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The phenomenological properties of antiferromagnets have been explained by
calculations based on the Néel states. This was surprising as the Néel states are
not eigenstates of the Heisenberg Hamiltonian. A one-dimensional spin-# quan-
tum antiferromagnetic model with explicitly known ground state wavefunctions
was found by the author sometime ago. The ground state wavefunctions are
called resonating valence bond states in analogy with Pauling’s idea of resonance
in molecular states. Suggestions for better interpretation of the experimental re-
sults can be given from this model. The work has led to new investigations of
quantum antiferromagnets and has helped the theories of high temperature su-
perconductors and of some polymers.
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Introduction

Magnets were known and used in many countries from very ancient times'. The
ancient Greeks found lodestone in the province Magnesia (the countryside sur-
rounding the town Manissa in Turkey near the Aegean sea?) and noted its direc-
tional properties. In China, the magnet was used to make a compass and find the
direction South?, It is said that a large magnet was utilized for the levitation of the
principal deity in the Sun Temple at Konarak in Orissa®. The material for these
uses was primarily magnetite, the ferroso-ferric oxide of iron Fe;O,. In modern
parlance, this is a ferrite and the magnetic phenomenon is ferrimagnetism. We
shall, however, concentrate on a simpler phenomenon called antiferromagnetism.

Magnets attract iron and induce the property of attraction in iron. The mea-
sure of the ability to attract iron is magnetization M. An external magnetic field can
change magnetization, and the rate of change of magnetization with the field gives
susceptibility® x. From room temperature measurements of x, Faraday classified
all substances into three categories: (i) paramagnets, x positive and of the order
10~* emu; (ii) diamagnets, x negative and of the order 10~¢ emu; and (iii) ferro-
magnets, x positive and rather large, and with spontaneous magnetization, that is,
magnetization without an external field. A Frenchman P. Curie and an Englishman
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Nicholson started the systematic measurement of susceptibility with varying tem-
perature. In paramagnets susceptibility varies inversely with temperature 7,

x=C/T. {1

This is called Curie’s law. For ferromagnets, a modified law called the Curie-Weiss
law was proposed, i.e.,

x=C/T-T). . (2)

So xtends to infinity as Tapproaches T, from above. T, is called the Curie temper-
ature or the critical temperature. Below T the ferromagnet is spontaneously mag-
netized.

Fig. 1 shows the plot of the susceptibility of a paramagnet and a ferromagnet
against temperature. If the inverse of x is plotted against 7, according to eq. (2), a
straight line may be the result with the point of intersection on the positive T-axis
giving T.. More recent accurate data show slight departure from linearity and
x ! =(T— T.),where yis a critical index. The actual transition temperature 7; is
less than T. The problem of critical indiees has only recently been understood
through renormalisation group calculations®.
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Fig1 Schematic diagram of susceptibility x and its inverse for (a) paramagnets and (b) ferromagnets
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For many common substances, e.g, MnO, MnF,, FeCl,, the susceptibility
measurements yield quite a different behaviour’®. At high temperature we have a
modified Curie-Weiss law

x=C/T+ ). ... (3)

The intercept from high temperature inverse x would lead to a negative transition
temperature. The transition temperature 7y as determined from thermodynamic
data like specific heat singularity is not related to € in any simple way (Table I).
There is no spontaneous magnetization. In single crystal measurements, aniso-
tropy is found in susceptibility. The perpendicular susceptibility remains large and
finite, but the parallel susceptibility diminishes rapidly. In polycrystals susceptibil-
ity goes through a maximum and approaches a finite value at low temperature
(Fig. 2). This is the phenomenon of antiferromagnetism.

Table I
Data for typical antiferromagnetic crystals

Substance Paramagnetic Ty Curie-Weiss 6 X0
Ion Lattice K 6(K) Ty x(Ty)
MnO fec 116 610 5.3 2/3
MnS fee 160 528 33 0.82
FeCl, be tet 79 117 1.48 <0.2
MnF, rutile 67.34 80 1.19
X
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Fig2 (a)& {c)Susceptibility and its inverse for a typical antiferromagnet; (b) Van Vleck’s calculation
of x in the molecular field approximation
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Quantum Mechanical Development

With the development of quantum mechanics, Heisenberg identified the origin of
ferromagnetism in exchange forces’#°. The Coulomb interaction between two
electrons is repulsive. In many electron problems, this gives rise to a two-body in-
teraction of electrons (‘direct interaction’), where the charge densities associated
with the two electrons can be thought of as classical charge densities. The quantum
mechanical description of a many electron system must take cognizance of the
identity of electrons, and two electrons may interchange places without altering
the many electron probability density. (The wavefunction is antisymmetric and
must change sign!) This gives rise to forces (‘exchange interaction’) which will de-
pend on the spins of the electrons because the interchange of electrons involves all
the electron coordinates including spin. Based on the exchange forces, Heisen-
berg, Dirac and Van Vleck proposed an effective Hamiltonian for magnetic sys-
tems

" 2;,-1"5’ S . (4)

ity

S, is the spin operator attached to the site i The description is good for systems
with localized magnetic moments. J; is the exchange integral®. Its calculation from
first principles is a rather difficult task, but as it involves the overlap of wavefunc-
tions at different sites, J; falls off very fast with increasing separation of the sites i
and j. For most cases it is enough to consider only the nearest neighbour coupling
and treat J as a phenomenological constant. Then the Hamiltonian becomes

H=2J ) S:S, . (5)
<if>

The angular brackets < > imply that only the nearest neighbour coupling is to
be considered. Eq. (5) is the Heisenberg Hamiltonian. The energy depends on the
scalar product of the spin vectors and is rotationally invariant. Eq. (5) describes
ferro- or antiferromagnetic according as J is negative or positive, respectively.
When the magnitude of spin varies from site to site—for example, in Fe;O, two
species of ions Fe** and Fe** exist—eq. (4) describes ferrimagnetism.

Heisenberg assumed J to be negative and arrived at a theory of ferromagnet-
ism. The lowest energy state in this situation is obtained by having all spins paral-
lel: 7= Sfor all i The wavefunction is thus easy to write down. If z is the coordina-
tion number, the number of the nearest neighbour bonds is 4+ Nz. Thus the
ground state energy is E, = NzJS2.

The exchange integral calculated in the hydrogen molecule turns out to be
positive, and there are arguments to show that usually J will be positive for direct
exchange®®. The ground state of the hydrogen molecule is of spin zero and there-
fore nonmagnetic. Néel, Landau and Van Vleck constructed a description of an-
tiferromagnets for positive Jin (5)!°. The energy of any pair is lowered for positive
Jif the spins are antiparallel, S;= Sand §;= — S or vice versa. The number of such
pairs can be maximized by choosing a bipartite lattice, that is, a lattice which can
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be broken up into two sublattices such that the nearest neighbours of a site on one
sublattice lie on the other. A linear chain with the even and odd sites forming the
two sublattices is a bipartite lattice; so are the two-dimensional simple quadratic
lattice, the three-dimensional cubic and body-centered cubic lattices. The ground
state energy in such a lattice is given by E,= — NzJS2. The Néel arrangement of
spins is schematically shown as

titit. andititi ... (6)

These are the Néel states. Similar up-down pattern can be visualized in higher di-
mensions. To stabilize such an arrangement, a ferromagnetic intra-sublattice inter-
action is sometimes added to the Heisenberg Hamiltonian.

Van Vleck calculated the thermodynamic properties of antiferromagnets in
the molecular field approximation based on the Néel picture and reproduced the
main features of the susceptibility data. The neutron diffraction experiments on
antiferromagnets supposedly give ‘spin arrangements.’ In a typical antiferromagnet
MnO the spins in two adjacent 111 planes are antiparallel (Fig. 3). The spin wave
theory based on the Holstein-Primakoff transformation describes the excitations
in ferromagnets as well as antiferromagnets. The transformation is applied to each
sublattice and antiferromagnetic spin waves are calculated on the basis of the Néel
states.

Fig3 Spin pattern obtained by neutron scattering in MnO
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The Antiferromagnetic Puzzle

The spin wave theory is an expansion in 1/2S, so the results are valid for large
spin, $— ©; in practice the spin is 7/2 in Eu. The expansion cannot work for
S§=1/2; this limit is denoted as the quantum antiferromagnet.

The trouble is that the Néel states are not even eigenstates of the Hamiltonian
(5) and cannot describe any stationary state of the system. They break the rota-
tional and translational symmetry. Anderson has discussed how the broken
symmetry situation might arise, particularly through anisotropy which is always
present in a real crystal®!.

A detailed analysis of the entire problem leads to the following questions!?:

(1) What can be said about the exact ground state wavefunction of the Heisen-
berg antiferromagnet?

(ii) Could we find a quantum antiferromagnet with a simple ground state?

(iii) How does one interpret the neutron diffraction pictures, as the Néel states
have no validity?

(iv) Is there any ‘broken symmetry’ in the Heisenberg antiferromagnet?

The ground state wavefunction for the three-dimensional Heisenberg antifer-
romagnet is not known; we shall describe some known results. There is, however,
a one-dimensional quantum antiferromagnetic Hamiltonian for which the ground
state can be explicitly written down; this is called the Ghosh-Majumdar Hamiltoni-
an now-a-days. It is suggested—but not conclusively proved—that the correlation
functions measured by the neutron scattering experiments'* may have the Néel
structure even though the ground state wavefunction is more complicated. It ap-
pears plausible that the broken symmetry need not be invoked for describing the
Heisenberg antiferromagnet.

Exact Results

Failure to solve (5) in three dimensions has led to the study of simpler models. The
most important case is the isotropic linear chain:

N
H,=2J ) S;:S,,, (7

i=1

(N even; periodic boundary conditions N+1=1; |S|=3). The magnitude of the
total spin and its zcomponent

N N
S=ZS,-, Sz=zsf (8)

i=1 i=1

are constants of motion. The ground state is given by the celebrated Bethe
Ansatz!*. Another model solvable by the same method but incorporating aniso-
tropy is the longitudinally anisotropic linear chain!> (or the XXZ model):

N
HXXZ=2JZ[a(SfSi:l+S¥Sizl)+sisifl] .. (9)

i=1
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The fully anisotropic XYZ model has been solved by Baxter!¢ by a mathematical
tour de force:

N
Hyyz=2 2 [0, 8785+ 1,878, + 0,85 8.4) ... (10)
The limit a=0 in (9) leads to the Ising model'’. Then dynamics disappears from
the problem, but it is of immense interest in statistical mechanics and the investiga-
tion of critical phenomena.

1. One-Dimension

For the linear chain (7) Hulthen’s calculation shows that the ground state oc-
curs in the S, = 0 subspace, has total spin §= 0 and is unique'®. The structure of the
Bethe ansatz is quite sophisticated. Consider first the fully aligned state, say, all
spins down; this is an eigenstate of (7) with S,= —3 N. We turn now rspins up at the
sites m,, m, ....., m,. The wavefunction is written as y (m,, m,, ..., m,). An eigen-
function in the §,= —3 N+ rsubspace must be a linear combination of such func-
tions:

W=Za(ml’m2a seey mf)w(ml’ m2’ ey mr) A (ll)
{m}

Each of the numbers m,, ..., m, runs over the possible values 1 to Nsubject to the
condition

m<m<..<m, ... (12)
This gives the correct number of states. Bethe’s ansatz postulates the form of a:
< 1
a(m,, .., m,)=) exp ll[ > fox mk+5 2 ¢Pk,Pll } .. (13)
P k=1 k<!

The sum over P means a sum over all the r! permutations. Each term in (13) has
plane waves scattering against one another; for each pair of plane waves we have a
phase shift g, . The sum over permutations indicates the Bosonic nature of the
waves, ‘the spin waves’, running along the chain. The ansatz works because there
are just enough equations to determine the wave vectors f; and the phase shifts
#:/°. The ground state energy in the limit N— o is computed by finding the dis-
tribution function of the wavevectors. Through this distribution function the wave-
function is known only implicitly. The uniqueness is clear from the unique choice
of the ; Nwave vectors in the ansatz for the antiferromagnetic ground state.

The space-time correlation functions < 8%, , () ¢ (0)> have been numerical-
ly studied by Carboni and Richards!®. The normalization of the wavefunction in
the Bethe ansatz has not been calculated and so the static correlation functions
< 8%, , 8> in the ground state has not been calculated for the linear chain. Only
87 S, ,>, related to the ground state energy, is exactly known. From numerical
computations of Bonner and Fisher?? it has been estimated that there is no long

range order
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.
M ocsis, > =0 ... (14)

n—

The short range order oscillates in sign, as expected for antiferromagnets, and we
get

4 <8578i>=<0{0;> = —0.591,
4 <85i8i>=<o{g;> =025,
4 <8§i8i>=<gig;> =-0.19,

4 <S{8i>=<gjo:> =0.15,etc.

In contrast to the quantum limit, the classical limit S— o is rather easily calcu-
lated?!. The Hamiltonian for N + 1 atoms, each of spin S, in a magnetic field B is

N N
H=-2J5S:S,,—-8B> S, ... (16)

i=0 i=0

The ground state energy for the ferromagnetic case (J, <0)is

Ey,=-2J, S N—-(N+1)gBS ... (17)
For taking the §— < limit, we put
2J8*=3J,85=1g ... (18)
and introduce the operators S;=S/S. The commutation rules become

. 1
sj‘-s;—sfsj‘:igs;, ... (19)

0 that in the limit §— < the operators commute. The zero-field partition function
and the spin correlation functions are for the antiferromagnetic case (J positive)

Zy—(sinh K/K )V ... (20)
and
<& 8% ,> = (=1 u(K> ... (21)

where u(K)=coth K—(1/K), K=% J/kzT. The factor (— 1)/ makes the spin
correlation function oscillate in sign; in the zero temperature limit we get the Néel
pattern.

2. Three-Dimension

Some exact information is known about the three dimensional Hamiltonian
from the work of Peierls and Marshall?? and Lieb, Schultz and Mattis?3. The total
spin and its zcomponent are constants of motion. Now

N 2 N LN
sz=(}j s,) =3 8i+23S;-S;
i=1

i=1 i<j
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or

LN N
2)'S;-S,=8-3 si. ... (22)
i<j i=1
Since §?=5(5+ 1) and S can have values 0, 1, 2, ... (N even), the eigenvalues of
(22) are arranged in an increasing sequence. The lowest energy comes from S=0.
This ground state wavefunction can be shown to be not orthogonal to that of the
Heisenberg Hamiltonian, which consequently must have S=0 in the ground state.
Peierls and Marshall have shown the nondegeneracy of the ground state. It is

N2
Then their coefficients with a factor taken out are found to be all positive. (This
factor is (— 1), where p, is the number of spins on one sublattice for the state
|#4> ). Hence, the spin-0 ground state is unique.

N
shown that all the (—) states in the S,=0 subspace occur in the ground state.

Antiferromagnetic Model with Known Ground State

The ground state of an antiferromagnetic Hamiltonian studied by Majumdar and
Ghosh?4?5 can be explicitly written down. The Hamiltonian is

N N
HGM=2-IZS."S:‘+1+JZS."S.‘+2 ... (23)
‘ i=1 i=1
with N even and periodic boundary conditions (N+ 1 =1, N+ 2 = 2). The usual
singlet spin combination of the up spin function a and the down spin function fis
given by

[m, n]= a{m) B(n)— B(m) a(n). ... (24)
We now construct the states

¢, =[1, 2](3,4][5,6] ....[N— 1, N], ... (25)
¢, =12, 3][4, 5116, 7] .....[N, 1]. ... (26)

We write (23) in terms Pauli spin matrices 0, as

1 X
HGM=EJZ - a.«+1+7412 g0,

1 X 1 Y 3
= -Elg(l—m- ai+1)-zli§(l—ai~ Gi2)+ 7 IN .. (27)
Now we utilize the following relations
(m, Aj= —[n, m],
Y1-0,- a,)[L m=2[, m],
(1-9,- 0,)[k )[m, n)=[L m][n, k],
[k, 0][m, n]+ [k, m]|n, [} +{k, n][{, m]=0 ... (28)
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The first is the antisymmetry of the singlet state. The second and the third come
from the properties of the projection operator ; (1 — 0, 0,,). The last is a relation
from group theory; for four spins 1, 2, 3, 4 there are two linearly independent spin
zero combinations given by the standard Young tableaux

1 3 1 2
2 4 3 4

A third possibility 5
1

4 3

is not allowed and must be expressible linearly in terms of the allowed ones.
By direct calculation we now get

HGM¢1=-%NJ¢17HGM¢2=_%NJ¢Z ... (29)

¢, and ¢, are thus eigenstates. Also by the well-known Rayleigh-Ritz variational
principle we have the upper bound to the ground state eriergy E:

E,<-31NJ ... (30)
The lower bound inequality
E,2-1NJ ... (31)

was proved by J Pasupathy'®2?. Thus we have explicitly constructed the ground
state wavefunctions (25) and (26) of the antiferromagnetic Hamiltonian (23).
We form now the combinations

radl SR |
¢ —ﬁ(¢1+¢z),, ¢ ﬁ(¢l #). ... (32)

The correlation functions for ¢ * and ¢~ can be calculated easily (Table II). For
any finite N, the order settles down quickly to an alternating function—exactly
what is expected from the Néel states, although the ground state wavefunctions are
very different. The long range order is evanescent, and as N— © the nearest
neighbour order alone remains nonvanishing and antiferromagnetic. In that limit
the model represents a quantum spin liquid. The model, however, has off diagonal
long range order (ODLRO) in the four spin correlation functions?S.

The states ¢, and ¢, are not translationally invariant. If T'is a translation oper-
ator for unit displacement, we have

T¢=¢. T4.=¢ -+ (33)
Note, however, the states ¢* and ¢~ are eigenfunctions of the translation operator
T =¢*, T¢ " =—¢". ... (34)

The ground states do not break rotational or translational symmetry. Also they be-
long to k = 0 or k = &, where k is the wavevector associated with the eigenvalue of
the translation operator. Only the energy eigenvalues are equal; in a sense due to
Herring, these states should not be called degenerate.



RESONATING VALENCE BOND STATES IN ANTIFERROMAGNETISM 311

Table Il
Spin correlation functions in ¢ * and-¢~

$* $

No of spins 10 12 10 12

<& o> -0.467 -0.516 -0.529 -0.484
<d o> -0.067 0.030 0.059 -0.032
<da> 0.067 -0.030 -0.059 0.032
<da> -0.067 0.030 0.059 -0.032
<d o> 0.067 -0.030 -0.059 0.032
<> 0.030 -0.032

We may conclude that the observation of the Néel type correlations does not
say much about the ground state wavefunction and does not require ‘broken
symmetry’ in the ground state. This is suggestive—but does not prove—that the si-
tuation in the three dimensional case may be similar.

Resonating Valence Bond States

We may now explain the name ‘resonating valence bond states’. Pictorially we can
represent a singlet pairing (24) by drawing a line joining the sites paired. The states
¢, and @4, can be shown as in Fig. 4. The system resonates between these states of
equal energy, just as in Pauling’s picture of resonance in molecules?’. Hence ‘he
name ‘resonating valence bond (RVB) states’ for ¢, and ¢..

3
3
o
s
3

6

Fig4 Pictorial representation of ¢, aﬂd ¢, — the resonating valence bond states

Recent Developments
1. Quantum Antiferromagnets

Since the work on (23), several examples of solvable quantum antiferromag-
nets have been found?®?°. Such work starts from the observation that (27) is a sum
of projection operators. Affleck, Kennedy, Lieb and Tasaki’® have shown that the
S = 1 antiferromagnet
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H=Z[s *Sin1 +3 (s s,”)z] ... (35)

has a unique ground state which can be written down. Another such Hamiltonian
for S— % on a two dimensional hexagonal lattice is

116 2 16 }
= +— e Sl +—
H qu[s -S; 243(3, s,) 243(3 s)] (36)

Further examples are found in the work of B.S. Shastry and B. Sutherland?$, D.
Klein, W. Caspers, PM. Van der Broek, I. Bose, I. Kanter and B. Doucot®.

2. RVB Theories in High T, Superconductors

The revival of interest in the resonating valence bond states is due to the dis-
covery of high temperature superconductors. Many people believe that in these
materials the BCS mechanism of an attraction between two electrons due to the
phonon exchange is not sufficient and the pairing must have a different origin. In
(25) and (26) we have produced paired states. In higher dimensional antiferromag-
nets also the ground state can be thought to have such electron pairs. The paired
bonds can have various lengths, not only nearest neighbours, and the geometry of
paired sites can be complicated. Anderson®! proposed to exploit the possibility of
such paired states in high temperature superconductivity. It is true that the antifer-
romagnetic tramnsition temperatures can be quite high and thus pairing can exist at
high temperatures. This is not enough, however. The pairs in (25) and (26) are lo-
calized in space, and for superconductivity charge transport is necessary and the
pairs have to be mobile. In the (La, Sr),CuO, compound it is argued that doping
helps to make the pairs mobile; in the 123 compounds YBa,Cu;0,_, the lack of
stoichiometry causes the mobility of the holes. Strictly speaking the mechanism of
superconductivity requires additional input. Nevertheless, the suggestion of An-
derson has been followed up through many investigations on the RVB states of an-
tiferromagnets and their implications in superconductivity.

3. Polymers

There are some problems in polymers, for example polyacetylene
—CH=CH—CH =..,, where the structure may be modelled by (23), (25) and
(26). When polymers become dimerized, the situation can generally be described
by resonating valence bond states. Su, Kivelson and Schrieffer have studied these
problems32.

Many unsolved problems still remain and we must work towards their solu-
ton.
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