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STEADY-STATE THERMOELASTIC STRESSES
IN AN INFINITE TRANSVERSELY ISOTROPIC
MEDIUM CONTAINING A PENNY-SHAPED CRACK
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The temperature and the normal components of stress and displacement in an infi-
nite transversely isotropic medium containing a penny-shaped crack have been cal-
culated in the present paper. The stress intensity factor has also been found.
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Introduction

The problem of stress distributionin hexagonal aéolotropic crystals in the absence of
body forces was solved by Elliot! who used two stress functions. The method was ex-
tended by Singh? for solving thermoelastic punch problems when body forces were
present. The present paper employs the equations derived by Singh to determine the
temperature and the components of stress and displacement in a transversely iso-
tropic solid containing a penny-shaped crack. The faces of the crack are assumed to
be exposed to an axisymmetric temperature distribution. The temperature and the
normal components of the stress tensor and the displacement vector have been cal-
culated in the particular case of a constant temperature applied over the crack-faces.
The stress intensity factor has also been derived.

Basic Equations

An assumption here is that the infinite thermoelastic medium contains a penny-
shaped crack of unit radius with the origin of co-ordinates at the centre. The position
of a typical point of the solid may conveniently be expressed by the cylindrical polar
co-ordinates(r, 8, z).Itis also assumed that the axis of symmetry is coincident with the
Z-axis and that the thermal properties in the direction of rand fincreasing are same
but are differentin the Z-direction. In the case of axially symmetric deformation, the
displacement vector will have the component (u,, 0, u.) and the non-vanishing com-
ponents of the stress and strain tensors will be 0, 040, 0... 0,.and e,,, €, €. €,_1e-
spectively.

The strain-stress relations for the transversely isotropic material under consi-
deration are assumed in the form-

err S 11 Sl 2 ‘sl 3 0 orr
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where S,;, S5, i3, 533, S44 are elastic constants. Singh? in his paper proves that solu-
tion of the thermoelastic problem for a semi-infinite medium can be found in terms of
two functions & r, z) and £X r, z) which, in the absence of body forces, satisfy the differ-
ential equations:

9 1/[o’Q
V%¢+k§2*a-2§=;(a—zz——CT); (2)
and
) 8Q
VTQ*’k%x'—T:auT ...(3)

oz

where k2, and k3, are the roots of the equation
(5%3 =S8 Ssa)k; - [2513(512 - Su)" 511344]k§ + (S}z - Sf1)= 0 v (4)
where T = T(r, z) denotes temperature and a, 8 denote the co-efficients of linear
thermal expansions along z-axis and in z-plane.

Components of the stress tensor and the displacement vector are then given by

10,9

o,,=—é—z—2+; E+ 3y ..(5)

am,=—-sll—I [sl3vf¢+sn%+s—;‘(kf,%+%+ar), ...(6)

0, =Vi4, LTy
.

nT T 66r(5¢z - (8)

u,= ,sz(kf,‘;—f+%9r—) (9)

u, 182(kf23—j—%) (10)

where k?, and k?, are the roots of the equation
Si(Si2 = Su)Ki+ Sy Saaki +[S15(2 813+ Sae)— Sys( Sy + 51)]= 0 (1)

The equation of steady-state heat conduction is

5 0°T
VfT+L2F=O, ... (12)
<
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where 7 is the ratio of the co-efficients of thermal conductivities along z-axis and in
the z-plane.

Boundary Conditions

With a suitable choice of our unit of length, we can assume that the faces of the crack
aredescribed by the relations z=0 %, r< 1.Itisassumed that there is no external for-
ceactingonthecrack faces and thatthe face z= 0+, r< 1 isheated (orcooled)exactly
in the same way as the face =0 —, r< 1. Then following Sneddon,’ the crack prob-
lem for the infinite medium |z| 2 0 is reduced to the mixed boundary value problem
for the semi-infinite-medium z 2 0 for which the thermal and elastic conditions on
the boundary z=0 are:

T(r,0)= f(n, 0<r<1 ...(13)
T,

é—(r,0)=0. 1<r< ...(14)
0z

o,(r,0)=0, 0<r<o ...(15)

0, (r,0)=0, 0<r<1 ...(16)

u,(r,0)=0, 1<r<o 17

We further assume that the disturbance is localised i.e., the temperature and the
components of stress and displacement all vanish as 7"+ 7"~ -

Heat Conduction Problem

Using the method of Singh,? a suitable solution of the steady-state heat conduction
eq. (12) vanishing at infinity is taken in the form

T(r,2)= J pe ™ Ay (p)J, (rp)dp, ... (18)

0

where A,(p)is an unknown function to be determined from the thermal conditions on
z=0.

The mixed type boundary conditions (13) and (14) lead to the system of dual
Integral equations

rco

pA(p) J(rp)dp= f(r), 0<r<i1 ...(19)
40
and
o

P’ A(p) Jo(rp)dp=0,  1<r<e ...(20)
JO

the solution of which is
_2Cos le rf(r)dr+gJ" rdr
0 0

ap -7 =), 1-r

As(p) J u f(ur)Sin (up)du .. (21)
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Thermoelastic Problem
With 7(r, z) given by (18) solutions of (2) and (3) satisfying the regularity condition at
infinity are found in the form

¢=J (Ae” ™ +Ahe "+ Ahe ™) pl(rp)dp, ..-(22)

0

and

Q=J (Ae” ™"+ Ashse” ™ )pJy(rp)dp ...(23)
0

Using (8), (5) and (10) the stress components 0., 0, and the displacement compo-
nent u, are -

o (r)=- J (A]e_"zz+A2hze_”'z+A3k3e_"z)p310(rp)dp, . (24)
1]

o rz)=— J (Anye ™+ Ahynie” "+ Ashyne "F)pJy(rp)dp ...(25)
Q

and

©

Uz(r,2)= - 152J’ (- k%znze‘"ﬂAl +Aznle’nz(1 - kfzhz)

0

+ Ayne” "(hy = kishy)pJo(rp)dp ...(26)
Condition (15) gives
An,+Ahyn + Ashin=0 ... (27)

Imposition of conditions (16) and (17) yield the following pair of dual in integral
equations:

0 k7 @ k .
J Azhz(l——‘z)pm<rp>dp=f AsN(—zz—l)pJ(xrp)dp, r<i  ...(28)
1] k’ll (4] L
and
” 2 M
J Ak, p ﬁ)(rp)dp=—J Aszlo(rp)dp, r>1 ...(29)
4] 0
Assuming

2

M

B(p)=An—’L+—A3 ...(30)

“ky L
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and substituting in (20) the above equations reduce to

[~ M, Nk,

. pB(p)Jo(rp)Xdp= f()[L m} 0<r<1 ...(31)
and

J ) B(p)Jo(rp)dp=0, r>1 ...(32)

Solution for a Special Case of Temperature Distribution

Let us consider the particular case when

fin=T1, 0<r<1 ...(33)
The eq. (21) gives
27, Sin
Ay(p)="225F (34)
T p

From (31) and (32), we have

B( )=£Q M_"_ N(kZZ—L) (Smp—pCosp) (35)
L Lhy(ky ~ k) ’ ’

p
Hence, from (30) and (27), we get

2T, N Sin Nky,— L) [{Sin p—pCosp}\ M _ cosp
A,<p>=———°kn[ e ( PP+ 20 5P L (36)
L P L(ky; = k) p L 14
and
2T, N(k,,—L) |[Sin p— pCos MCos p
Az<p>=~"k21[ s ( £z ”)—~ : ] ..(37)
T Lhy(ky — ky5) p L p
Substituting from (34), (36) and (37)in (24) and (25), we derive that
2T, N
Uzz(’,z) ﬂ(’ |:(A+ L) ko I; —Aky I, _N113+(A+ B)ky I,
—(A+ Bk, Iy, r>1 ...(38)
where,
N (kzz_L) M
A=—-—2_~  B=""p, and
L(ku_kzz) L 2

“Sinp _,,, )
Irz)= J ——pp e "V J(rp)dp, z,=-—,j=1,2
0
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_ 2k,
1 75
V(1 + 0k + 2+ (1= ky;

Bl

= Sin

Izj(’,z)‘—‘J’ Cos pe 7 Jy(rp)dp

0

N K.M M
u(rn2)= 5"k~ Jy+——— h2]21+_113+
b 4 L L

M Nky—-L) ]
o
L

L Lhy(ky — kyy)

where,
B =P -pz Smp Z
Jy=| (e ™= ™) —=J(rp)dp, Lm=—") m=12.
0 P Kom
z
=, =3,
I m
and
1 1+Z%2 -1 -1 l - (_l)k(’)zk
J;,=1=In +2,,Cot™ " 255~ 2,;Cot " 53¢ + —| I'{(2k—1
32 lz l+Z§3 22 22 23 23 kgl (k,)z 2 ( )

(25, +1)'" (25, + 1017

y [sin {(2k=1)Cot ™" 2,5} Sin{(2k—l)Cot“zzz]

J,; and J}, can be obtained similarly.

2
r -1 .
Also L= {1 —m—zzl-Cot zz,}, j=12.

On the plane z= 0, the normal components of stress and displacement are obtained
in the form:
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2T, | M
0&(”0)=7q[th(kll_kZZ)-‘-N(%_l):l ’1__1’ r>1
and

2% [M Mhs=L) | i
u,(r,0) - 1S2[L+Lhz(kz:—kzz)] 1-r, r<i1

The stress intensity factor is

limJr—lau(r,o>=‘/5n[%hz(hl—kmw(k" )]

r~1+ T

Numerical Results

Magnesium s considered here whichis transverselyisotropic and for which the roots
of the eq. (4) and (11) are real.
The elastic constants S for this material expressed in 10~'? cm?/dyne are

8,=223 S,=1.9 S,.=59
S12 = - 0.77 S13 = - 0.45
and a=26.6%10"¢cm/°Ccm, f=27.7x10 %cm/°C cm.

The constant L has been taken equal to unity.

Values of the stress component o, (r, z) for different values of rand z are calcu-
lated and presented in Table I. Variation of g,, (r, z) with r for z= 0,4, 10 is shownin
Fig. 1.

Tablel
Values of 0,(r, z) X 10°*
02X
z/'r 0 2 4 5 10
0 0 1.2029 5379 4253 2093
2 1.4761 1.1332 5723 4465 2126
4 1.0069 9629 .5626 4568 2192
6 7377 6725 .5089 4354 2268
8 .5842 5422 4484 3991 2237

10 4739 4506 3931 .3604 .2051
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Conclusion

Compairing these results with those of the corresponding isotropic problem* we ob-
serve that the values of the normal stress component g,, (7, 0) in the two cases differ
only by a constant. Moreover, for points notlying on the crack plane, the difference in
the behaviour of the stress component in the two cases is not very marked.
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Notations
The following notations are used in this paper
2
16
Vf - _é_z it
or° ror
a=(8;, 85— S%a)/nszsn
c=(BS,,— aS,;)/ 155
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an=cKp——
n

k2, k3 = constants depending upon elastic constants
A, A, A, = integration constants

M
h1=a11L2/P2(k§1_L2)=_2
p
h2=(k§2—kfl)_‘
2 2 a 2 2 2y /2 2 _N
h=L}Ccl'—— [_Pa(kzz‘L)(kz\_L)]—?
1
prr
nn, e
(mny,n,) (L &, kzz)
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