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Analytical results are presented on magneto-thermoelastic coupled wave
propagation in a general viscoelastic solid medium. The relevant frequency
equations have been obtained by solving equations of viscoelasticity of gene-
ral type, taking into account the effects of thermal field, magnetic field and
the electromagnetic equations of Maxwell. It is also shown that, if the fre-
quency is sufficiently smaller than a certain critical frequency, the attenuation
factor as well as the phase velocity retain the same characteristics as in a
purely magneto-thermoelastic body provided magneto-thermoelastic coupling
factor is suitably changed. The nature of frequency has been discussed in a
particular viscoelastic solid of Voigt type.
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Introduction

The study of interaction of an externally applied magnetic field and a thermal
field on the viscoelastic motion and deformation of a solid is magneto-thermo-
viscoelasticity. In this case, besides the viscoelastic and electromagnetic fields a
thermal field is present. Each of these fields contributes to the total deforma-
tion of the body, interacts with each other and are coupled. The phenomenon
is interlocking in character and has extensive practical applications in diverse
fields such as geophysics, acoustics, damping of acoustic waves in a magnetic
field and so on. In recent years, the problems of magneto-viscoelastic and mag-
neto-thermoelastic waves and vibrations are receiving greater attention by
many investigators'. Although the effect of magnetic field on the viscoelastic
and thermoelastic field is small, the theory of electromagnetic elasticity in dif-
ferent fields is developed owing to its importance in geophysical, seismological,
cosmological problems and to some extent to practical problems when the
magnetic field is sufficiently large®. Coupled fields in elasticity, viz, thermo-
elastic, magneto-elastic and magneto-thermoelastic couplings were investigated
in a compact form by Nowacki’. Datta®® considered the problems of magneto-
viscoelastic and magneto-thermoelastic interactions on one dimensional wave
propagation. As a sequel to these papers, the present paper is an attempt to in-
vestigate some aspects of dispersion of coupled waves in a general viscoelastic
solid acted upon by a magnetic field and thermal fields. The relevant frequency
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equations have been obtained and the nature of frequency has been discussed
in a particular viscoelastic solid of Voigt type. It is found that under the effect
of viscosity the magneto-thermoelastic coupling factor is suitably changed if the
frequency is smaller than a certain critical frequency.

General Theory and Fundamental Equations

To investigate the interaction of the electromagnetic field, thermal field and the
viscoelastic field of general type, we need to so've .ie appropriate equations
describing the above fields. The Maxwell equations governing the electromag-
netic field are

CurlH=J, divB=0

and CurlE=—%?,B=y,H, ... (1)

where the displacement current and the charge density are omitted. If the small
effect of temperature gradient on current is neglected; the generalised Ohm’s
law in the deformable medium is

J=G[E+(QU—XB” ... (2)
ot

In equations (1) and (2), H, B, E and J respectively denote the magnetic in-
tensity, magnetic induction electric intensity and current density vectors. u, is
the magnetic permeability of the body and u represents the displacement vec-
tor in the strained solid and ois the electrical conductivity.

If the deformation due to temperature distribution is taken into account,
the stress-strain relation in viscoelastic medium of nth order is generalised by
the modified Hook’s law in the form

TU‘:ZE:(:“I(D/()%+[2(lk_Dk)V_ﬂvT} Oy ...(3)

k=

While, in the absence of heat source the thermal field is determined by modifi-
ed Fourier’s law of heat conduction,

oT v
Vir= —+ — ... {4

when the effect of current on the temperature is neglected. In equations (3)
and (4), t;;is the stress tensor, 4,, 4, are Lame constants,

Bv= [Z<3lk+ zﬂk)Dk} a

k=0
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and the operator
Dk == D() =1.

A, M, are the parameters representing the effect of viscosity, a is the coeffi-
cient of linear thermal expansion, & is the thermal conductivity, C, is the spe-
cific heat at constant strain, 7, is a certain reference temperature over which
the perturbed temperature is 7and v=div u.

The strain displacement relations are

1
e,-,-=5(u,-‘]-+uj,,-). ...(5)

The stress equations of motion are
v+ Fi= pu,, (,j=1,2,3) ... (6)
where u=(u;, u,, u;) is the displacement vectors, o the density and

F=(F,F,F,) is the body force per unit volume. If there is no body force apart
from Lorentz force, we take

F=JxB (T

From the equations (1)-(7) it follows that the electromagnetic viscoelastic and
thermal fields interact and are coupled with each other.

Reduction to the Case of Uni-directional Motion

We consider the case of the propagation of disturbance in one direction, say x-
direction only. The z-axis is taken in the direction of original magnetic field
(primary) H, Then the displacement U has the components (1,0,0) where
u(x,1) and all the above vector quantities depend on x and ¢ only. Also, let the
magnetic field be such that

H=H,+h, ... (8)
where H,=(0,0,H,) is the initial magnetic field acting parallel to z-axis and
h=(0,0, H,)is small perturbation in the field.

In view of the first, third, fourth equations of (1)and (2), we have

oh, d°h, u

ax’ “oxor’

where v ;= 1/u 0. The first and last equations of (1) leads to

oh
JxB=[—y8HZ ‘,o,o}, ... (10)
ox
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where we have neglected the products of small quantities of u and h. The sec-
ond equation of eq. (1) is then identically satisfied.

Eliminating e; from equations (3) and (5) and substituting the resulting
components of stresses in the equations of motion (6) and using equations (7)
and (10), we get

- oh,  du
- - b TR e .. (1

,(.ZO[AK+2#I( k] ﬂV u“.H, Ix e oL’ (11)
while equation (4) reduces to

&T_ aT
K— ...{(12

o PCV oﬂva EYS (12)

Solution of the Problem

We consider the case when electrical conductivity of the medium is finite. In
this case, we take

u= u, expli(rx— wi),
h,= hy exp[i(rx— wi)), ...(13)
and T=T, expli(rx— wi)],

where u,, h;, T are constants, r is the wave velocity and w is the frequency of
the wave.

Substituting the values of u, 4, T in equations (9), (11) and (12) and then
eliminating u,, h;, 7; from the resulting equations, we have the determinantal
wave velocity equation given by

H.orw vyurt—iw 0
2 P(my+in,)| iuHor ir
o PP

2.2
Cor'—w

{T,Berw— Tyarw(m, + in,)} 0 k' —ipC,w

Aot2u:,

)’ Bo=BAc+2u4)a
Jo)

where C§= (
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I TR
k=1
A= Y (= D 2+ 2 )W
k=1
m,= Z( - 1)k~ l(lzk"' 2,“21() w
k=1

and n,= Z( - l)k—l(lu—l)*' 2#21(-1)“’2"-1.

k=1

We define the characteristic frequency and magnetic pressure number given by

C.Ci
W1=p - OaRH

H?
=Fe 7 ...(16)
pCo

and introducing the following dimensionless quantities:

x__l E—EQ £ .= ,3(2)7;) € _YuW
Wl’ w’ r PZCvC(Z), " Ccz)
. Covulmytin) 2 TovyaBolm, + in)
s kc: 77 oK C}
(17)
TZ)aZVH(ml'P'in])Z € m2+in2
8 = A TR e ———
" pKC; " pG
€ _2760'30('"1+i"1) _ 7Z)C‘Z(""l'*’inl)z
P pCic, ¢ p’CiC,
We observe that the determinantal equation (14) reduces to
x*—PE L+ Ry+ er+ eg—en—€p— ix(1 +e4)
—x§4[£Hx+i(l+RH+£H+£H£T—EV—eN—£S+£M)]
+&[ey—e5]=0 ...(18)

If we assume that the wave frequency is much less than the characteristic fre-
quency'?, then it follows from the first definition of (17)

x<1 ...(19)
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In view of the above condition (19), we can neglect the squares and higher
powers of x and as a matter of fact the equation (18)leads to

§=i(l+i)[§[

If there are no effects of viscosity then eg=¢,=¢,=¢,=0 and consequently
(20) reduces to

§=:t(l+i)[§{1+e,+l+R"”l/2 ... (21)

Ey

+ et g.— 12
1 4ep4 1 R") tn _(eytentes 5‘”” ... (20)

Ey— & Eg—Eg

€y

which is the same as in the case of purely magneto-thermoelastic case as dis-
cussed by Datta’, and Paria''. Therefore, we can conclude that under the effect
of wscosuy the magneto-thermoelastic couplmg factor is suitably changed if the
frequency is sufficiently smaller than a certain critical frequency. With this
modification the attenuation factor and the phase velocity retain the same
characteristics as in purely magneto-thermoelastic waves,

Special Visco-Elastic Media
We now consider a special case when the material medium is visco-elastic solid
of Voigt type.
In this case the corresponding values of m,, n,, m, and n, are given by
my=m,=0, n;=8;, n,=p,,
where B,=(34,+2u,)w

Ba=(A+2u,)w
In this case, the equation (14) can be written in the form
Pw'+ iQw’~ RW = iSw+ T, =0, ...(22)

where P=pCy,

T,a’r’
Q= °p (BA+2u,) + KP + pCop + CF (A, + 24),

2 A, +2
R=—2—M(i(3ll+2ul)+Kv,,r4+M+ vah74(11+2#1)

o o
+pC.Cir + uHyCyr'
and
LBsr  Kvy(h +2u)) 6 o KugHyr' 2
S= + r’+ KCyr*+ —=2=—+ pC,v,C3/*
o o

T,= CiKvyr. ...(23)
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We consider two different cases (1) when the wave length =2 n/r is real ie., 7
is real (2) when the frequency wis real.

Case(1)

If we take r to be real, then from the coefficients of the equation (22) it
follows that the possibilities for the roots of w are (i) 4 real, no imaginary (ii)
2 real 2 imaginary and (iii) 4 imaginary. From the equations (13), we find that
imaginary part of w only contributes to the amplitudes of the waves. There-
fore, the four real values of w, produces four additional modes is the wave.
Again for imaginary root of w, say (a’+ if’) any equation of (13) is of the form
A expli{rx—(a'+iB’)d]= A expli(rx— a’f). exp(B'1). This sort of solution ad-
mits of a variety of interpretations depending on the nature of a’ and f’. They
can reflect damping characteristics in time, only when 8’ <0. Also the frequen-
cies of the magneto-thermoelastic coupled waves in a general viscoelastic me-
dium depend on the wave length in a nonlinear manser and so different wave
lengths will propagate with different phase velocities. We can, therefore, con-
clude that magneto-thermoelastic waves in a general viscoelastic medium are
dispersive.

Case(2)
If we take w to be real, the determinantal equation (14) is rewritten in the
form

L+ Mr'+ NP+ R=0, ...(24)
where
L=CKv, - IWK v (A, + 2/41)’
ol
H¢ K(A,+2
= —iw [Kc§+ KuoHo | pvaHC(Z,]— w? [Kv,,+ K *2m)
o o
+ vaH<ll+2#1]’
Raz . 75/3(2)

N=iw3[ (3A,+2u,)+K+pC,vy+ C,(A+2u,)— iw .. (25)

W {%ml +2u,)+pC, cé+u,H§cv]
0

and
R=pCw'.
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We find that r has three pairs equal and opposite imaginary roots. Let the
roots be *(a,+iB;), t(a,+iB,)t(a;+iB;). When the roots are (a,+if,),
(a,+ip,) and (a;+ iB,), then the amplitude of the wave contains the term like
exp(— B,x), exp(— B,x) and exp(— f,x) which show that the amplitude lie out
in the x-direction provided f,, 8, and 8, are positive.

Group Velocity

As already remarked, the waves are dispersive and as the group velocity
of the wave is a characteristic velocity that represents the speed with which en-
ergy is propagated. We now calculate the group velocity of the dispersive
waves putting C= w/r(phase velocity) in the equation (22), we have

C'+p,C*+Q,=0, ...(26)
where
. 2 2
At
p = [T"“ B4, 2u) +K+pcva+Cvu,+2u1>}
pC, P
- 1 {2 76‘1/30’2(311'*'2/11)2_*_Kv r2+K72('11+2/“1)
pC, o " o
+cvv,,rz(xl+2u1>+pch§+uercv]
Q:=KC&mf_ iw nﬂ;+K2m4M+2yg+KC2
' G, pC A I ’
Ku H:
+*%r4+pCﬂmC4 -+ (27)

Now, Group velocity C, of the wave can be written as

cC2PC*+4cC*
= (2A ) ...(28)

IP+IQ
2 4 + 2 1 ]
RPACT+4Ch+wC? T

[by (26)]
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It is seen that if the frequency of the wave increases i.e., for large values of w,

C

¢~ ©. This implies that a wave packet consisting of infinitesimally short

wave lengths will propagate with infinite velocity which is physically impossi-
ble. Therefore, infinite C, with N— 0 is inadmissible in our problem, however,
for small values of w, we find that the group velocity of the wave is equal to
the phase velocity of the wave.

N A B W=

[NV R~ ]

11
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