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In the present paper, an attempt has been made to analyse the current-pulse gen-
erated in a stress-activated short-circuited thin piezoelectric element placed be-
tween two other materials. The expressions for stress and geometrical displace-
ment produced are also obtained for this arrangement. In the second case, the
piezoelectric element is supposed fixed at the end of another element. It is no-
ticed that in both the arrangements, impedances of the composite materials and
transite time of the forwarding and reflected waves through the active element
play a very important role, whether the materials are in matching state or not.
Moreover, secondary stress-waves generated within the active element are seen
to be responsible for nonlinear effects in unidirectional displacement and on cur-
rent flowing through the short-circuit, depending on the mechanical coupling fac-
tor and the geometrical arrangement of the active element. The work of Stuetzer,
supported by experiments, are derived as particular cases from the general ex-
pressions presented in this paper, under suitable approximations.
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Introduction

During the last few decades several articles! ~3? have been published, supported by
experiments, mainly concerning the electrical responses in piezoelectric transdu-
cers when subjected to some stress-pulse, or, transient mechanical vibration under
applied electrical signal. It is true that the thoroughness in investigation leads to
complications and also the current response from a piezoelectric element is often
useful for power generations and for dynamic stress measurements. Hence, certain
limitations should necessarily be imposed for the theoretical computation of tran-
sient electrical output. The performances of the piezoelectric transducer may be
analysed using simple electrical equivalent circuits. Cady', Mason??, Katz* and
Tiersten® demonstrated several aspects of piezoelectricity and ferroelectricity
adopting circuit theory, but the determination of time-delayed general solution for
one-dimensional responses from the standpoint of mechanics of continuous medi-
um seemed to be interesting. In this connection the approaches of Filipczynas-
ki®~8, Neilson®~ !, Redwood'?!3, Graham et al*~?°) Sinha® =23, and other’s
work?4-32 in the field, using Laplace Transform method*}, may be referred to.
Most of these analysis concerning transient wave propagation dealt with linear
mutual dependence between electric flux Q) electric field E and stress 7 under
isothermal conditions!23*. Some authors like Sinha, Giri, Chakraborty, Ray, res-
train their problems to particular cases only, facing immense intricacy in finding
the inverse integrals of the Laplace transforms in general solutions. The inconve-
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nience may however be avoided if the wave equations be treated with the opera-
tional method due tc Heaviside ( vide Jeffreys+).

In the present paper, an attempt has been made to investigate the nature of
current pulse generated in a stressfront-activated short-circuited piezoelectric ele-
ment along with the study of other responses. Unlike previous workers, instead of
using circuit theory or Laplace transformation, the operational method due to
Heaviside is adopted which gives the general solution of the problem in a more
elegant way, and by considering reasonable assumptions for linear signal genera-
tion other solutions are easily obtained as particular gases. The general solutions
for displacement and current pulse representing time-delayed responses are pre-
sented here for rigorous analysis on future occasion. The displacement equation
for two useful mechanical arrangements shows that it is constant in part, partly
varying linearly with time, and partly transient in nature. The behaviour of current
produced during successive epochs has been specially studied when the thin pie-
zoelectric element be bonded, in the first arrangement, between two other materi-
als. In the next case, it is considered cemented at the end of such other material.
The short-circuited current response in the elementary approach was found by
Jones et al?* to be rectangular in nature, but a rigorous analysis shows a modified
form depending exponentially on time and the electromechanical coupling factor.
As a particular case, current responses under identical characteristic impedance of
the different materials, for both the mechanical arrangements, are observed to
agree with the results obtained by Stuetzer?®, which, according to him, is support-
ed by experimental observations?$3”. The nature of the effect for strong mechani-
cal mismatch on both sides of the active element is also pointed out. The exact
form of exponents appearing in both the cases is at once evident in our calculation
as a particular solution. Also the effect of secondary waves on former responses
and on stress is studied.

Formation of the Boundary Value Problem and Its Solution

The constituent equations governing the plane compressional wave propagation
in the x-direction in a piezoelectric thin plate transducer are taken (videref. 12, 35)
as:

_ |98

T=c (a) hQ, ... (1)

dE——h(aE) Ql, . (2)
ox £

where Tis the stress, ¢ the relevant stiffness parameter, & the particle displacement
along x-axis, Q, the electric flux density in x-direction, E the electric field strength,
¢ the permittivity, and his the plezoelectrlc constant for the material.

Moreover, the equation of motion, from Newton’s second law, is

9’_oT
Par ax
density of the material being o.

. (3)
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Since there is no free charge inside the transducer, by Gauss’ law,

00

—a;=0. ... (4)

Combining (1), (3) & (4) the wave equation for piezoelectric plate transducer
is expressed in operational form as

a2 DZ
a%=75’ . (5)

. e c 0 _
where the acoustic velocity vis given by v? =—, operator D=—_, and the solution
0

of
of this wave equation is given by
E=Aexp(— Dx/v)+Bexp(Dxh) ... (6)

of which factors A and B represent time-dependent amplitudes corresponding to
forward and reflected waves, to be determined from the boundary conditions of
the problem.

Using (6)in (1) and (2), it may be obtained that

T+ hQ, =(c/v) D{— A exp(— Dx/v)+ Bexp(Dx/v), .. (7
and the voltage across the transducer of thickness Xis given by
x Q
V=J de=—h(.§x—.§0)+€,, ... (8)
0 0

connecting total charge Q on the surface of the plate and the static capacitance C,
of the transducer of dimensions X, Y, Z, which are given by

Q=Q,YZ and Cy=¢eYZ/X. ... (9)
For practical purposes, two useful mechanical arrangements are found to be
interesting:

(a) the piezoelectric plate is bonded between two other elements; and
(b) the plate is cemented at the end of another element,
thickness of the plate in each case being along the x-axis.

The transient behaviour of electrically short-circuited thin piezoelectric plate
under reasonable assumptions as adopted by Redwood'?, is obtained in each case,
considering conventional boundary conditions.

In the first case, when the short-circuited thin piezoelectric plate of thickness
X, bonded between two other materials, is activated by a plane rectangular low
amplitude stressfront T, to ensure unidirectional signal generation, the continuity
of displacement and stress components at the junctions helps to formulate the
boundary conditions as follows:

£,(0)=&(0), T,(0)= TO);
and §(X) = &(X), T(X)= T,(X); ... (10)
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where the displacements &, and §, in the attached materials on the left and right
ends of the active element are given by

£,(x,t)=A, exp(— Dx/v,)+ B, exp(Dx/v,)
and
Exx t)= A, exp(— Dx/v,)

together with 7y= — A, Dc,/v,, giving A,.

Parameters with suffix 1 or 2 are used to indicate corresponding factors for
materials attached to the thin piezoelectric element at its left or right end.

Moreover, the voltage V across the short-circuited active element is zero.
hence, using relations (7) to (11), the general expressions for geometrical displace-
ment and current /(= DQ) flowing through the short-circuit are found out in an
elegant way, adopting the well-known operational technique due to Heaviside for
computational procedure and are presented in the following functional forms:

g= 2D (D1~ a D) f1} exp(~Dx/v)

a
~{a'D2fi(t)} exp(— DX~ x)V)
+{a'D72(t)- w(D"'—a'D?) fy(t)) exp( — D(X—x)/v)
+{(b,a; ' D'+ a’' D) f(t)+ a’wD *f(t)} exp( ~ D(X+ x)/v)
+{(A-Aa'~B)D ' —a'(w+AB)D 2 f(t)+ wH D' = a’D?)fi(1)}
xexp(— D(2X—x)/v)
+.... v . (12)
and
2 T
1=2EETR{5 1) 1.4 a5 )01+ i) exp( ~ DX
+H{(A+bay Al H (1 + byay ') +A{a+ B)) fi(1)+ o fi(1)]
xexp (—2DX/v)
+.... ., _ ... (13)
where a=YZ a,=- ! 2—£+2,
v oy vV oW
G—he,bl—-f—cl b _€ G
c v oy v oW
. (14)
. ck ata , ., bth ,
@, Vi, a, b= b, b, @9,
A= L ilsa’
a1a2 av _
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and the thickness coupling factor k for the material is given by
k*=He/c=6h,
when the transit time £, = XA.

The transform functions used in the above expressions (particular values of
which are given in the Appendix), Heaviside unit function and the transformations
can be interpreted (vide Jeffreys® p. 237, p. 243, p. 390) by means of following ex-
pressions:

D= Hlth 17, 1) = oy Hlt = expla)
D-"f<t>=[;%f<r>dr,
1)
fo,e<0) ,_[0,e<ty
t)_[l,(t>0),H(t t) [1,t>t1,

and

f(t)exp(— Dq)=f(t—q),t>q. N

The behaviour of both displacement and curre. uuring successive epoch are
clear from (12) and (13) containing exponentially-varying time-delayed terms with
the exponents depending on thickness coupling factor k of the material. It may also
be noted that the mechanical displacement during each transit is partly constant,
partly varying linearly with time, and partly transient in rature. The short-circuit
current pulses generated by the transit of plane step-stressfront are found to vary
exponentially with time.

The computation of the displacement-profile helps to develop a number of
additional phenomena of which the study of change in behaviour of original stress-
pulse may be interesting. Using (8) & (13) in (1), the general expression for time-
delayed stress-front is obtained in the form:

_2Tyc| K’

1 D)~ il - a'D ™ At ep( = Dxiv) = a DAl

2

X exp(—D(X—x)/v)—I:—{(l +b,a; D i)+ wD T ()

0

x exp(— DX/V)—{a' D fi(t) = w(1= a’ D" )fy(1) exp(— D(X+ x)v)

+{a’'@D ™' fi(t)+(ba3' + a' D7 )it} exp (= D(2X~ x)V)
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+’f—0{bza;‘v“f1<r>+m<t> ((1+ bya )+ AB) D™ fy(1)

+w’D7 () exp(—2DXW)+ ... ... ... ..] ... (16)

As a particular case of our problem, the work of Stuetzer 2% supported by ex-
perimental observations*®~’, may be referred to. He considered the active element
to be bonded between two long lines of acoustically matching-impedance, which
simplified the computation to a great extent. He also pointed out that the secon-
dary stresses generated in a stress-pulse-activated piezoelectric element with
moderately high electromechanical coupling factor, change the size of the sample,
affect the current response, and modify the shape of the original stress pulse.
Accordingly, under the assumptions [(c¢/¥)=(c,/v;)=(c,/v,)], the parameters,
given in (14), which are involved in the relations (12), (13) and (16), reduce to
following simple forms: =

kz
a,w_’ y=t_,l_’0,b1b2ﬂ_’0,b1b2_’0,
0
D
(D7)

Under these assumptions, the expressions for geometrical displacement, cur-
rent response and stress-front take the forms:

H(t) ... (17)

—

a,a, =~ 2c/hv,a’' =1y ft)~

=~ %YH:— %(H(t) - exp(yt))} exp (= Dx/v)

+ [t+ %(H(t)— exp(yt))] exp(— D(X~-x)/v)

ltexp(}'t) :,(H(t) - eXP()'t))} exp(~ D (X + x)/v)
+ {2t+ texp(yt) +%(H(t) ~ exp(yt))} exp(—D(2X~-x)/V)

{texp (1—14 yt)-—%(H(t)—exp(yt))} exp(—D(2X+ x)/v)

(H(r)- eXp(}'t))] exp (= D (3X—x)/v)

] ... (18)

so that in particular, at x = 0,

‘<I>—'

1
{5 ytexp(yt) -
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T,v

oo —;Hr—ly(l—expm»] H{0)+ (1= 1)1~ exp(y (1= 1)} H {1~ 1)

+ [2(:— 21)+ % y(t= 2t exp(y(t- 210))+%(1 —exp(y(t— 2to)))]

XH(@=2t)+.... v conn o }, ... (19)

andat x= X,

- _Lv
Ex-X— 2¢

“t+ %(1 —exp(yt))] H(t)+ [(t- t,)(3+exp(y(t— 1))
+ %(1 —exp(y (t— to)))l H(t—1t)— [(1 + %y)(t— 24) exp(y (1—24))

XH(t=26)+ 0. cioe e oo } ... (20)

I= Tbtael:exp(}’t)H(t) —{1+y(r—t)exp(y(t—t)) H(t— 1)

+y (=201 + 4 y(t=25)lexp(y (t=28)) H(t=24)— ... .. .. (21)

and

= - %[{exp(yt)— 1}H (t)— % {exp(yt) + H (t)}exp{— Dx/v)
- 2 lexplyt) = H ()exp {— D‘(zo—{)}— vt exp(yi)exp(~ Diy)
+ % {ytexp(yt)lexp {— D(t0 + J—:)} + % {ytexp(yt)lexp {.— D(Zt0 - —z)]

+

N | =

{y*fPexp(yt)iexp(—2Dt) - ;1; {ythCXP(yt)}exp[— D(zt0 + {)}

—%{yt(ZH(t)—(Z-—yt)exp(yt))} exp[—D(3to—-€)]— ......... ]
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It is clear that the first term only in the general expressions for mechanical dis-
placement or current response or stress front, characterises their behaviour during
the first transit-time. This is quite in agreement with the observations of Stuetzer in
regard to the current response. Consideration of subsequent terms of the general
expressions clearly indicates that the corresponding responses suffer substantial
consequences under short-circuit condition when secondary stresses are genera-
ted in the active element with high electromechanical coupling factor.

Now, for the active element between the matching lines, the expressions for
stress front at the junctions are found to take the forms

T(x=0,)= T, [} {exp(y¢) = 3}H(¢) + 4 {H(¢) = (1 + yt)exp(yt)lexp (— D)

+ 4 {ye(1+14 yt)exp(yt)lexp(—2D¢t,) +... ... ..,
... (23)
and
T(x=Xt)=— T, [ {exp(ys) = 1}1H(¢) = $ {H (¢) + (1 + yt)exp(y¢)lexp ( — Dt,)
~ 3 {yt(H (1) = 2(1+ yt)exp(yt)iexp(—2Dt)+ ... ... ..,
... (24)

From above relations, neglecting higher powers of k, we obtain:
atx=0,whent=0, T= T
when t=¢t,, T= T, — + T,k?;
when ¢t= 24, T= T, — i T,k*;and so on; ... (25)
and at x = X, when ¢t = £, T= — } Tyk?;
when ¢t =2¢, T= T, — : Tyk*; and so on.

Moreover, for strong mechanical mismatch on both sides of the element, un-
der the consideration [(c,/,) <(c/v) » (c; /4, )}, the values of the parameters given
in (14) reduce to the forms mentioned below:

a-y,a =2y, 8~2y,w—=4y,A~1,

with a,, a,, b, &b, each as c/v, and then the current response is given by

T,a6
(]

+2{1+ 6y, + 4y tlexp2yt,)~—.... ... ..] ... (26)

in which, t,=t—it,,i=1,2,3,....

I=

[exp(2ye)—2{1 + 2yt } exp(2yt,)

The first transit-time variation of current in (26) is

T,ab
I= Ota exp (2k*t/t,),

0

which conforms with that pointed out by Stuetzer?®.
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In the next case, when the active element is cemented at the end of another
material, we proceed to find similar expressions for the geometrical displacement
and current response under identical situations as prescribed for the first case.
Formulating the boundary conditions in this case as £,(X)=0and T(X)=0, we
obtain as before:

&= ‘%[{D I"VD 2} fi(t) exp(— Dx/v)— yD 2 fi(t)exp (— D (X = x)#)
+HyD7? fi(t) — 0 (D' —yD2) f(t) exp (— D (X + x)/v)
+{(D~'+yD"?) fi(t)+ w,yD 2 fyt)} exp (— D (2X— x)/v)
—{w,yD™*—ba,"' (1-(V-B,) D*— ByD~*) ft)

—{wf (D '=yD?) f(t) exp(— D (2X+ x)/v)
—{w,(D"'+yD %)+ ybia ' (D '+ B D ) fy(t

+w?yD i fi(thexp(—D(3X—x)V)+... ... .| ... (27)
and
1= 3’%—" ()= (2£:(6)+ wufle) exp (— DXA)+ {(1+ byar) (1)

+ (2w, +{a, + B,) bia; ) f,(t) + wifs(t)} exp (- 2DXNV)— ... ..},

whena,=y(1+ca7lv7!),By=y(1+cb 'v7!)
and o,=y(l+ba; ' +2ca'v7),

These expressions, under acoustically matching impedance, as in the previous
case, take the following forms:

E= _%{{% (exp (ézll—t) - 1) +yt]exp(—Dx/v)
Bl s

{(3yt-— 2)-2(3yt+2)exp (% yt)] exp(—D(X+x)/V)—... ],

\OI'-‘

and

heyvTy 3 3
= e—— — — + .
I - [cxp (2 yt) 2(1+ y4)exp (2 vt
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9 -
+(1+5m+272t§)exp(§yt2),- } - (30)

3 1
where f,=t—kity, k;=1,2,3,..;a, =5 y, by B; =5 a,y,w; = 2.

Clearly, the current response during the first transit from (30) is

h T
[ bk (éy,),
c 2

which is exactly identical with that obtained by Stuetzer.

By studying the current responses from (13) and (29) for the two mechanical
arrangements, it is found that under mechanical matching in both the cases, the
current increases exponentially with time within the first transit, reaches a value
exp (k?)or exp (3k?*/2) times the corresponding original amplitude factor at ¢ = 1,
which clearly indicates the onset of secondary circuit-enforced electrical effects.
This is quite in accordance with the results obtained by Stuetzer?. The study of
circuit-enforced current responses from epoch to epoch can be made effective by
considering higher and higher terms of those equations. It should be noted that
these equations, when computed for materials having higher coupling factor, such
as PZT-4 with k2=0.25, and plotted, stress-time variation nicely corroborates
with the curve shown by Stuetzer® (in Fig. 2 on pp. 3903 of the ref.).

From equation (26), the current response during the first transit for strong
mechanical mismatch, is again in agreement with Stuetzer’s work. Similar conclu-
sions, agreeing with this results, can be arrived at when we study the effect in the
second case while the active element is placed at the end of an acoustically mis-
matcheddine. ,

Moreover, it can easily be seen in equation (22) that the original rectangular
stress pulse undergoes modification during transits. These are indicated in (25).
This modification of the secondary circuit-enforced stress at both the ends of the
active element becomes increasingly important when we consider long thin bars
where the electro-mechanical coupling factors will have even more pronounced
effects.

The general solutions for displacement, current and stress obtained in this pa-
per, are not only concentrated for thin plate configurations but may be extended to
include long thin bars by considering more and more terms, from which various
conclusions derived by Stuetzer can readily be obtained as particular cases with
sufficient degree of accuracy and in a more elegant manner.
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Appendix

a-1

fle) = H(r) =

D
D=ar he1 exp{a),

D‘"ﬂ!)=['(—':i——lﬂr)dr,

o bl

h(t) -5?—‘1 H(t) = exp(at),

D™'\(0) = fexp(an) - 1),

]

D_zfx(f)’%(exp(at)—(l+at)}, etc.
folt)= texp(at),

D' fla)= =1 ~(1-an)exp(ar),

D7 fy()= ;1—, {2+ at)—(2—at)exp(at)l, etc.

2

fil)= E—exp(ar),

1

D7'fy() =?[(1 —at+1+ a’tt)exp(ar)-1},

D‘zf,(t)‘-=;l—‘[(3—2at+ ta’t)explat)—(3+at)], et

and so on.



