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The asymptotic behaviours, as the independent variable 7 tends to infinity, of
the solutions of the equations governing compressible laminar boundary layer
flow with hard blowing have been discussed. The results are based on the
asymptotic integrations of second order linear differential equations.
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Introduction

An interesting aspect of the study of flows with mass addition is the pheno-
menon of boundary layer blow off where large amounts of a fluid are injected
intothe boundary layer to fill the region near the wall and causing significant
alterations into the profiles of the variables by pushing the shear layer away.

For large rates of injection, the boundary layer is characterised by (i) an
inner layer close to the surface where viscous forces are negligible as com-
pared with the pressure and inertia forces and (i) a relatively thin outer vis-
cous layer in which transition from the linear to the inviscid external flow takes
place.

Since the prediction of the effects of massive blowing on slender aerody-
namic bodies is of technological interest, it is desirable to carry out at least an
approximate analysis of the boundary layer under conditions of strong blowing.
In fact, several studies of boundary layers with large injection have been carri-
ed out.

Pretsch!, Watson?, Aroesty and Cole® and Kubota and Fernandez* have
developed solutions to the Falkner-Skan equations or its compressible ana-
logue for large rates of blowing. Kassoy® has rederived the problem considered
by Kubota and Fernandez* directly from the original equations for the hard
blowing case. Nachtsheim and Green® and Liu and Nachtsheim’ have pro-
posed a purely numerical method through a conversion of the two point boun-
dary layer flow at a three-dimensional stagnation point. Because of the techno-
logical significance of the present problem, it has also been tackled by Vimala®,

The objective of the present paper is to study the asymptotic behaviours,
as the independent similarity variable tends to infinity, of the solutions of the
Falkner-Skan and the corresponding enthalpy equations governing the com-
pressible laminar boundary layer flow with hard blowing. The results are based
on a significant method, namely, the asymptotic integrations of second order
linear differential equations.
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Since the study of the asymptotic behaviours also plays a significant role
in boundary layer theory, hence its study was initiated by Hartman® and was
developed to some extent by Singh!? and Singh and Singh!! later on.

Analysis
The similarity equations governing the low-speed laminar compressible boun-
dary layer flow of a perfect gas with density p, constant specific heat c,, vis-
cosity u proportional to the temperature T and Prandil number unity caused
by the free vortex on the longitudinal flow over an axi-symmetric surface of ra-
dius rwith large injection at the surface are

f+f+Ble—f*1=0 ...(1)
and g+g=0 ..(2)
with boundary conditions

flO)=fL< —1), f(0)=0, f'()=1 ...(3)
8(0)=0, g(=)=1. ... (4)

Here f(n) is a dimensionless stream function, G enthalpy, B is pressure gra-
dient parameter and f, is mass transfer parameter. Remaining all the physical
quantities which are used here have the same meanings as defined in Vimala®.

Since large rates of injection and small pressure gradients are of consider-
able importance in compressible flows where high velocities of the flights are
attained in modern times in aeronautical engineering, hence our range of dis-
cussion will be reserved for 0 < < 1.

Now we state a theorem which shall be helpful in the discussion of the
asymptotic behaviours of the present problem.

Theorem

Given 0 € <1 there exists one and only one solution f{#) of (1), (3) such
that

F)>0 on [0,®) and lim,..f(n)=0.

The proof of the above theorem is given by Gabutti'*.
Eq. (1) and (3) can be written in the form:

fr+(f+ £+ Blg— =0, ... (5)
under the boundary conditions
fl0)=f(0)=0, f'(o)=1. ...(6)

The above form of (1) shall help us to study the effect of large injection rates
on the flow field.
If f(n) be the solution of (5), let us put

=—g+f (7
in it to obtain
_ g2
h*+{f+f) K+ M=O. ...(8)

—e+f
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In (7), €is a positive quantity very near to unity.
To remove the middle term in (8), let us substitute

h=x exp((—-;- £(f+f,)ds) ... (9)
in it to obtain
x"=Q(n)x=0, ...{10)
where

Blg—r?)

Q(n)= f+ (f = ..(11)

—e+f

Since f*> 0 and f' ~ 1, f~ nas n— oo, there is a constant Csuch that

Q:Z f:2
07~ C[(rl+fw)3 ¥ (rl+fw)5]’

and

|Q3/1\C[ f + : 3}-

Q (n+£) (n+f)

In addition, [ f* d#is absolutely convergent (since f'— 1 as #~ ), so that
rg—";d"<m and J g/ld’“” ... (12)
provided that

r (”C;w)5d17<°°. ...(13)

The validity of (13) can be checked by integration by parts taking f*/(n+f,)°)
and f” respectively as the first and the second functions, so that

f _If 5 f* o . 5
J( +f~)5f T+ LY ”q+fw+(f+f~)f +B(g—f )]f'dn (n+£.)

The last integral is absolutely convergent and lim f*=0 as n- . Thus (13)
holds.



364 JSINGH etal.

Consequently, (10) has the principal solution x(#) satisfying, as 7 «,

x~cQ ) exp(—["Q"*(s)ds), c#0, ...(14)
where ¢# 0 is a constant, while linearly independent solutions satisfy
x~cQ ™ "*(n)exp(["Q"*(s)ds), c#0; ...(15)

(cf. Exercise XI 9.6, Hartman!?, p. 384).
From (11)and f~ 7,

1/2 f _ ﬂ(g—flz) 1 ,
Yy (-£+f’)(f+fw)+0{(n+fw)3]
Q‘““(n>~[%( 7+ 1) }

J"Q“z(s>ds=§f<f+fw ds+3log (f+f)+ e +0(1),

where ¢° is a constant.
Thus (14) and (15) become

~ -12 r Ble=1")
C(77+fw) exp( J[_(f fw) 2 f+fw (—£+f')(f+fw)jlds).

In view of (9), the equation (8) has a principal solution satisfying

c# 0, while linearly independent solutions satisfy

'1 2
'h"cexp(—ﬂl[(—_"ﬁ;:fj ) c#0, ...{(17)

as -,
If (7) satisfies (16), then, since f~ », it follows that
[=nh(n)dn< =; thus

n
1
f=n+c,+0(1), !fds=5n2+cm+c2+0(1)

as 77— 0. Substituting this into (16) and (17) gives respectively
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2

—e+f’~co(17+f,,)—1exp(w—cm) (19)
and
—e+f'~c, ... (20)
as 77— @, where ¢, > 0 and ¢, are the constants.

To find the asymptotic solutions of (2), (4), let us put
H=1-g ... (21)
in it to obtain
H"+fH =0. ... (22)

Proceeding on the pattern on which (8) was handled, we have the principal
solution of (2), (4)

-
1—g~c’017‘1exp( 2” “C1'7), ... (23)

while linearly independent solutions satisfy
1-g~co ... (24)
as n— <, where ¢, > 0 and c, are the constants.

Results and Discussion

In calculus, the nature of the solutions of the differential equations or differen-
tial difference equations is studied as the independent variable tends to infinity.
This property is completely fulfilled by the study of the asymptotic behaviours.
Asymptotic behaviour deals with the nature of a solution as the independent
variable tends to infinity. If a solutions tends to a zero value or to an infinitesi-
mally small limit as the independent variable tends to infinity, that solution is
said to exhibit asymptotic nature as the independent variable tends to infinity.
A solution fulfilling the above criterion is also said to be asymptotically stable,
and, on the contrary, asymptotically unstable.

The criteria over which our entire discussion is based are lim, ..
(—€e+f)=0 and lim,_., (1—g)=0. These criteria require a little clarificaton.
Since ¢ is a positive quantity very near to unity and lim, . ,f"=1 (given in the
boundary conditions), hence ( ~ £+ f’) shall be very near to zero as 77— «. Sec-
ond criterion is evident from the fact that g— 1 as 57— . We impose these cri-
terions on the LHS’ of the solutions and observe whether RHS’ of the solu-
tions are also tending to the same limits or not. If it is so, these solutions will
exhibit asymptotic nature, otherwise not.

Based on the above criteria, we observe that the asymptotic relation (19)
holds true as n— oo for large rates of injection. But, the relation (20) does not
exist as the RHS is always greater than zero. One thing to be noted is that the
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asymptotic relation (11) shall always hold .true as #— 0, irrespective of the fact
whether suction ( f,>0) is taking place or injection ( f,,<0) is present in the
flow field. Also, for zero mass transfer parameter ( f,,=0), the situation is again
the same.

Finally, we shall study the asymptotic nature of (23) and (24). The relation
(23) shall always exhibit asymptotic nature, whereas (24) does not. It is due to
the fact that LHS and RHS of the relation (23) tend to the same definite limit
zero as 7~ o, whereas it is not the case with the LHS and RHS of the rela-
tion (24). The LHS of the relation (24) tends to zero as n— <, but RHS al-
ways remains greater than zero.
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