c22) e1—B") +(c3— €23) (1 —cs—d)M)]

[B"(P 4+ "+ g:: 8" + 13 (1 — dp — npw2r2]

43 2¢e1t

Taking asymptotic value of eq. (12) as P - = oo, we have

d = 1 (eu— )
&;logR— r 1

Integration of eq. (13) yields

R = Aor—“u—-cu)ldu,
where Aq is a constant of integration.
Using eqgs. (10) and (14)

pwz r2

2

2 = B {1l — Aor—(cu—cn)leu} —

e+ 62 + o

where By = o

Substitution of eq. (15) in eq. (5) gives,

(_cl_l_____'—'c)l)_ Aor—(cu—c’;) feu

T4 %rr = By
1

and T4e = Bo {1 — Agr—teu—es) fexs (1 _ - "21)} - pwir2
1 2
From eq. (4) we get,
-1 __ cxlen + ca)
Tes tn + ¢z (rrr + 700) + {CSI e T ca } + 2K;,

Using boundary conditions eq. (8) and (9) in egs. (15) and (18), we get

— _ {1 — (afb)lenr—esiear}
Ao = [ 1 {(b/a)? — (a/b)lon—es) feur}

pw2a? [(b/a)? — (a/b)tcu=cs)ien]
2 [l — (a/b)‘hr—cn)lcul

_ 3 fenlen + c) _ ___¢m (@ + 1)
and Kl_§{ €12 + € cl} ci2 + 2 oWt 8

{€11~C21) Je
. alen leu’

By =

(12)

..(13)

(14

(15)

...(16)

(17

...(18)
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Substituting the value of 4y, B, and Kj in eq. (15) to eq. (18) we get the orthotropic
transitional stresses as

_ pw2a2 ((b/a)l _ (a/b)(cu-czx)/cu) _ { (1 _ (a/b)(°11—°21)/°11)
Trr = 2 (1 — (a/b)len-os2)fenz) ((b/a)z-(a/b)(cu-‘n)lb‘u)}
x (afr)en—cn) /611] - pw22r2’

_ pwa? ((bja: — (ab)en—emion), ¢y — cyy
Toe — Trr = 2 a ———(a/b)“”""“”“") ¢ c1

d— (d/b)“ll"clﬂlcu) c11—21) /61y
% {l - {(bja)? — (g/b)(cu—cu)/cu)} (a/r)t Yen,

Pw2a2 ((b/a)z — (a/b)(cu—clelcu

Tor = T3 (1 = (g/b)ter=e fony

(1 _ (a/b)(cu-en)/cu) 011 ~ca1) Joan
<[t = {1 ~ iy} @

—_ 2r2
X (l — -———-C”Cu <2 )] — ——sz «.(19)
L > L 2 (a2 + &) .
and Ty = (Cl2 P ) [Trr -+ ‘f"] P e W 3

It is found that the value of | «,, — <, | is maximum at r = g, which means
that the yielding of the cylinder will take place at the internal surface. In this case
eq. (19) gives,

_ oW [(blap — (afp)euenrien] ey — cy

]1“ B ?"I 2 [1 - (a/b)(m—czn/m] n
[1 — (a/b)en—cadien] 7
X [1 - {(b/a)? — (ajb)ten—calien] ] = y¥, ...(20)

where y* is yield stress in tension.
The stresses for fully plastic case are obtained by using the relations ¢;y = ¢y5
= — ¢3 and ¢ = 1 = — ¢y as given by Seth,? then eq. (19) and eq. (20) become,
_ pwa? [(b/a)z — (a/b)(cu—m)lcn]
Trr =5 1 — (a/b)e—cmirers]
[1 — (a/b)tera-ced lera] creme pw2r?
X [1 - {1 - [(Ba) — (a/b)Cr—"mjena] (a/r)tere=casdlons | =

_ ew2a? [(bla)? — (ajb)terr—exticn]
L) [1 = (gjb)crs—casiia

[l — (/o) -] €32~C12) /013
% [l - {l - [(b/a)® — (a/b)\c1a—casbieaa } (afr) )/

- 2,2
x(l__flz sz)]_PW’,
C12 2
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- _ 2% 5 (a2 4 b2)
i 12 + 2 (Frr + 7a0) + 2 2+ 4 @D
_ praZ [(b/a)z —_ (a/b)lclz—ﬂgg) /tlz] Cia — C;
and Teo —Tpr| = ) [l __ (a/b)(p_lz_pzz)lclz] : 12

[1 —_ (a/b)lvxz—-va:)/cu _
%[~ Gt = Gy | ="

Particular Case
For isotropic materials, the constant reduces to two only,$
Ci1 = €22 = (33,

€12 = €1 = 03 = €23 = C31 = €13 = €11 — 2066

i1 — € ‘i1 — ¢
A= C12, U = L__IZ_, Cc = ‘u — 1z,
2 on

Equations (19) and (20) become

_ ew2a® [(b/a)® — (afb)] [ —~ (a/)]
T2 [ — (a/b)] [l { [(b/ap — (a/b)°]}

i ° _pw2r2’
“(3)]-%

. — Wit [(b]aP — (a/b)°]l:l _ {1 _ 1 — (a/b)] }
o 2 [ —(a/b)] [(6/a) — (a/b)]
[ 2y2
x (%) a— c)] — e, (22)
T = T (D ) — 2 2 2
_ _ ew2a? [(b/a)® — (ab)] _ 1 = (a/b)]
and ITae — vl = =5 =@k "¢ [l [(b/a)* — (a/b)]
The stresses for fully plastic state are obtained by taking (¢ — 0) in eqn. (22)
— 2 2
T = ?—gi (I;:)g—-——z-/%—). log rfa + %v- (a2 — r?),
v = O G2 11+ tog rja) + BF (@ — 1,
2 e 72 2
T = % (ll)og b/fr) 1 + 2 log r/a) + g;g (> — b2 — 2r) ~(23)
2 2 2

These equations are the same as obtained by Gupta for Hollow rotating cylinder.
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SOLUTION THROUGH THE STRESS DIFFERENCE

For finding the creep stresses, the transition function R; is taken through the prin-
cipal stressess at the transition point P - — 1 [Seth,!®1® Hulsurkar,!® Gupta and
Dharmani,!3-15°20 Gupta, Dharmani and Rana!? and Gupta & Ranals).

We defined the transition function R; as,
1
Ry = tpp — Tog = n",;. [(Cll - Cll) {1 - ﬁ"(P + ])n}m

+ (ci2 — ) {1 =B} + (c13 — e3) {1 — (1 — )"} ...(24)

Taking the logrithmic differentiation of eq. (24) with respect to g and using
eq. (6), we have,

d _ (e — )
(Elog Ri=— cuupP
11622 — C12€21 n1 (1 — antmet — pmeag2eg (C11 — C21)
[————F ]mnﬁ {1 — g7 nmowy criGP

T e —e) (I =P + D + (e = e (T = gjm

+ (c13 — ) {1 —(1 — d)n}m]
...(25)

Using the asymptotic value P — — 1, in eq. (25) and integrating we have,

Ry = Ar=2[(cyy — ca1) + (c12 — c22) {1 — g™
+ (e13 — c3) {1 — (1 — 4)"}™} exp (f1), ...(26)

g (e —c) y _ cnu — cucn

i ? cufciz — )’

(c11 — ca1) j rdr
o [(Cu — ) + (Clz — ) {l — pmym
+ (3 — 3 {l — (1 — d)mjm]

where K =

ﬁ = — pwzn'”

and A is the constant of integration.
Substituting the value of t,r—14, from eq. (26) in eq. (5) and integrating we have,

272
Tor = — p_w2L —A S r¥3 (e — ca) + (e12 — c) {1 — g™

+ (3 —c) {l = (A —dyjFexp(fi)dr+ 4,  ..(27)

where A; is a constant of integration and the asymptotic value of B as P -+ — 1 is
D, D being a constant. The constant 4 and 4, are evaluated by using boundary
condition (8) as,

vt — a)

Ad=—"—
2 { F(r)/rdr
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a
pw2(b2 — a?) § F(r)/rdr
and Al = *puﬂaz — b 0 s
2 [ F(r)/rdr
a

where F(r) = re2 [(c1s — ca1) + (cz — ) {1 — D"r"‘}"‘
+ (e13 — e3) {1 — (1 — d)"}"] exp (f1).
Putting the value of 4, in eq. (27) we get
a
pwi(bz — a’)of F(r)/rdr

2
- _9_‘21’_ "2 — @) —

5 A § F(r)/rdr. ...(28)
2 [ E(r)/rdr
a

The asymptotic value of t44 and 7.; are obtained from eq. (26) and eq. (3) as,

Tgg = Tre — AF(I‘). ---(29)
= G
and Tee = 12 + 2 (Trf + 190) + AZ’ "'(30)
_ __exle + ) cncry + o)
where Az = {6‘3] ﬁﬂz I o2 } -+ {C33 _— m Cys.

Using boundary condition (9) in eq. (30), we get,

a
[ F(r)/rdr
Ay = & ["wz(bzz— D) 4 2ow2 [r R
ti2 + ¢
F(r)/rdr
‘.'f (r)/

+ 1772{2—55 Ib r ( ({' 2F(r)/rdr) + @72_712) f rF(r) dr].

The relation (26) holds good only for one stage of creep, in which measure
indices are m, n if all the three stages of creep are to be taken into account, we shall
add the incremental values.!8

For steady state of creep, the stresses are obtained by putting m = 1, in
eq. (28)-(30) as,

r
pwi(b2 — a?) § Fy(r) dr
Ter = — ¢ oWX(r2 — a?) + a

b
2§ Fy(r) dr
a
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pw2(b2 — a?)r Fy(r)
+ )
2 I F |(l’) dr
a

Toe = Trr

and Top = a—%——a (ter + ©o0) + A2, ...(31)

where Fi(r) = r=2[(c11 — ca1) + (c12 — ¢) {1 — Dr "}
+ (3 —cn) (1 — (1 —d)'}expfi
(ci1 — ca1)
C11

I rdr .
x [(c11 — en) + (c12 — en) (1 — D) + (c13 — c23) (1 — (1 — d)")]

For Hencky's measure ie. (n - 0), which holds for secondary stage of creep
eq. (31) reduces to

and Sfi = — pw2n

Ter — Tgp = Ayrt2, --(32)
pw2(b2 — a?) (k — 2)
where A3 = — 2((b"-2 )

ROTATING SoLib CIRCULAR CYLINDER

If the cylinder in the previous case is upto origin, (i.e. ¢ = 0) then the components
of displacement, strains and stresses are still given by eq. (1), (2) and (4) respectively.

In this case the boundary conditions are,

Trer = 0 at r = b, ...(33)
b

and { resdr = 0. --(34)
0

Transitional creep stresses are still given by egs. (24), (29) and (30) but the
constants 4; and A4, are evaluated by using boundary conditions (33) and (34). The
creep stresses for the this case are,

b
Trr = 9‘}29—2(172—-?2)-}-44 S@dr,

r

Tog = Tre — AF(I'),

= e e P — 29 = 24F0)

p Ao [[#0 g (2 (204 _rp)a].00

12 + ¢ r b2
0
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where F(r) = r*=2[(cn — ca) + (c12 — ¢c) {1 — Drym
+ (e13 —~ ) {1 — (1 — d)"}m) exp f;,

(c11y — ca1)

and fi = — pw2pm o

% j rdr
[(c11—c21) + (e12 — c22) {l = D"r=")m + (13 — c23) {1 —(1 — d)"}™]

The stresses for stationary state of creep are obtained by putting m = 1, in
eq. (35) as,

b
2
we = B2 — 1) + A, j Fy(p) dr,
r

Tep = Trr — A4VF1("),

O3

= 2 2p2) _
)[PWZ(b 2r%) = 24srFa(r) + .

T 2(612 + €22
b b

x A4U 2Fy(r) dr — [%( J' 2F () dr — rFl(r)) dr], .(36)
r 0 r
where . Fi(r) = r*2 [(cyy — cu1) + (c12 — c22) (1 — D2r7)
+ (3 — c3) (1 — (1 — d)")] exp fi

and fi = — nowe (e11 — cz)
1

rdr
x I [(c11 — ca1) + (erz — e} {1 — D*r*y + (€13 — ¢23) {1 — (1—d)"}]’
IsoTrRoOPIC STEADY STATE OF CREEP

For isotropic materials, the constants of material reduce to two only.8

C11 = €22 = (33,

€21 = C13 = €3 = C32 = €31 = €13 = €11 — 2C66,

i1 — €12 o — C12 2u
A=c¢ U= _——"-°5 c= = .
12 2 ? Cit A+ 2u

The creep stresses for hollow cylinder become,

r
, on2(b? — @) [ Fy(r) dr
pw a ,
Tre =—2— (az——rz)-j- b
2§ Fyr)dr
a
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sz(bz — @?) rin—1) =20

‘I‘D. = Tpyr = ——— b—-——-——-——- exp (__ Clr"+2)
2 [ Fy(r)dr
a
r
I— cf w2 owi(? — a) [ Fy(r) dr
and T =3, p b2 + a2 — 2r2) -+ 5 4
[ Fy(r) dr
a
g (P )ar)
Fz r)ar
+ ow? (b2 ;,L @) rFy(r) J \a T
2 j Fy(r) dr J j Fa(r) dr
b
{ pw?r2F(r) dr
- g_b—— (37
I Fz(r) dr ’
a
where Fz(r) = pin-le-2n exp (_ C]rﬂ+2),
and C, = now?

D'(n + 2) (d + 2u)
Eq. (29) reduces to the Tresca yield condition for incompressible material as,
(c—+0)ie,
Trr — Tgp = A3 = J. +.(38)
For incompressible material, creep stresses for a hollow cylinder become

2 g2 2n 2n
Trr = — §9w2[(r2 — a?) + Ell:"z" —a L-az—;) + y;l ,

Tee — Trr — }"r_z"

—-n) aZ(l—n)

b2t
and T = FpwH(b? + a2 — 2r)) — ——[ —(1—=n "‘2"]

..(39)

2 gl

naw2(b? — a?)

where Y= g

The stresses for an eclastic hollow rotating cylinder are obtained by putting
n = 1, in eq. (39) as,

T = [(az + b)) — (‘%b—z + ,z)],

- oo+ (£-7)]
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p_}f M__rl]

and ™ = 5

..(40)

These equations are the same as obtained by Rimrott and Luke4 at time, ¢ = 0.

For plane strain case, (i.e. e.; = 0), as a particular case, eq. (39) becomes,

Ter = — W2 [(ﬂ —a?) — -——b:i,,—(bz - a2)]
2p2 _ g2
Too = Trr ‘()_—_————Z_'z(" afz')') p=2n
R e 1 L i Rl e S (R Y | )

These expressions are the same as obtained by Devs provided we put n = (1/N).
They were obtained by assuming Norton’s Law and Von-Mises yield condition,

Creep stress for an isotropic solid circular cylinder become,
b
Ter = § pW2(b2 — r2) + Ay | Fo(r) dr,
r

Toa = Trr — A4FF2(I')

- 1 —
and o= 2 B — 2) — 2 ()
b b b
1—c¢ 2r
+3 =5 A4 H 2R(r) dr — | 47 ([ 4P o 2R dr]
r 0 r
...(42)
For incompressiblc material (i.c. ¢ — 0), eq. (42) becomes,
Ter = (b2 —1r?) — — (b~2" — ),
Too = Trer — Aﬂ'_z"
T = Fpwd(b? — 2r8) — 5 {b-z" —~ (1 — n) rn, ...(43)

The stresses for a solid circular elastic cylinder are obtained by putting n = 1,
in eq. (43) as,

Y|
Tre = ‘%(bz -1 — ‘;—‘ (b-2 — r-2),

2
o= (=) — L+ Y

w2 A3
and w=E Bt S e w(44)
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These expressions are same as obtained by Hodge and Balaban.!!
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