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A generalised- algorithm is presented in this article which may be conveniently
utilised for the efficient analysis of certain broad class of spinning plate prob-
lems. Extensive application of this methodology and the computer program
BLDVIB are envisaged in the design and analysis of turbomachinary blades.

The methodology developed in this investigation incorporates the use of
both Isotropic and Anisotropic tapered Finite Elements and determines the
Natural Frequencies and mode shapes of spinning blade mounted on the peri-
phery of a disc. The computation carried out for various values of the speed
of rotation, the disc radii and the setting angles ie., the angles at which the
plate makes with the plane of rotation of the disc. For comparative study,
both isotropic and orthotropic materials were used. Equations have also been
derived for the rapid estimation of natural frequencies for both types of mate-
rials.

Key Words: Vibration; Anisotropic Material; Southwell Coefficient; Young’s
Modulus

Introduction

The static and dynamic analysis of plates have always been one of the focal
points of analysis of machine designers. The natural frequencies of rotating
plates are significantly higher than those of the non-rotating plates.

When a plate rotates, the centrifugal forces have the effect of stiffening the
plate and thereby increases the natural frequency of vibration. The relation be-
tween the frequency of a rotating plate (w) and the corresponding frequency of
non-rotating plate (w;) is generally expressed in the form,
w=wg+ SN’ (1)

The Southwell coefficient S depends on the setting angle {6) at which the
plate is mounted on the disc, the disc radius (R) and even on the speed of ro-
tation (V). This coefficient is very much useful for the rapid estimation of natu-
ral frequency. In modern structures the members are made not only of materi-
als that are usually considered as homogeneous and isotropic in design, but
also of anisotropic materials. The search for a material which is to be light and
at the same time strong has been made extensively in many engineering con-
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structions, such as Mechanical Engineering and Aerospace Engineering struc-
tures. The knowledge of vibration characteristics of such problems is of para-
mount importance to engineers.

The bending vibration of a rotating blade has been analysed successfully
by a practical method developed by Myklestad' and the results were found to
be accurate when checked experimentally.” Using the general method of Myk-
lestad, Sutherland® analysed the vibration of rotating blade vibrating in the
plane of rotation and perpendicular to the plane of rotation. Vibration of a
spinning isotropic plate of constant thickness has also been analysed by using
triangular Finite Elements by Rawtani.* Though the static and dynamic analy-
sis of isotropic plates by finite element method are quite numerous, the appli-
cation of tapered finite elements and anisotropic materials in the vibration an-
alysis of spinning plates are rather lacking. It has been deemed necessary to
put emphasis in this publication on the use of both isotropic and anisotropic
tapered
finite elements and their effect on such study. Emphasis is also given in this ar-
ticle on the use of exact integration in the formulation of generalised stiffness
and mass matrices. Although such formulation is straight forward theoretically,
emphasis is given on the programming where the amount of algebra involved
in the matrix manipulation is avoided.

A general purpose computer program BLDVIB has been developed for
the calculation of Natural frequencies and mode shapes of spinning isotropic
and orthotropic plates.

Notation

— Elements of the stress-strain matrix
— Young’s modulus
- EJ/E,
— Length of the plate
— Speed of rotation
— Number of nodes in the element
— Total number of constants
NTU — Number of terms in the polynomial for u
— Radius of the disc
- R/L
— Southwell coefficient
— Thickness of the plate
v — Inplane displacement
— Out of plane displacement
— Natural frequency, cycles/sec
w, — Natural frequency of the static plate, cycles/sec
W — Width of the plate
~ Thickness ratio (4,/t,)
— Non-dimensional natural frequency
— Global displacements
— Poisson’s ratio
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Q - N/'w,

0 — Setting angle

&, n  — Local co-ordinates

0 — Density of the material

Theoretical Formulation

Assuming the centilever plate is mounted on the periphery of a rigid rotating
disc of radius ‘R (Fig. 1), cartesian global co-ordinate axes x,y,z are taken at
one corner cf the fixed edge of the plate. If ‘w’ is the deflection of an arbitrary
point on the middle surface of the plate, the components of the centrifugal for-
ce per unit volume of the plate along the x,y and z axes are

REFERENCE
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Fig. 1

F.=pN*(x+ R); F\,=pN:(y cos’6— wsin 6 cos 6)

F.= oN*(~ysin@cos 8+ wsin’6)— pw. . (2)
In the case of a spinning plate, the stresses produced in the middle surface

of the plate, due to inplane centrifugal forces, increases the bending stiffness.

The total stiffness (K ;) for the plate element will be the summation of bending

stiffness (K p) and centrifugal stiffness (K ;). These stiffness matrices can be ob-

tained by calculating the strain energy from the relation

U = Je'Dedv, ... (3)

where € is the strain vector and D is the stress-strain relation for materials de-
fined in the local &,7 cartesian axes as

Dll DIZI DH

D= D, Do, D;;, . ... (4)
D, D;;  Da;
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The inplane displacements (u,v), and the out of plane displacement (w),
and the variation of thickness () can be expressed in the local &, 7 axes as

ANTU ANT

u= Yy a "y v= Y at'y (5
i=1 i=NTU
NT NN

w= > af"y"; and =3 B&"n" ... (6)

=1 =1

The values of m,n,r and s will depend on the element shape and the order
of polynomial whereas p,q values will depend on the thickness variation. The
constants a; can be expressed in terms of inplane and out of plane displace-
ment components. Also §; can be expressed in terms of nodal thickness.

Bending Stiffness Matrix

The strain vector & can be expressed from the classical plate bending theory as
e= —z{wg,wnn 2w, |, A7)
where z is the distance from the neutral plane and the subscripts denote differ-
entiation.

Substituting eqs (7) & (4) in eq (3) and carrying out the necessary integr-
ations, the strain energy can be expressed as a quadratic form in the a,, thus
U=1/2a'ka, ... (8)
where {a}’={a,a,,  ...... , Anrl ... {9)

Now to derive the expression of the stiffness matrix and to carry out the

exact integration within the computer, the strain energy expression can be re-
written from eq (3) as

3

1 { bl
U=§IE[D“ WEE+ D12W””W§E+ 2D13WEUW§E+ D|2W§Ew””+ Dl:w
A

5

n

+ 2D 3w W, + 2D yWews, + 2D 3w, Wi, + 4D wi ]dA ... (10)
From eq (6)
NT
Wee = Z aimi(mi_l) gm,‘l’ 77”'
! NT AT
and w§§= > aamm, (m,— 1)(m,»-1)5""“"’-477"‘”’ ... (11)

i=1 j=1
Again the typical term of the integration from eq (10) can be expressed as
NT NT

” w§§d§d77= Z Z a;a;m;m{m;— 1)("‘,'—1)” 5"”""_4 77"‘+"’d§d77 ... (12)

i=1 =1
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Now avoiding the numerical integration due to the program complexity,
the exact integration form, in case of triangular element, for the integral

F(m,n)=[[&"y"dEdn

can be obtained by taking the sum of the integrals taken over the triangles
CAO and COB in Fig. 1.
The final form can be written as,
NT NT
] wég dédn=> % a,am—1)(m—1)F(m+ m,—4,n+n)

=1 5=1

Now if the thickness of the element is constant, then the typical term in
eq. (10) can be written as,

ig ZZaamm — 1) (m—-1)F(m+m,—4,n+n)

i=1j=1

For triangular elements,

F - n+1 m+l"__bm*l min.:
e A (13)
and for rectangular elements,
m+lgn+t
a b
Flnm,n)= — ..(14
(m, n) Mt n+ 1) (14)

Again if the variation of thickness is considered, then the typical term in
eq(10)

lewfidA 122 Z Z BuBBunaammim~1)(m—1)FIl-4J]),

Akl =1 k2=14k3=1

where H=m+ m+ P, + P.+ P,
and JI=n+n+qgu+ qutqa.

The other terms in eq (10) can be evaluated similarly and combined to
give the total strain energy as a quadratic form in a, From this form, and the
requirement of symmetry, the elements of the matrix k, can be expressed as

] NA NN NN
-3 Z Z Z BuBiaBial Dy mm(m,—1)m,~ 1) F(lI~4_JJ)

Ki=1kI=1k3=1
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+ Dyynnn,=1)(n,— V) F(UILJT = 4) + [Dymn{(m;— 1)(n,— 1)

+ Dymn(m,— 1)(n,— 1)+ 4 Dysmmnn] F(1I = 2,J] - 2)

+ 2D [mum{m,— 1)+ mnm{m,— 1)) F(Il - 3,J] - 1)

+ 2D mnn(n— 1)+ mun(n— 1)) F(II - 1,J] = 3)} ... (15)
All computations involved in evaluating kl‘/ from eq (15) can be carried

out within the computer once the values of a,b,c,m, n; are furnished. The va-
lues of mand nare given in Table 1.

Table I

Type of Flements Displacements NT Polynomial used Remarks
problems

N

W= Z a Ewﬂu

=1
Plate Wwon, 12 mG10210321031 Noncon-
bending nd01012012313 forming

1
ﬁ Wwoh 9 mO0Oi10210310 Conforming

) Wy
n 001012023

mO1010000
wy 8 n 00110000
r 00000101
s 00000011

1
mO010000
A 7001000
wr 6 r 000010
1 S 000001

Plane stress

The constants {a} in eq (9) can be evaluated in terms of generalised dis-
placements {,}" in the form

10, =1C {al ... (16)

where o T={w.weaw, . .. ). .. (17)
From eqs {16) and (8), the bending stiffness matrix can be expressed as

(K, =[C/ 1k, J[C[] ... (18)

Elastic Stiffness Matrix

The strain vector € can be expressed in the form of inplane displacements
(u.v)as
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£={ugv,(u,+ vl ... (19)
Substituting eq (19) in eq (3), the strain energy U takes the form

U=1/2 [ {{D,,uz+ Dyavyuz+ Dy(u,ve+ ves) + Dpyugy,+ Doy,
A
+ Dyylu,v,+ veu,) + Dis(ugv, + ugve) + Doslvou, + u,ve)
+ D33(uf7+ v§+ u,vet+ veu,)ldA ... (20)

Considering the inplane displacements (u,v) from eq (5) and proceeding as
before the elastic stiffness matrix can be written in the form,

K. =[C."TkJC: . ..{21)
where

NN
k, = Z B DymmF(II = 2,J1) + Dysss,F(RR.SS = 2)

k=1

+ Dy{nnFULII = 2) + rirF(RR = 2,8S)] + Doy,

+ Dysnyr) F(IMRI = 1,NSI = 1) + [D,,ms,+ Dyynr) FIMRI — NSJ = 1)

+ Dylmn+ mn)F(II=1,J]= 1)+ Dyj[rs+ rs]F(RR— 1,88 1)

+ Dm[m,-r/-F(MRI -2, NSl + m,r,-F(MRJ— 2, NSJ)]

+ Dyy[ns,F(MRI, NSI — 2) + n;s,F(MRJ, NSJ — 2)]} ...{22)
where
I =m+m+PpP ; MRJ=m;+ r;+ p,
N =n+n+gq, ; NSJ =n;+ s;t g,
RR = r,+ r;+ p, ; MRI=m;+r;+ p,

SS =s5;+s,+tq, NSI = n;+ 5;% g,

The stiffness matrix [K ]’ of each element can be evaluated once the va-
lues of m, n, r;and s;are given as in Table I.

Geometric Stiffness Matrix

Due to the presence of the inplane stresses o, 0, and 7, in the middle sur-
face, the strain energy stored is higher than the usual bending strain energy by
the amount

1
v= EJ{UEWE'F oWt TeWew, + T,w,wildV ... (23)

v

which can also be expressed as

1
V==a'k;a.
2
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Proceeding in the same way the geometric stiffness matrix is of the form

K =[CTk;][C ] ... (24)
where

AN
k.‘s,,= Z ﬂA {Uémlm/F(ml+ m/'+ P~ 2’ 71,+ n;'+ qk) + anln/

k=1

+ F(mi+ m/+ pk&nz+ nj + qr— 2) + {5q(mz'n/+ m/'nl)

+ Fim+ m+ p,— 1, n;+ nj+ g, — 1)} ... (25)

Equivalent Nodal Forces

If {Fg}" denotes the vector of bending nodal forces equivalent to the distri-
buted load F, given, in eq (2), acting on an element. Equating the work done
by {F,}" and F during an arbitrary virtual displacement, we can write,

{6%) T{FH}’z f{é*s} T[N] F dav,

s

where {0%;} represents virtual bending nodal displacements. The displacement
w* within the element is written in the form

w* = [N}{6%}
where  [N]=[C]J[C]"!
and from eq (6)

[Cl=[1,&n ... ]

From eq (24) and eq (2), we write
{Fgl'= ft — N'ysin@cos 8+ N wsin’6 — w)d&dn.

Substituting w from eq (6), we get
{(Fy)' = [P} + N'sin’ 6[M,]{5)" = [M5]{8s)’ ... (26)

where, { P}’ denotes the constant components of {F,}’ which does not depend
on the displacement and the constant mass matrix

(M| = [I,Dt [C] dgd’?}[cx ]

= (¢ TmiC ) ... (27)
Using the same procedure described for plate bending, we can write

m;= Z Bwo F(m,;+ m;+ p, nit+ on+ q) ... (28)
k=1
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Natural Frequencies and Mode Shapes

The geometric and bending stiffness matrix are assembled together for
each element and transferred to the global co-ordinate system to get the total
stiffness [K]. The mass matrices are, also assembled in the identical manner and
the complete mass matrix [M] is formed. Then from eq (26), we write,

(K]{8} = {P} + Nsin? 8[MJ{8} — [M]{d}. ... {29)

The constant nodal forces { P}, obtained by assembling {P}" for all the ele-
ments, do not depend on the displacement of the plate and produce only a
certain initial deformation of the plate.

Considering only the time dependent component of {4}
fromeq(29)

{{K] = (w? + N3sin’ §)[M]}{d}!= 0, ... (30)
where, wis the frequency of vibration.

The eigenvalue and eigenvectors of matrix [K~'[[M] therefore give the va-
lues of 1/{w* + N’sin” 8) and the mode shapes.

! we can write

Numerical Examples and Discussions

In the present investigation, the vibration of a spinning plate has been ana-
lysed by using Finite elements. The analysis is carried out for isotropic and or-
hotropic materials and for both constant and variable thickness plates.

The following numerical data were assumed for the analysis of the plate,

L=290mm,; W= 66mm, R=290mm
1= 2mm (for constant thickness plate)

For variable thickness plate, the maximum and minimum thickness of the
plate were taken as 2mm and 0.5mm respectively ie., the thickness ratio
y= 0.25 and the variation was assumed to be linear.

The material values assumed for this analysis are as follows:-

Isotropic  + E=71 GPa ; G=26.2 GPa
0=02713 x 10° kg/m* : u=0.334
Orthotropic: E, = 68.9 GPa ; E.=27.57 GPa
E, =129 GPa : G,.=0207 GPa
G,.= 0.0832 GPa cou,=03; u, =012

p=02713 x 10* kg/m".

The natural frequencies and mode shapes were calculated here by using
the simultaneous iteration technique.®

Before going into the analysis of spinning plates. the program BLDVIB
developed for this investigation, has been checked with SAP-6 to study the
convergence and reliability of this formulation in case of non-rotating plates.
The percentage variation of the fundamental frequency with SAP-6 is only (.8
for computation with rectangular elements.

The non-dimensional natural frequencies expressed in the form have been
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- 12;3(1 HM,) (31)
Extr;ax
calculated for various values of the speed of rotation, setting angles and disk
radii.

The variation of first three natural frequencies with speed were plotted in
Fig. 2 for zero degree setting angle. For direct comparison, the influence of the
variation of thickness and the material properties on the natural frequencies
are shown in the same figure. Since the centrifugal forces have the stiffening ef-
fect on the plate, the natural frequencies are found to be increasing. Again it is
observed from Fig. 3 that the frequencies are decreasing with the increasing of
setting angle. This gives the idea of the effect of vibration of the plate for two
cases. When the plate vibrates in the plane of rotation (8= 90°), then the cen-
trifugal forces are no longer parallel, but each acts in a direction which i radi-
al from the axis of rotation to that particular element. The stiffening effect of
this system is obviously different than the effect produced by the vibration
(6= 0°). Thereby the natural frequencies of vibration in the plane of rotation is
lower than the natural frequencies of vibration perpendicular to the plane of
rotation.

00 05 10 15 20 25 20 1S 10 O0S 00

n —r €« L
Fig2 Aversus£2 for R=1 and 6= 0.(a) Isotopic material and (b) orthotropic material. —— constant
thickness, .- vanable thickness.

In order to show the effect of the hub size, the variation of fundamental
frequencies have been plotted with the speed of rotation in Fig. 4 for various
hub radii and setting angles. It shows that all the frequencies are increasing
with the disk radius. The increase in frequency over non-rotating frequency for
small hub (R=290mm) and 6= 0° is 62.49 cycles per second whereas for
6=90" this increase is only 47.4 cycles per second. But for large hub
(R = 580mm) the increase in natural frequency of vibration for 8= (° is found
to be 82.79 cycles per second over the non-rotating frequency. Whereas the
increase in natural frequeney for 6= 90° is found to be 71.12 cycles per
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second over the non-rotating frequency, which is 85.9 per cent of the corre-

sponding increase of 82.79 cycles per second for vibration perpendicular to
the plane of rotation.

85

55

45

35

25

A
0 30 60 90 60 30 0
0,DEGREE ——— «——— 0 DEGREE

Fig3 Aversus 8for R=1and N= 3000 rpm. (a) Isotropic material and (b) orthotropié material, —

constant thickness, —..__. variable thickness.
30 : 30
20 1z 0{
| |
N
.10 "\\\ 400
- RS>
00 1 1 A 1 1 L i 1 00
0% 10 15 20 25 20 15 15 (5
v —3 «— N

Fig 4 4, versus © for y=0.25. (a) Isotropic material and (b) orthotropic material. ~— =0, --—---
6=90".

Table II shows the variation of the normalised mode shapes (based on z-
displacements) for the first three frequencies with the speed of rotation, for
~ot* constant and variable thickness (y = 0.25) plates. The information regard-
... the influence of setting angles and different materials can also be obtained
in the same table.

It was also observed, in this study, that the variation of thickness has a
significant effect on the fundamental natural frequency. Fig. 5 shows that as the
thickness ratio is decreasing, the fundamental natural frequencies (4,) are in-
creasing with the increase of speed and hub radii. But as before for the higher
sctting angle 4, values are decreasing.
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30 3-0

VU S, - 425
25 N=3000 rpm

S—a N 2000 rpm

rpm .
20 F 2ugrem | N=_3000 o ] 20
N-2000rpm fF—-=-—--+~
1.5 b N:2000rp“" 415
= | 2= dustorem oo |
B A R il - Ly I
05 1 1 1 1 1 1 0-5
00 025 05 075 10 075 05 025 00
¥ — — T
Fig5 4, versus yfor 8= 90°.(a)Isotropic material and (b) orthotropic material. — R=1, ---- R=2,

Since the influence of different materials on the natural frequencies have
been incorporated in this investigation, a study has also been made to show
the effect of £= E,/E, on the fundamental natural frequency. Table III shows
that for a definite speed, disk radius and setting angles, the fundamental natu-
ral frequencies are changing with E. It shows that the fundamental natural fre-
quency decreases only 0.06%, in case of a material with £, =2FE, from the
result corresponding to Isotropic material (E= 1). Whereas this rcduction of
fundamental frequency increases to 10.48% for material with £, = 0.5E . This
table also shows that the fundamental natural frequency decreases rapidly with
the smaller values of E, than its higher value.

The Southwell coefficient is very much useful for the rapid estimation of
the natural frequencies of plate. Fig. 6 is more useful, from practical consider-
ations, than a long table of the natural frequencies for various parameters. The
values of Southwell coefficients can be obtained both for isotropic and ortho-
tropic materials, in this figure for various speeds, setting angles and hub radii.

An equation has also been developed in this study by using curve-fitting
technique for both types of materials which relates the fundamental frequency

(A,) with the speed of rotation ( N), radius of the disk (R) and setting angle (6).

For Isotropic material:
A;=0256 Q +0.279 £ - 0.046 £ + 0.0008 6 - 0.00011 6>+ 7.967
x 107 & + 0.659 R— 0.036 R*— 0.0814 ... (32)
For Orthotropic material:
A, =0.19853 Q + 0.37446 ¥ — 0.07022 @3- 0.00212 - 0.00004 62
+1.64609 x 1077 63+ 0.72586 R—0.04143 R3—0.0274526 ... (33)

where 2 = N/wyand R= R/L.

These equations are very useful, from the practical standpoint, for the esti-
mation of natural frequencies under various conditions.
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Table 111
Results for thickness ratio = 0.25

R 6 N Fundamental Natural Frequency, cps.
(RPM)
E, = 71GPa, E -Variable E,=71GPa, E ,~Variable
E=3 E=2 E=1 E=05 E=025
1000 37.443 37.492 37.515 33.582 31.152
0° 2000 61.926 62.072 62.123 59.373 57.604
3000 88.042 88.086 88.214 85.794 84.262
1
1000 33.551 33.620 33.662 29.175 26.354
90° 2000 52.533 52.582 52.636 49.295 47.128
3000 73.032 73.089 73.124 70.245 68.312
1000 43471 43.537 44,024 40.109 38.024
0° 2000 75.751 75.822 76.155 73.413 71.842
3000 109.208 109.259 109.624 107.266 105,923
2
1000 40.165 40.234 40.466 36.511 34.163
e 2000 68.155 68.204 68.414 65.534 63.772
3000 97.512 97.564 97.582 95.283 93.741
5-0 5-0
a) R: 2 (») _
45 |- R=2 <45
40 I \\\§hiz~~ ﬁ:’l B 140
35 - o 435
30 k R& R=1 <30
25 b J 2J_:,T
wn R- = %)
20 L \-53;7 _______ Fi:l _____ - 20
1-5 1 1 1 1 1 1 1 1 15
05 0 5 20 25 30 25 20 15 10 OS5
S ————> ——— L
Fig 6 S versus Q for y=0.25. (a) Isotropic material and (b) orthotropic material. — =0, -----
6=90°.
Conclusions

This methodology and the associated computer program BLDVIB developed
for the present investigation are extremely useful for static, dynamic and stabil-
ity problems. Since the exact integration has been adopted in the formulation
of stiffness and mass matrices, comparatively better results can be expected
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Table IV
Results corresponding to L/'W= 1, Wir= 16.0 and u = 0.3

w=Nw, R=RL 6 ModeNo. Non-dimensiona! Frequencies of plate (1)

From Reference (4) Present study

Element: Triangular ~ Element: Triangular

1 5.091 5.069
2 9.902 9.889
1 0 0° 3 23.182 23.081
4 27.561 27.300
5 33.133 33.011
1 10.826 10,745
2 13.864 13.791
2 1 45° 3 29.247 29.197
4 34.197 34.077
5 38.127 38.011

here than the formulation using numerical integration. In order to justify this
statement the first five natural frequencies of a square plate (3 X 3 mesh) have
been compared with Rawtani* in Table IV for two different speeds, disc radii
and setting angles. Table IV shows clearly the improvement of the fundamental
natural frequency in the present formulation over Ref. (4) for different condi-
tions.

The Southwell coefficients gien in Fig. 6 and the equations derived for the
fundamental frequency are extremely useful for the rapid estimation of
natural frequencies.

The accuracy of the Finite element solution depends on the solution algo-
rithm and the type of discretization. An acceptable grid is one that can approx-
imate the actual field quantities within acceptable accuracy. Due to inadequate
experience the only way to be sure that the grid yields the required accuracy is
by successive grid refinement. This has led to the development of specialized
and higher order finite-elements. But the use of such higher order elements
will increase the cost of solution. In the present study, emphasis has given on
the Solution Algorithm rather than discretization.

Although the results presented here for constant and uniform tapered
plates, this methodology can also be applied for twisted plates having aerofoil
sections. Investigations about their incorporation are already under way and
will be reported in due course.
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