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THERMOELASTIC WAVES IN INFINITE MEDIUM
WITH CAVITIES DUE TO MOVING LOADS AT ONE
OF THE CAVITIES
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Coupled thermoelastic wave problem of transient wave diffraction in an infinite
elastic media having two infinitely long parallel cylindrical cavities one of which is
subjected to moving load has been studied. Cagniard’s technique is used and solu-
tion of incident and diffracted waves are connected by the addition theorem of cy-
lindrical function. The expressions for stress and temperature are derived and some
special cases are also studied.
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Introduction

Elastic deformation due to time-dependent surface traction (from the Duhamel-
Neumann analysis) can be determined without reference to its thermal state. This
procedure is adopted in the solution of the dynamical problemin the classical theory
of elasticity. The elastic constants which appear in the equations of motion are de-
fined under adiabatic conditions and since elastic waves, being non-dispersive, pro-
duce no increase in the entropy of the solid, no inconsistency seems to arise. This
description of elastic wave propagationis physically over simplified. In fact,achange
in volume must cause the temperature as well as the stresses to change. When a
longitudinal wave passes through a solid, the elements are successively compressed
and dialated. These phenomena are accompanied respectively by heating and cool-
ing. Since the thermal conductivity of the solid is non-zero and the disturbance has a
finite frequency, the source of energy will be converted into heat energy during the
first half of an oscillation and will not be recovered during the dialation phase.
With the foregoing remarks in mind this paper is prepared. A formal solution of

coupled thermoelastic problem of transient wave diffractionin an infinite elastic me-
dia having two infinitely long parallel cylindrical cavities one of which is subjected to
normal loading of magnitude A is suddenly applied on the circle at Z=0 and then
moves along the bore with uniform velocity ¢ has been discussed. The Cagniard’s
technique is used to get the solution.2*

A few problems are solved on thermo-mechanical coupling effect with two cavit-
ies,! and uncoupled problem.? This is a generalization of Refs.[1} and [3].

Mathematical Formulation

Let the origin of the Cartesian Coordinates (x, y) and polar co-ordinates (r, 8) be
spaced onthe centre of the Cavity Ilin a plane which is at right angle to the central axis
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of the cavities. The Cartesian coordinates ( x,, y,) and polar coordinates (7, 6,)on the
cavityl are similarly chosen on the plane as showninFig. 1. The central axes of the ca-
vities I and Il are taken as Z, and Z-axis of the co-ordinate system respectively. The
radii of the cavities I and Il are ‘a,” and ‘@’ respectively.

Yo Y

I

z
Fig. 1

Coupled Thermoelastic Equations and their Solutions

When the thermoelastic medium s excited by a plane wave, the coupled thermoelas-
tic equation of motion and generalized conduction equation can be represented by
NOWACKI?
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7=(31+2#)a1s)’1= 1= »C

.C
At+2u 0
¢, v are the potentials of dilational and shear waves ¢, and ¢, and the velocities of
longitudinal and transverse waves respectively. 4, # are Lame’s constants, pis dens-
ity, K. is thermal diffusivity.

T*(3A+2u) .
n=—————a,,e= nyK = Coupling factor.
K, C,
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T *isthe absolute temperature of the mediumin stress-free state and C, is the thermal
capacity at constant volume, @, is the linear thermal expansion of the medium.

Vz—i_'_lg.'_li_'_i
or ror roF 97’
The assumed boundary condition for the small cavity I

0y, = A F(2,1)
=0 Jro=ao, .. (4)

where F(z,1)=6(z)H(¢#):6( )and H( )areDirac’sdeltafunctionandHeaviside's
unit step function respectively. A is the intensity: ¢ is time : T is the temperature.
Eliminating ¢ or 7 from equations (1) and (2), we get

19,18 ) 110
V-V S+t gy = |+ —5=5|¢=0 ..(5
[ (Kyat EFTARGS 6t) K, 6t3]¢ 5)

We define two transformations.
Laplace transform with respect to «.

FZ35=J F(r)e " drt ...6(a)
0
Inversion

F(z)=2imj' F(S) e ds ... 6(b)

and Fourier transformation with respect to Z.

Flw)= r F(Z) €™ dz ... 7(a)
Inversion

Az) i]'m Flw)e ™ dw ... 7(b)

=2:t

Operating 6(a) on Eq. (5), we have

-

1 1, 11
;(-,s+—C—?s +17y,s)+— S3}¢=O

[V“—V2 5
¥ KV C?.

or

(V4 ) (V4 m3)® =0

that is

(V¥ mi) @, =0 ... 8(a)
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and

(V4 m3) ®,,=0 ... 8(b)
D, =0,+,,

where n#, m3 are the roots of the equations

1 1 11
[m4—m2 (—s+ ny,S+—252)+——ZS3]=O
K, ¢

v €1
Img(ml,mz)<() ...(9)

The suffix i stands for incident waves generated by the load at the cavity 1.
Again we operate the transformation 7(a) on 8(a), 8(b) and solution of 8(a, b) for
axially symmetric loadings can be written as

$.=A HyB,r;) ... 10(a)
and

.= BHy(B; 1) ... 10(b)
where

ﬂf =(m§-— w 2)/-1,2
A, Bare arbitrary constants- H,(z) is Hankel function of first kind of order zero.

Once the thermoelastic potential functions are determined the stresses and tempera-
ture can be calculated in the image space.

0,5, = A P(r)+ BQO{(r,). ...(11)

Yo%e
Operating the transform 6(a) and 7(a) on eq. (1), the temperature can be calculated
y‘TO=AE,»(r0)+BF}(r0), ...(12)
where

2 2
AZ=—(w2+S—2); p=L>
2u

% H(Byr,)— r Hy(B, ’o)],

0

Pi(’o)=l

Q(n) [%H,wzro)—lmo(ﬂzro)],
1]

Ei(’o)"' [(12 - ﬂzl)Hl)(ﬂl ’o)]
and F(r,)={(2’ - B))H, (Boro)) ...(13)
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Using the boundary condition (4) after taking transform, we get the following
equations

APF(ay)+ BQfa))=A L(WS) ...(14)
and AE{ay)+ BF(a,)=0, ...{15)
where

zxwm)=fm Flz,s)e™ dz

-0

and F(z,s)=J F(z,t) e “dt.

0

Solving the above simultaneous equations (14) and (15), we get

_A L(w,s) F,
PF,- QE,
_AL(ws)E, (16)
Q. —-PF, N
o ALWS) EHo(ﬁ};rlog:glgqﬂzn,)] L (17)

The potential given by (17) are of incident waves which propagate to the Cavity Il and
are generated by the moving loads at the inner face of Cavity I. Eq.(10) may be trans-
formedinto (7, 8)co-ordinate by using the additional theorem of cylindrical function®
and can be written as

F=ATWSIS) T (~ 17 Hifi2)J,(r) cos n6 .. 18(a)
and T
ﬁ=xﬂ75@w>§mhnwmmaummmna ... 18(b)
where H

0=ay/a; D=[P.F;~ Q,E}],

Filad)
D(ad) Qi(9),

D(ad)
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Efad)
D(aé)

J

' (Z) = Bessel function of order n
and H,(Z)=Hankel function of order n.

=((0),

These incident waves will introduce scattered dialatorial and shear waves due to the
cavity II. The thermoelastic potentials of the scattered waves can be found from egs.
(1),(2)and (3).

i C,H,(B,r)cos n6 ...{19)
i D,H,(B,r)cos n6 ...(20)
and ys= i E,H,(B,r)sin né, .. (21)

2

2
where B5=——w
4]

2

and ¢s ¢1s+ ¢zs

Suffix ‘S’ stands for scattered waves. H,(z)is Hankel function, C,, D,, E,are arbitrary
constants which are to be determined from the boundary conditions of the cavity II. If
we assume that the radius of cavity I is small enough compared to the cavity II, the ef-
fects of the multiple scattered waves may be neglected. Thermo-elastic potentials
thus can be obtained by adding the potentials of incident and scattered waves

¢ ¢1+ ¢5 22(8.)
and $=O0+ y ...22(b)
From egs. (17) and (21)

@©

¢=1A L{ws){Q () Z_ (—1)'H,(B2) J.(Bi 1)

+Qz Z ﬂzz (ﬂzr}

+ i {C,H,(B.r)+ D,H,;(B,r)}] cos n@ ...{(23)
and y= i E,H,(B,r)sin n6 ...(24)

As the thermoelastic potential functions are determined and thus in return stresses
and temperature can be determined.
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g,=2u Y [X.\(rws)+ C,X>(rws)+ D, X, (rws)

n=—o

+E X, (rws)]cos n@ ...(25)

Go=u 3 [Y (rws)+ C,Y.(rws)+D,Y, (rws)+E,Y, (rws )lsin nd

n=-o

(26)
and
wT= Y [M (rws)+N,M:(rws)+D,M>(rws)lcos n6 ..(27)
where

(n+1)

K2(>=(*l)l 1 (0)H, (ﬂlz>(

__Znﬂl 2n(n+1)

Jo-1 (Bir)+ Qy(0) H, (B12) (

X J,(Byr) - 2,;,3 <ﬁzr>)]

K (N=(—1V[Q(8)(A*=B)) H,(B2) ], (Bi7)
+Q,(0) (A= B3 H,(,2) 1, (B.1)),

Xi(’>= - By yii(ﬁxr:_;rliHn (ﬁl")'*'(%—lz) Hn(ﬁxr)jl
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X3 r (”‘”rf = ,2) H, <ﬂzr>———————”2”";‘(”z’)J
X:(r)zian_;(pﬂ) (nr+1) (ﬂ;r]

Y3<r>=:-2—(—'ji-1— H, (87 Mﬂn-l(ﬂnr)}
Yg(,){ﬂ(%i) H, (- 252 "-lwzr)]

Y:(’ {ﬂ H,(Br)+ ( (ﬂs+ 1)) H,_, (ﬂa’)il

M;(r)

and
M, (r)

||

(= B1) H, (B 1)

(4= B2) H, (B,r) ...(28)

The boundary condition of the cavity II are taken as
0,=0
=0
o r=a ...(29)
T=0

Using the boundary conditions after taking transform, we have the following simul-
taneous equations :

(A i(ws ) K'(a)+ C,X}a)+ D, X} (a)+ E, X} (a)]=0; ...(30)
(A L{ws)K*(a)+ C, Y; (a)+ D, Y. (a)+E, Y; (a))=0; ...(31)
and

—~
[A L(ws) K’ (a)+C, M2 (a)+ D, M’ (a)]=0. ...(32)

Solving these equations (30),(31) and (32), we get the value of integration constants
C,, D,, E, andinreturn we get the expression for stress and temperature in the image
space

'

»=2uA L(ws) i‘ (K'(r)+S=X3(r)+S X, (r)

0

[

n

+5' X% (r) cos nb ...(33)
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0p=uALiws) S [KX(A+S' Y2 (N+S*F+S*Y (r) sin n6 ..(34)
and
Y 7="=AI:(ws) S O[K )+ S M(r)+ 5 M (r)] cos né, ...(35)

where at r=a and other constant are as follows:
X=X,Y,-X,Y,;

Y=X,Y,-X, Y,
R=-K'(@)Y,+ K (a)X,;

RM,+ K'Y R
Xyt GTALRTS
., —K'=S'M _——
$ = D,=A L(ws)S*;
S'=-S'4-S'A-K'/X};
and E,=AL(ws)S°. ...(36)

The stress components o, (r68Z1),0,4 (y 6 Zt)and temperature T (y6Z¢)canbeeval-
uated from the inversion of the integrals.
Taking inversion with respect to Z

1 ) N
o,,(rzs)=—J 0,(roWS)e " dw ... (37)
2n) o
and taking inversion with respect to time ¢
1 y+ i —~— -
o, (rézt)=—, o, (rfzs)e"ds. ...{38)
Tl y— i

Similarly, all other components and temperature can be evaluated. This formally
completes the problem.

Special Cases

(i) A normal ring load of magnitude ¢, is suddenly applied at cavity I at zero

temperature while cavity Il is free from tractions and temperature.

dr‘,ru =g,0(z —ct)H(t)
I,=0

where 8 ( Jand H( )are Dirac Delta and Heavi side’s unit functions respectively.
For this case

h=ay, .(39)
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1
L(ws)= -
(s—icw)
Hence,
= _ o
w5 —iew)
T =0 atry=a, . ...(40)
L 4

After substituting the value of L(w s ) in relation (17)

ce_ % FH,(Bir)~ E:Hy(o10) (41)
(s—icw) PF,— Q.F,

This incident waves will propagate to cavity Il and thus generate diffracted dilational
and shear waves due to cavity Il and consequently develop stresses and temperature.

g, (rézr) 1 JY+imi_Jw ﬂ i [Kl(r)+s1X2(r)

cosn@ 2mijy-io2mi)_o, (S—icw) i«

+ 5 X, (r)+ 8 X, (n]e ™ e"dsaz, ... (42)

Oy (y0zt) 1 yriofie K - 1 1 y/2
= _— K +s5sY
sin n6 4n2iJ —w ($—icw) ,,=Z_.,o LK (7) (r)

Y= i

+ Y (A+ £ YH(r)] €™ dsdz ... (43)

and

Y+ i m ©
T(rézr) 1 J' J' _ % > OIK )+ S ME(r)

- 2. .
cosnb T4 |r-in_o (S—icw) ,iC e

+ &M (r)] €% ™ dsdz ... (44)

Discussion

The problem here has been discussed by considering Thermo-mechanical coupling
effects.
If variable zis taken constant and all terms are taken independent of z, then this
problem reduces to that of Kumar.! This is thus a generalization of Kumar.!
If zis taken constant and the coupling factor &£ = 0, the above problem reduces to
uncoupled problem.?
If t= 0, £= 0, and zis taken constant the problem reduces to uncoupled station-
ary problems.
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