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The momentum and heat transfer characteristics in the flow of an incompressible
second-order fluid over a stretching sheet are obtained for uniform wall tempera-
ture and uniform heat flux boundary conditions. The heat transfer characteristics
are shown to depend on the ratio of two time-scales, one being associated with
the fluid and the other with the stretching sheet.
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Introduction

In recent years, the study of boundary layer over a stretching sheet which emerges
from a slit into a medium at rest, has attracted the attention of several research
workers because of its significant relevance to the extrusion process used in the
manufacturing of sheets and fibres in glass and polymer industry. During the ex-
trusion process, the properties of the final product that was obtained by drawing
contihuous strips or filaments through a quiescent fluid would depend to a large
extent on the cooling rate of the material. The flows in the boundary layer of an in-
compressible viscous fluid on a continuous moving flat surface and on a cylindn-
cal surface were studied, theoretically, by Sakiadis' ~* and later an experimental
and theoretical investigation of the velocity and temperature fields in laminar and
turbulent bou ndary layers on a continuous moving flat surface was made by Tsou
et al* They also determined heat transfer rates for certain values of the Prandtl
number. The problem of laminar boundary layers on continuous flat and cylindri-
cal surface has been studied by Koldenhof*. Crane®’ has obtained similarity type
of solution for the cylindrical boundary layer flow problem. These studies are
based on the assumptions that the moving solid surface is non-stretching. How-
ever, McCormack and Crane® have pointed out that situations may arise in polym-
er industry which may lead one to deal with a stretching plastic sheet. The momen-
tum, heat and mass transfer in a viscous flow past a stretching sheet has been inves-
tigated by many authors®~!2. Chakrabarti and Gupta'? have considered hydro-
magnetic flow and heat transfer over a stretching sheet. The linear stability of vis-
cous flow over a stretching sheet is investigated by Bhattacharyya and Gupta'®,
Since many real fluids encountered in various industrial processes are non-
Newtonian in character, the detailed investigations of non-Newtonian flow over a
moving sheet has become a subject of importance. Fox er al'® have studied the
flow of a power-law fluid on a moving surface. The micropolar fluid flow past a
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stretching sheet with heat transfer has been analyzed by Chiam!6. The flow of Riv-
lin-Ericksen fluid past a stretching sheet has been dealt with by Siddappa and Hi-
remath'’.

This paper presents an analytical study of the momentum and heat transfer
aspects of a second-order fluid flow over a stretching sheet for two thermal boun-
dary conditions of uniform wall temperature (UWT ) and uniform heat flux (UHF).
The incompressible second-order fluid obeys the constitutive equation based on
the postulate of gradually fading memory given by Coleman and Noll'®. The boun-
dary layer characteristics are shown to depend on the ratio of two time-scales, one
being associated with the fluid and the other with the stretching sheet. The temper-
ature distribution and the heat transfer coefficient expressed in terms of Nusselt
number are discussed.

Mathematical Formulation of the Problem

The steady two-dimensional flow of an incompressible second-order fluid, go-
verned by Coleman and Noll’s constitutive equation, over a stretching sheet is con-
sidered. The x-axis is chosen along the sheet and the y-axis perpendicular to it. The
equal and opposite forces are applied along the x-axis, so that the wall is stretched,
whilst keeping the origin fixed (Fig. 1). The equations for the conservation of mass

X

€« —— — — 0 —> —p —p —>
U=Cx

Fig 1 A sketch of the physical problem

and momentum of the ensuing flow, with the usual boundary layer assumptions,
are’®

a_u+é)=0 1
2" 3y .. (1)
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where u, vare the velocity components in the x, y directions, respectively, v=u/p
the kinematic viscosity and K= — a,/p the elasticity parameter. 4, a,(<0) and p
are the respectively the coefficient of viscosity, coefficient of viscoelasticity and
the density of the fluid. The normal stress effects are assumed to be of the same or-
der of magnitude as that due to the shear stress. The relevant boundary conditions
are

u=Cx,v=0at y=0; ... (3a)
?

and u=0,a—u=0,——t—2‘=0aty=°°; ... (3b)
dy Oy

where C > ( is a constant.

Solution of the Problem
The velocity profile is presumed to be in the form
u=Cxe 9, ... (4)

which clearly satisfies the boundary conditions (3), &x) being the velocity boun-
dary layer thickness to be determined. On integrating the momentum equation (2)
with respect to y from 0 to © and using equations (1)and (4), the differential equa-
tion for the boundary layer thickness ¢ is obtained as

dé 2 . 2
—=—(v—KC-6°C ... (5

which yields the stationary solution
0=(v/C)"* (1= KC/v)'"%. ... (6)

When K = 0. the Newtonian result is obtained as 6= (v/C)"%.° Defining the dis-
placement thickness 6, and the momentum thickness 6, as

CX()FJ u dy (7
and
C'x’ (51=J u’ dy, ... (8)

and using eq. (4), we obtain
6,=0,0,=10, .. (9)
where dis given by eq. (6).
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The non-dimensional wall shear stress 7, can.be obtained as

) 3KC
T, = Ty =1- , ... (10)
Cxvp\ /=0 v
where 1, is the shear stress component.?® From egs. (6), (9) and (10), it is observed

that the boundary layer characteristics depend on the parameter KC/v which rep-
resents the ratio of two time-scales, namely, K /v associated with the fluid and 1/C
associated with the stretching sheet.

It is observed from eq. (6) that the boundary layer thickness & decreases for
increasing values of the parameter KC/v. However, the experimental observ-
ations?!*? confirm that KC/v< <3. Eq. (10) predicts zero skin friction for C=v/
3K. Thus for values of Cclose to v/3K, the skin friction is close to zero. This result
is a useful criteria for selecting the appropriate ambient fluid and the speed of
drawing the sheet depending on its elastic properties so as to minimize the skin
friction. This fact results in an immediate economic benefit in the form of reduc-
tion in power requirement for drawing up the sheet. The expression for non-di-
mensional skin friction for Newtonian fluid (K = 0) can also be obtained, from eqgs.
(6)and (10), in the form

(rx)')\'=() = 1/2
bzl o2 .11
CZ 2 ( )

where R,= Cx?/v s the local Reynolds number, which is in exact agreement with
the Newtonian result obtained by Crane.’

Heat Transfer

The boundary layer equation governing the flow of heat, neglecting viscous dissi-
pation, is

T, oT_ 9T

ax 9y ay”’
where T'is the temperature and a= K '/p C,, is the thermal diffusivity of the fluid
medium, C, and K’ being the specific heat and thermal conductivity of the fluid,

respectively.
The relevant boundary conditions are

... (12)

y=0. a) T=T,for uniform wall temperature ... (13a)
oT
by —= ——(—Il,,for uniform heat flux ... (13b)
dy K
and
y=o:T= T, ... (13¢)

where T, and T, are the constant temperatures of the sheet and the surrounding
fluid, respectively, and g,, the constant wall heat flux.
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Uniform Wall Temperature (UWT)

To transform the energy equation into an appropriate dimensionless form, we
define

_T-%
L-T,

T(n) ,n=y/0. ... (14)

The transverse velocity component v obtained from eqs. (1), (3) and (4) is
v=0C(e¥8—1), ... (15)

where dis given by equation (6).
Then energy equation (12) reduces to

- T d°T
PW(e ”—l)d—=d—2, ... (16)
dn dn

where W=1- KC/vand P, the Prandtl number.
The boundary conditions (134) and (13¢) become
T(0)=1, T{«)=0. .. (17
The solution of eq. (16) satisfying the boundary conditions (17) is obtianed as
J exp [—P,W(n + e_")jl dn
n

T="" ) ... (18)
J' exp {—P,W(17+ e_”)} dny

0
which can also be written in a convenient form as

—=’}’[P,VV,P,W8—”] (19)
A AR
where y (a, x)is the incomplete gamma function defined by
y(a,x)=J "' e 'dt, Re(a)> 0. ... (20)
0

The temperature distribution, given by equation (18), in the boundary layer de-
pends on the parameters, namely, P, the Prandtl number and KC/v the ratio of the
two time-scales.

The local heat transfer ¢(x) defined as

@

q(x)=K'(Tw—75)exp(—P,W){ j cxp[—P,W(17+e”")jldn]_1 . (21)

0
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Using expression (21), the local Nusselt number Nu, is obtained as

_qx) x_ =
Nu, = T-T K- JVR/WH(P,), ... (22)

where

~-PW P,W
H(p,)=_‘;__(ﬂ.
Y(EW,EW)

The expressions (18) and (22) for temperature distribution and Nusselt number,
respectively, reduce to the results obtained by Crane® for Newtonian case (K=0).
Table I shows the values of Nu,/ﬁ!:, for P,=25.0 and different values of non-
Newtonian parameter W=1— KC/v. It is observed that the heat transfer coeffi-
cient expressed in terms of Nusselt number decreases for decreasing values of
W i.e, for increasing values of the parameter KC/v and is found to be less than the
corresponding Newtonian value.

Tablel
Values of Nu,/ \/E
w Nu,/JR,
1.0 3.775329 (Newtonian case)
0.97 3.772015
0.95 3.769722
093 3.767624

For the non-Newtonian fluids of practical interest, the Prandtl number is very
large. Asymptotically, for large Prandtl number (P,> > 1), the equations (18) and
(22) reduce to

T=1-erf(n, JP/2)+0(P)" "3, ... (23)
where 7, =(C/»)'? y, and
Nu,=(R . P/2x)'?, ... (24)

respectively. Eqs (23) and (24) indicate that the heat transfer is not very sensitive
to the normal stress effects exhibited by the second order fluids with large Prandtl
number.

Uniform Heat Flux (UHF)

In this case, the solution of the energy equation (12)is subject to the boundary
conditions (135) and (13¢). Defining

T

q,0/K

0(n)= »>N=y/9, ... (25)
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and using equations (15), (13b) and (25), the energy eq. (12) takes the form

} do _d’e
PWe "-1)—=—
r (e )dﬂ dnz, (26)
and boundary conditions (13b) and (13 c) become
8'(0)= —1, §(0)=0. .. (27)

The solution of eq. (26) subject to the boundary conditions (27) is

0=eP'wJ exp[—P,W(n+e"’)]d17, ... (28)
7
which can also be put in the form

o=e""(PW) "y PWPWe ). ... (29)

For large P, equation (28) approximates to

0= /Z;fw[l—erf(nlﬁ-i‘z>]+o<a>“/2, ... (30)

where n, =(C/#)'? y, which is characteristically dependent on the non-Newtonian
parameter W in contrast to the UWT case (equation (23)). Equation (30) shows
that the temperature distribution in the present case exceeds that in UWT case by

a factor of | 3 ;t W The expressions for Nusselt number, Nu,, in the present case

is of the same form as that in case of uniform wall temperature. Hence, the results
observed in the UWT case are also valid in the UHF case.

The approximate expression for wall temperature 6(0) for large P, can be ob-
tained from eq. (30) as

0(0)=(n/2P,W )2, ... (31)

It is observed that the wall temperature increases for non-Newtonian fluids as the
parameter W decreases in comparison to the corresponding Newtonian case
(W=1).
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