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HYDRODYNAMICAL PROBLEM OF UNIFORM
STREAMING PAST FOUR EQUAL INFINITE COAXIAL
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The solution of the hydrodynamical problem of uniform streaming of an in-
viscid incompressible homogeneous fluid past four equal infinite coaxial circu-
lar rigid strips is discussed here. A simple integral equation technique is pre-
sented to solve this two-dimensional problem. Expression for the kinetic ener-
gy is derived and finally we derive the corresponding known limiting result
for two equal infinite coaxial circular rigid strips and two parallel coplanar in-
finite rigid strips.
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Introduction

Recently, many authors—Wolfe!, Lewin?, Lal and Jain®, Sampath and
Jain®, Sharma and Jain® have solved various two-dimensional boundary value
problems of mathematical physics involving infinite circular strips by integral
equation techniques. Shail® has given the solution of the Fredholm singular in-
tegral equation of the first kind with logarithmically singular kernel, which gov-
erns the solutions of various two-dimensional boundary value problems involv-
ing an infinite circular strip in electrostatics, hydrodynamics and low frequency
acoustic scattering. The technique devised by Shail> depends on the well-
known solutions of some integral equations of Carlemann’® type and its appli-
cation leads to evaluation of some complicated integrals. Sampath and Jain®
‘developed an independent simple technique to solve two types of integral equ-
ations, which govern the solutions of various Dirichlet and Neumann boundary
value problems of two equal infinite coaxial circular strips (r=a,
0<Bl8l<a<m, —o <z< ) in potential theory. Using this technique they
solved the two-dimensional electrostatic potential problem and hydrodynami-
cal problem of the two strips. Sharma and Jain® have extended this technique
to solve various Dirichlet boundary value problems of four equal inifinite coax-
ial circular strips: r=a, 0<B8<10i<a<n/2, n—a<i@<na—-f, — 0 <z< o,
in potential theory. We further apply this technique to solve the corresponding
Neumann boundary value problems involving four equal infinite coaxial circu-

*For correspondence.
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lar strips and use it to solve the two-dimensional hydrodynamical problem of
uniform flow of an inviscid homogeneous liquid streaming past the four equal
infinite coaxial circular rigid strips. Finally, we present the expression for the
kinetic energy per unit height of the secondary fluid flow for this problem
which readily yields the corresponding known limiting result for the two equal
infinite coaxial circular rigid strips: r=4, <10 <zx—f, — © <7< and two
parallel coplanar infinite rigid strips: x=0, a,<Iyi<a,, — © <z< < given by
Sampath and Jain.’ This serves as a check on the analysis presented here.

Integral-Equation Technique
In various two-dimensional Newmann boundary value problems of four equal
infinite co-axial circular strips: r=a, B<l01<a, n-a<iBI<n-g,
- < z< 0,0 < < a<a/2 the governing integral equation is of the form

~-x+a x-p -8 a ) o_ ol
+ + + | 1{6,)cosec’ |——]d 9,
-x+p z-a -a B 2

=h(6), f<|B<a, x—a<|B<a-p, ... (1)

where the known function A(6) is of class C,! for the values of 0 satisfying the
inequality 0 <8<l00<a<n/2, n—a<|@<x~ B and the unknown density
function satisfies the edge conditions

Ktp=Ita)=0
and I(£(x—B)=I(t(n— a))=0. ... (2)

To solve the integral equation (1), we first integrate by parts the left hand
member and obtain by using the edge conditions (2)

-xta -p -8 a -
I +J +J + Jg(a,)oot (0 20‘)d0,
—-x+p x-a -a B

h(a)) ﬂ<|q<a’ :rt—a<|ﬂ<:t-ﬂ, -(3)

ST

where g(8) = I'( 6). We write the integral equation (3) in the form
d -x+a x-p -8 a . 6- 01
Eaj—z+ﬂ+ [x—a-’— J—a+ Jﬂg(a)log ls‘n( 2 )ldal
=-%h(0),ﬂ<|ﬂ<a, n—-a<|i<n-p, ...(4)

which reduces to the following simpler form when we integrate it with respect
to 6:
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~-x+a -8 -8 a
6-6

J' +J +J +J g(0,)logsin( 1)’de1

-x+8 n-a -a B

=f(6), B<|f|<a, x—a<|@<n-B, .- (5)

where f(6)= C~(1/4)p(6), p’(6)= h(6) and Cis an unknown constant. The in-
tegral equation (5) decouples into two integral equations when we write in it
f(0)=£(6)+1(6), 8(6,)=g1(6,)+g:6,), ... (6)

where fi(—68)=£,(6), f,(—6)=—f,(0), with similar definitions of g and g,.
These integral equations are

6,—cosb
cos 6, — cos de,

=£(6), B<6<a,n-a<0<a-B . (7)
and

06— 6,
a n-p Sm( 2 )
J +J g2(6,)log {——|d 6,
" (5

x—a

in 6+ 6,
2
=5(6), B<O0<a, t—-a<O<zm-f. ...(8)

Changing 6, to n— 6, in the second integral occurring in left hand members
of equations (7) and (8), these equations are readily reduced to the forms

[ — a +
Jg,(ol)log cosol2 cosod01+J' 2,(7~ 8,)log cos 8, cosedol
B B

=£(0), B<6<a, ai—a<6<a—p ... (9)
and

6-6
. sin |~ COS(0+01)
ng(el)log ——|d6, + ng (m—6,)log
s sin (M) ' ’
2
=£(6), B<6<a, n~a<6<na-pB. ...(10)

Let the Fourier series expansion of the even degree function g,(6,) and the
odd degree function g, (6,) be

1 -]
81(01)=‘2' a,+ Z a,cos nf,=g;(6,)+g.,(0,) ... (11)

n=1
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and

=n§1b,,sin né, =g, (6,)+gn(6,), ...(12)
where
g11(01)—-;-a0+§102,,cos 2n6,, g,(0 Elaz,, Lcos(2n—-1)6,, ...(13)
gx(6,)= Z b,,sin2n0,, g»(6,) Elbz,, isin(2n—1)8,. ...(14)

Similarly, the parts f,(6), i=1,2 of the even degree function f, (6) and the odd
degree function f, () are defined such that

f(0)=f1(6)+£,(6), i=1,2. ... (15)
It follows from the relations (11), (12) and (15) that

81 (= 0,)=g,(6,)—812(6,), fi(m—6)=£,(6)—£.(6) ... (16)
and

8:(=61)=82161)~8xn(6,), (7= 6)=f,(6)~ £ (6). ... (17)

Substitution of the relations (11), (12), (15), (16) and (17) in the equations (9)
and (10) leads to the following four integral equations:

J'gu(ol){ZAl+log|2(cos201—cos20|}d0,=fu(0),,3<0<a, ...(18)
B
B cos @, —cos 6 ‘

6,)1 =£,(0), B<O< ...{19
Lgn( 1)0g00301+c0s0 6.=1,(6),8 a, (19)
a sin(6~ 8,)

- = < <
J'ﬂgZI(ol)IOg sin(6+ 6,) d6,=£,(0), f<6<a (20)
and
¢ sin @, —sin @
ngz(ex)l()g_-_'l—_'“' d6,=£,(6), f<6<a, ... (21)

6, +sin @
where
A, =log(1/4). .. (22)

The solutions g,,(6,), g,,(6,), &,(6,) and g,,(8,) of the above mtcgral equ-
ations (18), (19), (20) and (21) are given by Sharma and Jain® in the following
forms:
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2(bot > b,cosny)sin2 6,

n=1

0,)= <0,<a;
gu(6,) R(6,) ,f<6,<a;
Asiné 1
812(6,)= R(GI)I[K1+;;C,1—ICOS ny],ﬂ<01<a;
A 1w
821(01)=R(01) {Kzf’—t;D,,—;cowy], ,B< 91<a;
and .
Acos@ 1
822(60,)= R(el)l {K3 +;;E,,_1cosny] , B<6,<a,
where
a, —na,
b = > bn— > 21,
° 27xA n "

2 n

a,,=-—J Fy(x)cosnxdx, n20,
T o

Fy (x)=£,(6),

A
A=log (B)’

A=(cos2fB~cos2a)/2, B=(cos2B+cos2a)/2,
R(6,)=[(cos2f—cos28,)(cos26,—cos2a)]l/2,

9]
(]

sinx sin(n+1)xF, (x)dx, n20,

sinx sin(n+1)xF, (x)dx, n=0,

S

I
1IN g3/ 3l
O NO—— Mo —— &

E,=—|sinxsin(n+1)x F,(x)dx, n>0,
’ 0 ) 0
FlZ(X)=f+Z(—), FZl (x)=f'21(0), Fzz(X)‘_‘fZZ( )’
sin @ cos 6

K|, K, and K are arbitrary constants and the relations
cos28,=Acos y+B,
and cos20=Acos x+B

319
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give the values of cos y and cos x in terms of cos26,; and cos2 6 respectively.
Since I'(0)=g(6), B<|6 < a, therefore, we obtain after integration

e &
1(6)=1sgné J[gll (6,)+8,(6,)]d6, + J[gZI (6,)+8,,(6,)]d6,, ...(29a)
B B

where we have used the relations (6), (11) and (12) and the edge conditions
I( £ B)=0. Similarly

E R
1(6)=sgn 6 J[ —gul 6)) +gul 6,) 1 dé,
PP
+ | [8(60)- 82 (6,146, n-a<|@t<z-p. ... (298)

8

When we use the edge conditions I(+ a)=0 and /{( £(7— a)}=0 in the above
results (29a) and (29b) respectively, we readily obtain the following conditions
to be satisfied by the density functions g;(8,), ij=1,2:

a

[ &,(61)d6,=0, ij=1.2. .(30)
B

The values of g,,(8,), £2(6,), 8:(6,) and g5 (6,) given by the relations (23),
(24),(25) and (26) satisfy the above conditions (30) if

b,=0, ... (31)
1% 1,
K1=-_ch—l—y ...(32)
.7("__1 IQ
Kz_—-_...._l_. Dn—]!_"y -.-(33)
7l J
_ 1 Pn
K3"' HHZ;E"_I-;’ ...(34)
where
1,,=jwdol,m>0, ...(35)
cos my
J,= dg, m=0 (36)
J,R(on ’
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a
_J‘cos my cos 6,
= ——

6 20.
R(Bl) d 1, M 0 (37)
Therefore,
2sin26; ©
gul01) == }:bn cosny, f< 6,<a, ..(38)
—Asin 8
g,(6)= T[ZC" 1(1——cosny)] p<6,<a, ...(39)
(6,)= —4 ZD -"—cos B<6,< (40)
8a\U; ZR(6,) L n-1 A nyii, 1<a
and
—Acos 8, |x
£2(0,)=——2 1 ZE,,_I Pr_ cosnyll, p<6,<a. ... (41)
nR(6,) (4 Po

The solutions g,(6;) and g,(6,) of the integral equations (9) and (10) are then
obtained by substituting the values of g,(6,), 8,(6,), £:(6,) and g,,(6,) given
by the results (38), (39), (40) and (41) in the relations (11) and (12). The rela-
tion (6) and the above solutions g;(8,) and g,(8,) of the integral equations (9)
and (10) yield the required solution g(6,) of the integral equation (3). Lastly,
substitution of this value of the function g(6,) in the relation (29) yields the re-
quired solution 7(6,) of the governing integral equation (1).

Hydrodynamical Problem

The problem of uniform flow of an inviscid mcompres51ble homogeneous li-
quld is considered in the direction n=1{ cosy+J sin y of the velocity U, stream-
ing past four equal infinite co-axial rigid strips defined by r=a ﬂ<|0|<a
a—-a<|@<n—-p, 0<p<a<n/2, — o <z<, The secondary velocity pot-
ential function ¢,7,6) of this two dimensional problem is given by Lal and
Jain*Itis

¢r,0)= —4 J J.+J‘I [——-log[r +7
2 -a+f =xm-a -a
—2rr,cos(6- 6,)] “21 de,, ... (42)
where
I(@)=¢(a+,0)— ¢ a—,0), f<|0<a, n-a<|@<na-p, ...(43)

and I(6) satisfies the edge conditions (2). When we use the boundary condition
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9¢. _ _]99,
[ar]Pa [af]"; ..%44)

where ¢(r, 6)= ~ Ur cos(6— y) is the velocity potential function of the incident
uniform flow Un, we obtain from (42), the integral equation

-n+a n—-f ~-B a
f + f + f +f1(01)cosecz(

-a+f m-a -—-a B
B<l8<a, n—a<|<n—B, ..(45)

The above integral equation (45) is of the type (1) with hA(6)=8 ma Ucos(O
and therefore it can be solved by the technique presentéd for equation (1
this case, we have

f16)=F£(0)+ £(6)= C~27aUsin(6-y),
f1(0)=£,(0)+ £1,(6)= C+2raaUsiny cos 6,
£(6)=£1(0)+ f2(6)= ~2maUcos y sin 8,
fi1(0)= C, fi2(8)=2 maUsin ycos 6,
£1(60)=0, £,(8)= —27maU cos y sin 6,

-0
1)d 8,=8maUcos(6—7),

¥)
). In

a,=2C,a,=0,n21,

Co=—-2maUsiny, C,=0, nz2l,

Ey=~2mnaUcosy, E,=0, nz21.

Since a,=0, n 21, therefore from formula (38), we obtain

8u(6,)=0, B<|6,|<a, - a<|8|<na-B. ... (46)
Also since f,, (6) =0, therefore

821(6,)=0, f<|6,|<a, n—a<|8,|<n-B. ... (47)

The expressions for g;,(6,) and g,,(6,) are obtained from the formulae (39)
and (41)in the following forms:

2AaU in8,| (]
812(6,)= aUsin yt(6,)isin 0 (~—1-cos}’)

R(6,) I,
B<l8||<a, n—a<|8,|<n-B ...(48)
and
2AaUcos ysin6,|cos 6| (p1 )
6, —-cosy|,
822(61)= R(6)) o y

B<16,|<a, n-a<|6,|<x-B, .- (49)
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where 1., p,, m=0,1 are given by expressions (35) and (37) respectively and
their values are

1

=2cosﬂF<k'), ... (50)
_c0sBpin_ (1+B) -,

L=— E(k’) 2 Acosp k), ...(51)

1 ,

pO_ZSinaF(l)’ ...(52)
_ (1-B) ,_Siha

p1—2AsinaF(l) " E(I'), ...(53)
. _cosza 1/2

- s

and 1'=[1—S_i"2ﬂJ : ... (55)

Sin a

F(k) and E(k) are complete elliptic integrals of the first and the second kind
respectively as given by Gradshteyn and Ryzhik!®,

l, ﬂ<|01|<a

, ...(56
-1, n-a<|6,/<n-p (56)

7(91)={

and the relation (27) give the value of cosy in terms of cos2 8,. This substitut-
ing the values of g),(6,), 8,(6,), 8,(6,) and g,,(6,) from the equations (46),
(48),(47) and (49) in the relations (11) and (12), we obtain

_2AaUsin yr(8,)lsin 6, (5

g(6))= R(6,) IO_COS)’),

B<l6,|<a, n—a<|)|<a-p ... (57)
and

2AaUcosysin- 8,|cos 6] (&

—COsYy|,
R(6)) Po y)

8:(0,)=

B<l0\|<a, x—a<|6,|<a-8. ...(58)

Lastly, substitution of the above values of g,(6,) and g,(#6,) in the re-
lation (29) yields the required solution /(6,) of the integral equation (45). For-
tunately, we do not require the value of 1(8,) for deriving the expressions for
the various physical quantities of interest in these problems. These can be de-
rived by using the value of g(9,).
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The Kkinetic energy per unit height (K.E.) of the secondary fluid flow is giv-
en by

KE.= —% ap [—TG+T+ T+T1(01) [M] dOI]
)

-rx+f aAa-a -—a arl
- Ua -ata - -8 a
= p[ [ + J + J +J1(01)cos(01—-y)d01]
2
~a+f A-a -~a B
Uap -n+a a-f - a
=_[ [+ ngl)smwl_y)del]
2
-+ =n-a -~a B
= Uapld, cosy—d, siny), ...(59)
where
d1=2J822(01)5m01d91, ...(60)
and i
dz=2[g12(01)cosoldol. ...(61)
B

p is the density of the homogeneous liquid and we have used the boundary
condition (44) the relation g(68)=I1'(6), the edge conditions (2) and the expres-
sions (6), (11) and (12). When we substitute the values of the functions g,,(8,)
and g,,(6,) from the equations (48) and (49) in the relations (61) and (60), we
get

d1=naUcosy[1—-B—25in2a—§((Tl,))] ... (62)
and
d2=naUsiny{2coszﬂ%:))—l —B]. ...(63)

Finally, the relations (59), (62) and (63) give the required expression for K.E.
and this is given by

E(k’
KE.=npa’U’ {1 -BcosZ}’-Zcoszﬂsinz}"“—F((k,))

—2sin’a cos’y %(ll—))} ...(64)
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When a— 71/2 in the above formula (64), we obtain the corresponding limiting
expression for K.E. in the case of two equal infinite co-axial rigid strips de-
fined by r=a, 8<|0) <a— f, — 0 <7<, Thisis given by

1_E(cosﬂ)+ (sinzﬂ— E(COSﬂ) c052y}, ...(65)

KE.=zoa’U F(cos B) F(cosB)

which agrees with the known result given by Sampath and Jain®. Also when
a—0, f~0, a— o such that aa—a,, af—a,(a,<a,) in the formula (64), we
obtain the expression for K.E. in the form

B
K.E.=npafuz[1+c2—2 F((;)] cos’y, ... (66)

where

E'()=E(J1-¢),

F(cd)=F(J1-¢%, ... (67)
and

c=a,/a,. ...(68)

This expression (66) as expected is 2 times the corresponding known expres-
sion for K.E. in the case of two parallel coplanar infinite rigid strips x=0,
a,<|y<a,, — o <z< o, given by Sampath and Jain®. This serves as another
check on our analysis given in this paper.
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