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GENERATION OF SH-WAVES FROM A MOVING STRESS
DISCONTINUITY IN A VISCOELASTIC HALF SPACE
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The generation of SH-waves from a nonuniformly moving stress discontinuity in a
viscoelastic half space is considered. The problem has been solved using Laplace and
Fourier transforms. The inversion is done using integral representation of Bessel Func-
tions. Results for uniformly moving discontinuity have also been derived. The graphs
have been plotted for different cases and are compared with the graphs of elastic
half space.
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INTRODUCTION

THE seismic pulse has been known to broaden as it travels inside the earth. This in-
formation which we know as a property of viscoelastic absorption, has never been
put to potential use. If the theoretical knowledge of wave propagation in viscoelastic
half space is properly understood, it would be possible not only to interpret the seismic
records properly but also to obtain some idea of the nature of the various rock-types
which the pulses have travelled.

Since the classic paper of Lamb' there has been a lot of work on source pro-
blems in seismology. Freund? has studied the response of an elastic half space to
non-uniformly moving surface loads. Mittal and Sidhu? have studied the generation
of SH-waves for a nonuniformly moving stress discontinuity in a layrered half space.
Mittal® has studied the generation of P-SV-waves due to a nonuniformly moving
buried line source. Mittal® has studied the generation of P-SV-waves due to a finite
line source moving nonuniformly over the surface of an elastic half space.

The problem of moving load on an infinite elastic beam has been solved by
Flugge.® A little work seems to have been done on moving source problems in
viscoelastic half space. The problem in this paper deals with generation of SH-waves
from a nonuniformly moving stress discontinuity in a viscoelastic half space. The
discussion is of interest in seismology, engineering science and geophysics.



128 J P MITTAL

GENERAL THEORY

Consider a viscoelastic half space having density p. Let a shearing stress discontinuity
occur at the instant f = 0 at a dépth 4 below the free surface, along the line
x = 0, z = 0 and then start moving along x-axis. The discontinuity remains uniform
along a line parallel to y-axis, but the intensity may vary with time according to g(¢).’
The co-ordinate axes are chosen as shown in Fig. 1. Let us suppose that the plane
z = 0 divides the half space into two regions R, (- h < z < 0) and R, (z = 0).
The stresses and displacements in the regions R, and R, will be denoted by suffixes
1 and 2 respectively.

Ry

{——» Direction of Motion

R2

oy
-

FiG 1 Viscoelastic Half Space Model
Since only SH type of motion is considered, the only non-zero component of
displacement is v along y-axis.
The equation of motion to be satisfied is

v (1) . 90
ar? ax oz '

where 7, and 7, represent the shearing stresses and for a standard linear viscoelastic
solid are given by the relations:

a ad av
1 + — = 1 + f—— ) — (2
( mar)T” “( " at> ax @

a\ . a\ av
1+ m— = 14+ m-—) —, ...(3
( mat>,7’z “( m a:) 3z ®

where m is the relaxation time under constant strain or relaxation time, m’ is relaxa-

(1)

and



SH-WAVES FROM A MOVING STRESS DISCONTINUITY IN A VISCOELASTIC 129

tion time under constant stress or retardation time, (m’ > m) and u is an elastic
modulus. The boundary conditions of the problem are: -

(a) Continuity of displacement along z = 0, i.e.,

v = v, atz = 0. ...(4)
(b) Stress discontinuity at z = 0, given by

(11 - ()2 = 80 6 [x - 1)}, H(t),at z = 0

= fix, 1), atx = 0. -..(5)
(¢) Vanishing of stress at the free surface
(yh =0,z =-h, ...(6)

where x = /(¢) is a continuous and monotonically increasing function of time such
that / (0) = 0. As / (f) is monotonic increasing function, there exists a monotonic
inverse function ¢ = 5(x) such that

I{n(x)] = xand 9 [/ ()] = . .(7
By differentiation
UInn'x) = L,g'T@O11°@) = 1, ...(8)

where primes denote derivatives with respect to the arguments. Obviously

dx
— = [’(#) is the load speed at ¢, and — =
dr dt 7’ (x)

is the load speed at x.

Assuming that the medium is at rest prior to the instant t = 0 and applying
Fourier and Laplace transforms to equations (1) to (3), we obtain

) d
p stV = ith(ry) + . (L(7,)], .9
LGy = M) kY ..(10)
1+ms
and

. (N+m’'s) dV
[ Y _ ...(11
(72) 1+ms dz an

Simplifying equations (9) to (11), we obtain a second order differential equation

2 2
_‘?_TV_[2+£_5_QL'ES_),]V=0 ..(12)
dz u(l+m'’s)

to be satisfied by V.
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Since V, — 0 as 7 — o, the appropriate solutions of this differential equation

are:

=
f

-~
I

where A, B, C are function of £ and s,

and

(o [0 2800m )

u(1+m’s)

Taking Fourier and Laplace transforms of the boundary conditions (4) and (6)
the equation (3), we can obtain

Vz“—-‘ Vz,atz=0,

1+m’ dv 1 ’ dv i
m's vl_p(+ms) v2=Fatz=O
1+ ms dz 1+ms dz
and
1+m’s dv
M3 N o, atz = -h,
1+ms dz
where
o
F = S £ (p) e e dp,
0

E@ =@

Using the values of ¥; and ¥, from (13) and (14) in (16) to (18), we get

A+B = C,
F 1+

“A+B+C = — 1
H, l+m’s

A = B e %,

Solving equations (20) to (22), we get

P S F  l+4ms

1
2 e 1+m's

Ae + Be™ -h < z <0,

Ce™ 7 =0,

(13)

(14)

15)

and

...(16)

.(17)

...(18)

...(19)

(20)
(21)

(22)

(23)
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o
p- L E ltms .24
2 p, 14+m's
and
1 F 1+
C= — (+ey L T ..(25)
2 u, 1+m’'s

Substituting these values of 4 and B in (13), we get the transformed version of v,
everywhere in the layer, -h < z < 0. To evaluate the surface displacement, we put
z = -h in this transformed version and obtain

>

i/l (f’ —hv s) = g

0

£(p) e P et e | v ms

...(26)
Hy 1+m’s

INVERSION OF INTEGRALS

Taking Fourier inverse of (26), we get

N 1+ Coeteltr
Vo s) = — | f @ e 27 gp i £ E 7 e gg
21 1+m’s ] a
0 0
_ L 7)) e-S‘n(P) _llni d “ d
- 1+m,sP . cos £ (x - p) d§
0 0
...(27)
Employing the result
C—OSE_X_ e‘h \/?2+ EZ
Vi, g2 o df = Ko (§, x*+h?), .(28)
0 0
where

K, is modified Bessel function, we get

- 1 1+ms rog s 1+
V, (-hs) = — | ¢(p)e® S ko (22 2T ap, 29)
U l+m’s B 14+m’s

where

r=J(x-p)’+h? and 8 = / Ly .(30)
p
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Employing the result
K (2 = g €72 cosh »f dt, .31
0
where K(z) is modified Bessel Function, in equation (29)

1+ms | (/) cosh o swis) de, ...(32)

1+m's

c=,]"-8 ...(33)
m

wis) = /M . ..(34)

s+(1/m) Y

The substitution

Vi (x,-h, s) = rl—# j ¢ (p) eP
0

QL’JS

where

L coshb =1 ..(35)
e

in (32) gives

ao

~STW(S)
Vi (x,-h,s) = Q js (p) e Cl +—‘L) dp S ¢ d7, ...(36)
0

s+ (1/m) \/12—(r2/c'2)
where e
Mo mom_ 11 .37
mm’ m m’
and
m
Q= - . ...(38)
m’'xp

For finding response near the arrival of the wave front, we fitst expand w(s) in
descending powers of s.

+(1/ M 1
st/m) 1+ Z + higher powers in — ...(39)
s

M) = Tmy

Hence, for very large s, if we retain only the first two terms in (39).

swis) = 5 + —.
(s) 5
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Thus
~ris+M/2)
P M oty _ oy M T ...(40)
s+(1/m’) s+(1/m")
Using the above result in (36)
) r v oS M1/
V, (x,~h,s) = d . dr
0 ric
r O erslera) g-Mir2
+ M d dr. ...(41
QS”’” p§s+(l/m’)\/?7:fp7?) 7 “h
0 ric

Taking Laplace inverse, we get

oo o

-M1/2
vikx, - h, ) = d —_— 5 - {t-7- d
0 r/'c .
s 3 -M1/2 - {t-1-1 ()}
+ M dp.| =———=e ™ H {t-1- a
0 e .(42)
Using substitution property of Dirac-delta function
This gives
41 (x, - h, t) =V + Vi, .(43)
where
o o-M/2) [t-n(p)
vy = W) dp, 1 =2 T (p) ...(44) .
Y mm g Jem@))? - *rh
]
0 Lt < T()
L_
. - e (1/2) (M-2/m")
Mm e—(/m’ , e -2/m’
= nip)/m .
vp = | ———— e d dr,t 2 T (p)
12 e, Xﬁ'(ﬂ) PS TS
0 e 1< T

...(45)
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2
T0) = 1) + = = n(p) + ———~—————(’"’C’+" ..(46)

This completes the inversion process. The range of intergration over p in (44) and
(46) will, in general, be finite, because for a given ¢ and a fixed point (x,~A4), the con-
dition ¢ = T(p) will restrict the values of p. 1t should be noted that the results are
valid for r = T(p)+ €, where € is small and p is in the neighbourhood of any fixed
value of p. Strictly speaking, the integration over p cannot be carried out because
for different values of p, ¢ will also vary. If the t4s differ too much for different
p’s, the results will not be valid for iategration. Integration can, however, be carried
out in the neighbourhood of any fixed value of p.

If wetake x = Ut = [ (f) or t = x/U = n(x), we get the case of a uniformly
moving discontinuity moving with velocity U. The results for a moving discontinuity
in an elastic half space may be obtained by taking m = m’. In the next section, we
shall discuss the above results for a uniformly moving discontinuity.

UNIFORMLY MOVING DISCONTINUITY

If we take
g =1 ...(47)
p
and g5(p) = —, ...(48)

U

we get the case of uniformly moving discontinuity moving with velocity U. We now
discuss three important cases.
Subsonic Case

Taking U = 2km/sec, C = 4km/sec and 2 = 40km, the first arrival will come
at 7(0) sec.

The graph of v, vs. x has been plotted in Fig. 2, for different values of M. The
graph for M = 0 is for elastic half space. The growth of displacement with time for
x = 40km. has been shown in Fig. 3.

Supersonic Case
Taking U = 8km/sec, C = 4km/sec and h = 40km
for x < 23.09401 km the first motion will arrive at 710),
t = T(0) + .001 sec.

For x = 23.09401 km, the first motion will arrive at 7(x-23,9401). We take
t = T(x-23.09401) + .001 sec.

The graph between x and xpu v, has been plotted in Fig. 4, for different values
of M. The graph for M = 0 is for elastic half space. We note that there is very little
decay in the amplitudes of the first motions of the match wave.
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Sonic Case

Taking U = 4km/sec, C = 40km/sec and.h = 40km, the first motion will
arrive at 7(0). We take 1 = T(0) + .001 sec.

The graph between x and #u v has been plotted in Fig. 5, for different values
of M. The graph for M = 0 is for elastic half space.
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