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ACTION OF A CONCENTRATED FORCE IN AN INFINITE
SPACE OF MICROPOLAR ELASTIC MEDIA
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The object of the present paper is to study the effect of stresses and couple
stresses in an infinite micropolar elastic media under the action of a concen-
trated force. The concentrated force acting in the direction of the Z-axis at
the origin of the cylindrical coordinate system. Hankel integrals have been
used to solve the problem. Particularisation has been for the ordinaryisotropic
clastic medium. It is also found that the results are in fair agreement with
the results of elasto-kinetics.
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INTRODUCTION

THE classical theory of elasticity has been developed on the assumption that in a
continuous medium the applied stresses are transmitted through an elementary
area in the body by means of the stress vector only. This stress vector causes a
deformation in the body which is characterised by the strain tensor.

The discrepancy between the classical theory of elasticity and the experiments
is very striking in studying the dynamical problems, particularly, when waves are
propagated with high frequency and small wave lengths. Under such circumstances,
we need a new theory, so that the influence of the body microstructure a new theory
of elasticity has been evolved which is termed as micropolar theory.

The action across any infinitessimal surface element within this type of solid
gives rise to the displacement u; (x;, t) and the rotation w; (xi, t) in general. Two
assymetric tensors vy called deformation tensor, kj; called curvature twist tensor
describe the state of deformation of the body and the state of stress is characterised
by two cther assymetric tensors oy, the force stress tensor and uyi, the couple stress
tensor.

A good number of research articles dealing with the theories of micropolar
continua and the linear theory of micropolar elasticity have already been pub-
lished.1-3 The dynamics of micropolar elastic systems was considered by Nowacki4’s
in details. A thorough detailed exposition of the theory of micropolar elasticity was
presented by Nowacki in his lecture course.6 Following these concepts some problems
of elasto-statics and elasto-dynamics have been investigated by Acharyya and
Sengupta,” and Sengupta and Cbakraborty.8
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Following these concepts the authors of the present paper have investigated
the problem of determining stresses and couple stresses in an infinite micropolar
elastic space under the action of a concentrated force varying periodically with time.
The force acts in the direction of Z-axis at the origin of the cylindrical coordinate
system. The action of the force results in the propagation of both longitudinal
and transverse waves. The analytical solution of the problem has been derived by
using Hankel integrals. It is found that the derived results are in agreement with
the corresponding classical problem of isotropic elastic solid.

FORMULATION OF THE PROBLEM AND BOUNDRY CONDITIONS

Let us consider that a concentrated force P(r, ¢) :Po%(}%e"”‘ act in the direction of

the Z-axis at the origin of the cylindrical coordinate system. The action of this
force results in the propagation of waves both longitudinal and transverse. The
problem is axisymmetric with respect to the Z-axis.

The equations of motion of a micropolar elastic solid are
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where u(x;, t) and w(x{, t) denote respectively the displacement and rotation field
due to the action of the force; A, u, «, 8, ¥y and e are material constants, e is the
density of the material and J is the rotational inertia.

The asymmetric force stress tensor a5 and the couple stress tensor p;; are con-
nected with the strain tensor y;: and the curvature twist tensor ks by the following
constitutive relations

ori=(u + a)vii + (& — @) vss + Ayadss )
and § . 2)
uii = (v + ki + (¢ — €) ks: + Bkrdis, J

where
Fyi = Ui,j — €kji Wk,
Ksi = wi,
and €xs3 = unit antisymmetric tensor.

From the nature of the prcblem, we assume that 46 = wr = w, = 0, so that the
displacement u(u,,o, ) and rotation w(0, w,,o) depend only on r, z and ¢. For the
ronsidered problem, the dynamical equations of motion takes the form
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The displacement vector u(ur, 0, u:) and the rotation vector w(0, wf, 0) form the
following state of force stress and couple stress.
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BounpDArY CONDITIONS

The force is acting in the z-direction and the displacement rotation shearing
stress and couple stress are continuous across the plane z = 0 while the normal
stress g, is discontinuous across the plane z = 0. Clearly we have the following
boundary conditions hold on the plane z = 0,
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Urpg == Ur—g, Uzq0 = Uz, Wotp = Wo-0
s(r
Cre40 = Or2Qy Hz0,0 = Hze-0s Orz40 " OCzz0 = Poemt ‘2%‘)‘ (6)
METHOD OF SOLUTION

We express the displacement components u, and . in terms of displacement poten-
tials @ and w such that

0P _ bw
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_ s® 13
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Moreover, we introduce ¥ and T such that
ey ol

w=—-——~,w.=—é7

or
Introducing (1) and (2) in equation (4) we obtain the following equations in ®, ¥
and T

(8)
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Eliminating Y or ' from equation (10), we obtain

122 1 g2
(- a&)(v-g b ) ree]on =0

where 2 =ps
Let us now put

O(r,2,1) = 0*(r,z) et

(¥, ) (r, 2, 1) = (¥,* [*) (1, z) efet o (12)
in equations (9) and (11 ) to obtain

i (V2 + D) 0* =0 (13)
n
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where 6} = w?cl,, 6 = w?/c}, 65 = wylci — vi

As for the solution of equations (13) and (14) we take the following Hankel
integrals :
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0
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0
and
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0
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0
where v2 = a2 — o3, mi = 11-7(0:2 — 63 — A%, (=12
and A1, Az are the roots of the equatjon
¥+ (of + ol + @ — 22N+ ot —a¥e} + o} + 1) + olof =0

~.(17)
Substituting (15) and (16) in the boundary conditions (6), we obtain the following
set of equations in the unknowns 4, 4', B, B’, C, C’.
af(d — A') + a;(B + B') + a3(C + C') =0,
b4 + A') + b(B — B') + by(C — C') = 0,
(B—B)+ s (C—C')=0,

P
di(d — A) + &(B + B) + dy(C+ C) + 55 =0

and ex(d — A) + exB — B') + e3(C — C') = 0
848 + B)) + 8(C + C') = 0, (18)
where a=l,a=—A,a3=—X
by = — v, by = o2, by = a2

aq=0,c=m,ca=m
dy = {(A + 2u)v2 — X2}, dy = — 2uhjad, dy = — 2uda? w(19)
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1 = — 2uv, 62 = {(# + x) a2 + (4 — &) A} — 2y}
e3 = {(g + a)a? + (1 — o) A5 — 2umy}
i =0, fi=md, fz = mA
Solving equations (19) for the unknowns 4, 4’, B, B’, C, C' we obtain,

A = — g — Dot (@fs—asf)
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A = aydrfs — dafs) — di(asfs — a3 f2) .21
1 o
3(r
and 2(17)r =5 E wfo(ar) da
0

Knowing the values of @*, ¥*, I'* we are in a position to calculate the stresses and
couple stresses in the entire elastic space.

Particular Case

When there is no effect of couple stress the material constant ¢ = 0 and
consequently, we set A; = A, = v/, in the solutions (15) and (16), then proceeding as
above we obtain,

I i N N
A= =G T @
(22
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The results are in fair agreement with the classical elasticity.
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