Proc. Indian natn. Sci. Acad., 56, A, No. 1. 1990, pp. 33-38.
© Printed in India

CLOSED FORM SOLUTION TO A COUPLE STRESS BOUNDARY
LAYER FLOW PAST A STRETCHING SHEET

S N MAITRA

Mathematics Department, National Defence Academy,
Khadakwasla, Pune-411023, India

(Received 30 March 1989; Accepted 26 May 1989)

An analytic closed-form solution is sought to a couple stress boundary layer flow
of fluid past a stretching sheet. The similarity transforms compatible with a set of
physically significant boundary conditions have been set forth with a view to obtain-
ing a similarity equation that governs the fluid flow. This governing equation becomes
an ordinary fifth order non linear differential equation, which is solved in closed form
subject to the cited boundary conditions for any value of the stress parameter. Final-
ly the effects of the stress parameter on the flow velocity and frictional force have
been discussed.
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INTRODUCTION

INDUSTRIAL products of plastic flows and sheets of synthetic materials are concern-
ed with problems of viscoelastic boundary layer flow past a stretching sheet. Bujurke
and Biradar' dealt with a problem of boundary-layer couple stress flow past a stret-
ching sheet taking into consideration zero pressure gradient and a set of boundary
conditions together with the corresponding similarity transforms. They obtained a
fifth order ordinary nonlinear differential equation governing the couple stress flow
and attempted to solve this equation subject to the prescribed boundary conditions
by use of perturbation technique. But their final solution to the problem has been
found by the present author to be erronous. This can straight away be verified by
the fact that their solution! does not at all satisfy the aforesaid fifth order differen-
tial equation.! Therefore, the main objective of the present paper is to put forth the
exact correct solution to the problem. Besides this, it has also been established herein
that such a type of boundary layer, partictlarly, couple stress flow past a stretching
sheet, governed by the same type of fifth order nonlinear differential equation coupled
with the same nature of boundary conditions for the similarity function is due to
a set of unique conditions of flow at the boundary.

FORMULATION OF THE PROBLEM

A steady two-dimensional flow of couple stress boundary layer is produced past a
rectangular sheet stretched by two equal and opposite forces keeping the origin fix-
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ed. The relevant equations of boundary layer flow with couple stress, as written by
Bujurke'-? and his coauthor, is rewritten as
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where u and v are respectively, the components of the fluid velocity in the longitudinal
and transverse directions defined by the x- and y- axes respectively, v the kinematic
viscosity, o the material constant concerned with the couple stress and p the fluid
density. In a bid to investigate what kind of boundary conditions and similarity
transforms should occur for such a viscoelastic flow, we in general take the similari-
ty transform in the form

n = yo(x), ¥ = Flx)f(n), ..(3)

where ¢ and F are functions of the x-coordinate and the stream function v is a func-
tion of both x-coordinate and nondimensional y-coordinate 5. Recalling the defini-
tions of the stream function
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equation (2) is reduced to the form
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wherein using (3) we get
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where the prime indicates a derivative with respect to 7.
In order to obtain the same form of the fifth order non-linear differential equation
f/// +ff// _f:Z - Kf‘\ .(7)

as obtained by Bujurke! and his coauthor we need by comparison between (6) and
(7) the relationships:

vF$® = FF'¢? = (F'¢ + Fo') Fb = oF$°/ (oK) ..(8)
which lead to

¢ (¥) = (Kvp/0)” and F (x) = ¢ (x) vx (9
which in consequence of (3) yield

1 = (Kvp/a)” y and ¥ = x (Kvp/0)" uf (n), ...(10)

where K is a constant called stress parameter to be evaluated later from the boun-
dary conditions; because of (3), (4) and (10) the velocity components become
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u = x (Kv’p/0) f'(n) and v = - (Kvp/0)" vfin) (1)
which must be congruent with the following boundary conditions

u=uyx, v=0 at y =0

u—-0a y=o, uy <o ...(12)

where u, is the fluid velocity at the point (1,0).
CLOSED FORM SOLUTION

In an attempt to solve (7) analytically subject to the boundary conditions (12) let
us try with

S =A + Be” ..(13)
as a solution to the equation
ST+ M- =00, ...(18)

where A and B are constants and which is due to dropping of the stress term from
the righthand side of (7).

1t is observed that (13) satisfies (14) provided 4 =1 in that the former reduces to
S =1+ Be™ ..(15)

In view of (7), (14) and (15) it is pertinent to speculate that the solution to equation
(7) may be obtained in the form

S@ =1+ Be™ + K¢, () ...(16)

whereupon it is observed that ¢, (x) must satisfy a fifth order ordinary non-linear
differential equation

¢” + (1+Be™ ¢+ 20+ ¢)) Be™ + K(¢i¢i~¢1’- ¢1)+Be™ = 0 ..(17)
Resorting to the foregoing technique, we see that
¢ = -(1 + Be™ ...(18)

stands as a solution to equation (17). Hence, in consideration of (16) and (18) the
complerz solution to equation (7), consistent with the boundary conditions (12) render-
ing B= - 1, becomes

S =U-K(A-eT) ...(19)
converting aforesaid conditions into the form

f© =0,/0) =1-Kand f'(x) = 0 ...(20)
Using the second of (20) in the first of both (11) and (12) we have

u; = (K/pr¥0) (1 - K), ..2D

which gives only one positive value of K resulting in the unique solution to the similari-
ty equation (7) for ¥; < 0 such that
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1 du/o \*
K= {1 + (1 - :V2°> } (22)

SIMILARITY EQUATION WITH PRESSURE GRADIENT

If there exists in the couple stress flow a pressure gradient proportional to the
longitudinal distance x, instead of being zero, then

oP
ax

i.e., the right hand side of equation (2) will include the term p3 (Kv?/0)? x so that
equation (5), with the help of (9) to (12), becomes

"+ 1= = Kf, .49

which has no alternative to a numerical solution subject to the boundary conditions
(20).

= - p? (Kv¥/0)? x, ...(23)

DISCUSSION AND CONCLUSION

Bujurke! and his coauthor made an attempt tq analytically solve the present pro-
blem of couple stress flow by perturbation method for some values of the material
constant for a non-Newtonian fluid. Their similarity solution for the stream func-
tion f{(n) does not satisfy the fifth order non-linear ordinary differential equation
though it satisfies all the boundary conditions which are also assumed by them to
be independent of the material constant. Moreover, their technique of solving the
fifth order differential eqution in stream function remains intangible. In the present
paper, the complete solution to the same problem of couple stress flow subject to
some modified boundary conditions has been obtained. It is observed that these boun-
dary conditions unlike previous analysis! are not independent of the material cons-
tant. The technique evolved in the present analysis does not call for resort to any
approximation/perturbation method for the solution nor does it restrict any limita-
tion for the values of the material constant. It can also be noted that boundary con-
ditions have been made herein relevant and amenable to the similarity solution by
making one of them linearly dependent on the material constant. The similarity solu-
tion obtained in closed form in the present quest duly satisfies the governing fifth
order differential equation of flow and the modified boundary conditions. It can be
pointed out that such a similarity equation of couple stress boundary-layer flow ex-
ists if and only if the longitudinal flow past the stretching has a slip with the velocity
proportional to the longitudinal distance and has zero pressure gradient or a non-
" zero pressure gradient proportional to the longitudinal distance. However, the closed-
form solution to this kind of similarity equation is possible for zero pressure gra-
dient subject to the prescribed boundary conditions.

It is interesting to note that the governing equation of the boundary-layer flow
for viscous Newtonian incompressible fluid past an unstretched sheet moving with
velocity.
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U= Ux
can be given by
T -7 =0,
where the relevant boundary conditions
Uu=1ux, v=0 aty =20
u—20 asy — o, uy < 1
reduce to the form
SO =0 f(0) =1, fi(x)=0.
Owing to the similarity transforms
u=uxf'(n, v=-(vu)"fln

with the similarity variable

I

1= (-u/m’y

uy being a constant, viz, the longitudinal velocity at x=1.
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The solution to the third order non-linear ordinary differential equation (26)

subject to the boundary conditions (28) is

Sy =1-em,

..(31)

The components of the fluid velocity in the longitudinal and lateral directions
past the sheet can be determined easily by use of (10), (11), (19) and (22) in the former
case of non-Newtonian fluid motion and by use of (28) to (31) in the latter case of

Newtonian flow.

The shear stress, for the couple stress flow, on the wall is

Because of (10), (11) and (19) this becomes
Ty = u; (1 - K)? (Kvp/0)¥? v? x
and hence the dimensionless shear is
¢ = T xuit Keo/o)P = (1-K)?
whereas in the aforesaid Newtonian case, it becomes
¢=1.
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