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In the first part of the paper, the general theory of surface waves in micropolar
thermoelasticity under the influence of gravity has been discussed.

In the second part, considering this theory and field equations, the particular
cases of surface waves such as Rayleigh waves, Love waves and Stonely waves
have been studied and the wave velocity equations have been presented in a
closed and neat form. These equations may further be studied from numerical
considerations.

As regards Love waves, the authors arrive at the conclusion that these waves
are not affected by temperature as well as gravity, whereas Rayleigh waves are af-
fected by temperature as well as gravity. Similarly, Stonely waves are affected by
temperature as well as gravity. Making gravity field tending to zero the derived
results are in agreement with the corresponding thermoelastic surface waves.
Further, while the temperature field tends to zero, the corresponding results are
well in agreement with the classical surface waves of different types.

Key Words: Surface Waves; Micropolar Thermoelasticity; Gravity; Love, Ray-
leigh and Stonely Waves; Wave Velocity Equations

Introduction

The theory of micropolar elasticity and micropolar thermo-elasticity have been
developed considerably by the effort of a good number of investigators. A com-
prehensive bibliography on the subject and thorough development of this new
branch of elasticity will be found in the work of Nowaki' and Eringen.” ~* Nowaki
and Nowaki®7-1820 studied a good number of research problems in the framework
of micropolar elasticity. In the field of micropolar elasticity, a considerable prog-
ress has been made by Nowaki®*!° from Poland and a good amount of progress
has also been done by Eringen,'® Eringen and Suhubi.!’ Recently, Sengupta and
his research collaborators,'? =7 have also contributed to a remarkable progress in
the field of micropolar elasticity and micropolar thermoelasticity.

In the first part of this paper, an attempt has been made by the authors to in-
vestigate the problem of surface waves in micropolar thermoelasticity under the
influence of gravity. In the second part, the particular cases of surface waves such
as Rayleigh, Love and Stonely waves have been discussed in detail considering the
thermal and gravity fields.

*K.T.P.P. High School (H.S}), K.T.P.P. Township, Mecheda, Midnapur.
**Department of Mathematics, University of Kalyani, Kalyani, West Bengal, India.



460 P SDAS andP R SENGUPTA

General Theory and Formulation of the Problem

Let us consider M, and M, are two homogeneous, isotropic, micropolar, thermo-
elastic solid media in welded contact. The media are supposed to be separated by
a plane horizontal boundary surface, extending to infinitely great distance from
the origin and provided that M, is above M. As reference system, we take a set of
orthogonal cartesian axes O-x,x,x,, the origin ‘O’ being any point of the plane
boundary and Ox, pointing normally into M,.

Let us consider the possibility of a type of wave travelling in the direction Oux;,
so that the disturbance is largely confined to the neighbourhood of the boundary
and at any instant all particles in any line parallel to Ox, have equal displacements,
the wave becomes a surface wave and all partial derivatives with respect to the co-
ordinate x, are zero. Prior to the appearance of any disturbance both the media are
assumed to be everywhere at the absolute temperature T;,.

The displacement components u,, u, and the rotational components w;, w; at
any point may be written as:

%, 3w _dp_dv

u = U=
ox, Ox;3 ox; Ox,

00 Ox 00 0Jx

—t o wy=—— (1)
ox, Ox; Ox; Ox

where @, v, 6, x are functions of the co-ordinates x; and time ¢ Hence, from (1), we
have

and w, =

Vip=a Alp=t 0%
¢ v ox; Ox;’
v20= A', A2x=?ﬁ—%’
dx, Ox
JOm 0wy, 0w Ow

dx, Ox;’ ox, Ox,

and V'i=—+—. (2)

The equations of motion in a micropolar elastic solid under the influence of tem-
perature may be written as

d'u

(u+ a) Viu+(A+u—a)grad div u+ 2a rot w— vgradT=pa—t2

2

(y+ a) V2w+(y+ﬂ—s)grad‘div w—4aw+ 2arot u=]$2- ,
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where u and w are functions of co-ordinates x; and time #; A, u4 are Lame’s elastic
constants; a, B, y, € denotes other materials constants; v= (34 + 2u)a, being the
coefficient of thermal expansion; T is the absolute temperature over Ty; is the
density of the material of the medium and Jis the rotational inertia. Applying the
influence of gravity in (3), we obtain the two independent sets of differential equ-
ations as given below:

oa ow, 0T  du, u
+ V2 +A+u—a—-=2 2,4 haac ﬂl .
(u+a)Vu +(A+u—a) ox, a o, vaxI 08 0 ;

, dA ow, oT Ju ’u
+a)Viu+Atu—a)—+2a— ==
(uta)viu+(d+u=a) ox, “ ox, ox, ox, Y

Ou, aug) Yy

+e) Vim—daw +2al - =J5;
(y+e)viw,—daw, “(ax3 ax,) o
) ow, Ow, 9 u,
+a)Vip+2a | — == =p—2;
uta)viu a(a)@ ax3) FY
(y+¢e)V'w +( +ﬁ—s)£—4aw—2 au2=Ja2w1_ 4p
Y 1 7Y ax, 1 aax3 or ’ ... (4D)
and
) N du, _w,
+ ) Viw+(y+ B —d4awy+2a-—=J—5.
(y+ &) vViw+(y+ B¢ ax, aws aaxl J o

The temperature 7 is determined from the Fourier’s law of heat condition as
follows—

oT 0
KV'T=pC,—+Tyv—(¥v’
e Py ()Vat( @), ... (8)
where K is the thermal conductivity and C, is the specific heat at constant strain.
Using (1) and (2) in (4a), (4b) and then taking into consideration of (5), we
have the following differential equations satisfied by @, y, wy, T, 8, x, w,:

. 1@ 8

v T <P+a¢'1,1—qT=0; ... (6)
. 1 ¥ 4

v Tl W‘“C-gfp,l‘PWFO; . {7)

2

19
(Vz"t’i—ay) wy+SViy=0; ... (8)
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, 10 o0,
= | T-r=(9g)=0; 9
( Cia) r=(9%0) (9)
, , 1@
v - ;_ PR S _0’ 10
( V3 C;ar)x U, (10)
, 1o
vi- B 5 '7+ V'X=0, 11
( c;ar)“* P (11)
and
, . 1&
T—y) s—>160=0, .. (12
( v, Cia* ( )
where
, A+2 . + , 2y+ ; y+
e B ye NS AT S B Ak
0 0 J J
, K , 4 , 4
C;: ’v;= a ’v5= a
- peC, 2y+ g yte
p=—2 LA ... (13)

- »‘]: g s
u+a A+ 2u K y+¢

Eliminating x or u, from (10) and (11), we have the following wave equation

S - O OCURPR I ) B _
[(V Cgat:) (V V) Ciaﬁ) CV}(X»H:)—()»

where {%=pS. ... (14)
Solutions to the differential equations (6) to (12) are sought in the following forms:-
eiﬁ(,n -t}

... (15)

Since ¢, y, w, T, x, u», @ shall describe surface waves, they must become vanish-
ingly small as x; = e« .
Using (15)in (16) to (9), we have

(]7=[A e—|'§).|.n +Be &2 %z + Ce‘i§131,1De‘i§"~ax.‘] eff(xl_”? ,
T= [Ale—iﬁll,\-_l + Ble—igi.:_\-‘ + C’e—ifl\X‘Dleﬁigl,,Xy] eiE(x,—(H ,

) . it it kX~
=[Aze i& 1X1+Bze iL .1_w+CZe i& _xX}Dze i& )J] e’E(XI Fl)’

[‘p’ Y, wa, T2, ts, 0]=[¢(x3)~ ¢(x3), Wz(x3), ?(x3)’ 92(3‘3)» ﬁz(xs)’ é<x2)]

and
W,y = [Ase-lﬁl,x_; + Bse—lglg.n + C3e~iEZ x,\zD3e—i§A4x;] eig(x,*('l) , : ik (16)
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where

2 "CEEZ]

4
2 2 2 2 2
Ai=—|oito,—oy+o,—vi——=
-1 C

7

4

2,2 2 20,2 22 2 2
> 3,-3/"'[(01‘*'02)(‘74_03"Vz)*'as(";‘m)
ij=1

242 2
%3 regé
rolott £ p= "B (ot ol

ijok=1
22 252
gé& 2 : rége 5, 2 rcégps
+ &2 (01— o) -T2 ol(ol- ) -
Cng 1 3 Cf 2 1 2 Cf
g20202
AiAlAiAi=0l030%(vi- o)+ 0l03+ 252 (vi— o)) (17)
1
Assuming that
_EC L _EE L ke L £
01= 2 ’02= 2 J=—2’ 4= 2
C, C; C; C;
and
A=pA A=qA A=nA
B,=p,B B,=q,B By=nB
C =pC G,=¢,C G=nC
D,=p,D D,=q,D Dy=rD ... (18)
where
_ irk(4; - &%) _ici(A}+E~E - pg)
Praivai-g) Y g
and
Sq(Al-E
et ) 1234 ... (19)

(A]+ C*E*—E - )

Using (15)in (10),(11) and (12) we have
x=[E e i§1513+ Fe iEIlml's] eif(x, -a) ,

- ikd sxy —~ikd, i -
%=wm£ﬂ+ﬁeﬂnw&rm
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and

9=[Ge_i§)-71x] eiE(X|—t'll
= Gei&(xlfrl'x;)

]

where

2 2 2 1 1
EAi+ai+2)=¢8'C (C2+C2)+ =i,
2 4

The constants E, F, E |, F, are connected by
E,=sFand F,=s,F,
where

p(1+2) p1+2)

sSZ 2
c? ¢ 2
- 2 2_(1+A6)/|
[Cz (]+/15>:| lC:

2

5 =

Thus for the medium M, eqgs. (16) and (20) may be written as: —
(P=[A e—iEA[x_1+Be—i§A3n+ Ce*i&i.;x;+De~i§hx3] e
T= [_plA e—iEl,x_.+sz e—iE);g.rv\+p3Ce—' i§l;A'z+p4D e-iE)..,.n] e-iE
w= [qlA e‘if}.ln + q;_B e—iEJ._vh + q}Ce~i§l gy 44D e—iﬁh,\j] e—t{(:.—r})
—_ [r,A e—iﬂln + rzBe-iﬂ:X" + ’E*Ce-i.fijui’ Y4D e*i&)qx;] e'iE(xl —ct)

X=[E e—i'EASX"‘i’ F e“ iEl,,Xx] e*i_E(/n*(‘l)
u =[S Ee‘ifls'\’3+5 Fe"'fif.h] e“if(xl‘l")

2 1 2
0___ Ge‘ iE(x = of = A9x3)
Similarly for the medium M,, the said equations may be written as: —

y 2 q y

q) [A, l§l|x1+B, eiE).’gx_‘+ C' eiEA'Jx_1+D; ei{l',,x_;] e—iE(x,—ct)

T_[P A e’fllxx+p B’ 151’X1+p: C’ eia'_lh+pr D’ "51'41’3] ~ i&lx — )
w {q A IEA,x‘+q B.e:E/l x‘+q C; :El;x:+q4D, lEl,,x;] —i&(x)—ct)

W [rlA’e'ﬂ'x‘ﬁ'rzB' erfl»x‘+r C, iEA" ;x;+ D, 1514x1] —i&(x)~ct)

X = [E, :5/1«\1 +F IEJ-»Xx]e iElx,—ct)

—ik{x;— 1)

(x;~ct)

. (20)

. (24a)

. (24b)

. (25a)



SURFACE WAVES IN MICROPOLAR THERMOELASTICITY 465

v JELX v Xy - ik(x, -
u2=[le e‘i ,/\1+st elEJ A]e iE(x) —ct})
_ + dElxy ~er) Ahxz)
6=G"e"" ... (25b)

where A, B, A, B’ ... etc. are also constants and 4, 1), r}, r’, ... etc. are the same
functions as 4, 4, ry, 15, ... etc. with a, B, ... etc. replaced by a', ', ...

Boundary Conditions

Boundary conditions are of two folds: —

(a) The boundary conditions for the system (4a) are—

(i) The displacement components u;, u; and the rotational component w, at
the boundary surface between M, and M, must be continuous at all times and
places.

(i) the stress components 05, 035 of the stress tensor g;; and the couple stress
component u,, of the couple stress tensor u; across the boundary surface
between M, and M, must be continuous at all times and places.

ar
(iti) The temperature T and the flux (K | 5-) are continuous at all points of
X3

the surface of separation between M, and M,, x;=0.

(b) The boundary conditions for the system (4b) are:

(i) The displacement component u, and the rotational components w,, w;,
across the boundary surface between M, and M, must be continuous at all times
and places.

(i) The stress component 03, and the couple stress components s, i3s3,
across the boundary surface between M, and M, must be continuous at all times
and places.

Here o, and u; are given by

o =(u+ a)y+ (u=a)y;+ (A yu—vI), ... (26)
and

pi={y+e)x;+(y—€)x;+ By 0, .. (27
where

Vi™ Ui~ Egji Wio X = Wy (7, k=1,2,3)

and

£;; - unit antisymmetric tensor.

The stress components and the couple stress components are related to the func-
tions @, Y, wy, T, x, u,, B as given below: —

2 2 2
, &9 v dy

= S¥ ¥ _a(vip-2
O =H dx,9x; Ox; Ox? a(viy=2w)
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¢ 'y )

= - +Avie—vT

033 = 24 [axi ox, axg] vV
=( + )QLVE
MU =(ytre 3%, ... {284a)
Ou, 060 Ox

, = — _.__:—2 4

%= K a>8x3 [axI ax3:|

-0 9’6 ax a_x +ep?
Ha=y axlax_ ax1 ox; eV

2

76 O o O
+ s+ ... {28b
=2y m(a X ax,ax3) ﬂ(ax; ax, ax3) (285)

Applying the boundary conditions (a) to the equations (244) and (254), we have

(1-q14)A+ (1= q,4,)B+ (1~ q345)C+(1 - g A )D— (1 + q14})A’
—(1+g5A5)B' —(1+q345)C" —(1+ q,A,)D’=0

(A, +1)A+(A,+1)B+ (A, +1)C+(A,+1)D+ (A —1)A' + (45— 1)B" + (43— 1)C’
+(A,—1)D’'=0,

rnAt+nB+nrnC+rD-riA'—rnB ~r;C'-r,D'=0,

(2uA +a)A+(2ui,+ a,)B+(2ui;+ a)C+(2ul  + a,)D+(2u'd) —a))A’
+(2u'A50%)B +(2uA5)C" + (2u'A ~ a) D=0,

(2ud g, + B))A+(2uk,q, + B)B+ (2ud g+ B3)C+(2ud g, + B,)D

+(2uAi g, — BOA +(2u'A 42— BL)B +(2u'A5qs — BY)C + (2u'A g, — BL)D' =0,

h A+ h,B+ hyC+ h,D+ h A+ hyB'+ h,C' + h,D’' =0,

piA+ pB+p,C+p,D—p\A'—pyB'— p3;C" = piD"=0

and 7

Ap k A+ Ayp.k B+ A pk, C+ Ap,k D+ A\p K\ A+ Aypsk B + A pik, C’

+A,pLk\ D=0 ... (29)

Similarly, applying the boundary conditions () to the equations (245) and (255),
we have
S E+s,F—s E'—s,F'=0,
AE+AF~G+AE + ALF +G'=0,
—E-F-A,G+E'+F+1,G’=0,
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LE+ L,F-2aG- L,E'- L,F' —2a'G'=0,
M,E+ M,F+2yA,G— M\E'— MyF + 2yA,G’=0

and

2yAE+2yAF+ N,G+2y'AE +2y'A,F = N,G'=0
Eliminating A, B, C, D, A, B, C’, D’ from (29)and E* F* G, E’, F', G’ from (30),
we get the frequency equations for systems (4a), (4b)and (5) as

A,=0,A,=0 ... (31)
1-4,q, 1-2,q, 1-24;q; 1-2,q. —(1+2q,) —(1+23q%)

A= A+l Ar+1 Ay+1 A+ A—1 Ay-1

B n r T -r —r

n 2 3
(2uh, + a;) (2#12‘*'(12) (2#13"'“3) (2uh,+ a,) (QuA\—at) (2#'1'2"012)
—(1+2395) —-(1+2%q)
1'3—11 1'4—11 -0
—-r —-r,
(2u'dy—as) (2u'Ai—al)

(2uAqa+ Bo) (uhsgs+ By) (2udiq+ i) 2udiqi—8)) (2u2iq,-B)

|

(2uh,q,+ B)
h, h, h, h, h R
14 P Ps Ps =P - p:
Apik A.p.k, Aspsk, Aspsk, A\p k' A5k,
(2u'dyqs—B5) 2u'iigs—BY)
' h,
°, , ..(32)
—Pa ~Ps
Asphk ApLk
S, 5 0 -5 — 55 0
< A -1 A% A 1
A= 4 ° , ~ ¥ .| =0
Ll LZ _2a _L‘ —L‘Z —2(1
| M, M, 2yA, - M, - M, 2y'A% (33)
| 2yAs 2y4, N 2y'A% 2y'A% - N,
where
,  2ar
a,=q(u+a)-q{u—a)i? +?r— ,
2a’'r;

a;=qiu'+a’)-giu'~a’)A?+ AR

ﬂi=(2#+l>l?+i+?,ﬁ2=(2ﬂ’+l')l?+l’+v—€p?',
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h1=(y+ 8)"111’ h;=(y’+ 8’)";1; s {l:: 172’374]
Li=A2a~s(u~a),L,=A 2a~s(u— a)

Li=2J2a'=s\(w'~ a’). Li= 2@’ = sy(u’ = a’)]

My =y(1~A3)—e(1+23), My=y(1 = A3)— e(1 + A7)

M=y (1~A8) e (1+ A7) My=y (1 =A%)~ e'(1+47)

and

N+ A4,2yv+ B)+ B, N+ A2y + )+ B ... (34)

It is clear from the above results that only the frequency equation (32) contains
temperature and gravity constraints while eq. (33)is free from any such constraints
and as such in the generalised problem of thermoelastic surface waves under the
influence of gravity, in a micropolar elastic medium, only the frequency equation
(32) corresponding to the displacement u(u,, 0, u;) and the rotation w(0, w,, 0} is
affected by the temperature and gravity, on the other hand, the temperature and
gravity have no effect corresponding to the displacement u(0, u,, 0) and the rota-
tion w(w,, 0, w,).

Hence, egs. (32) and (33) are the wave velocity equations for the general
thermoelastic surface waves under the influence of gravity in the micropolar elas-
tic medium depcnding on the particular value of &, creating a dispersion of the
general form.

Part-11

Particular Cases

Rayleigh Waves

The particular case of the foregoing problem is to investigate the probability
of the existence of Rayleigh Waves in a micropolar thermo-elastic medium under
the influence of gravity.

For this reason, the plane boundary must be free surface so that M, is re-
placed by a vacuum. Performing an analysis similar to the general problem of sur-
face wave propagation, one can derive the wave velocity equation Rayleigh wave
propagating over the surface of the M, medium. In this case, we shall separate the
displacement and rotation components into two independent groups. In the first
group, we take the components of displacement and rotation as (u,, 0, u;) and (0,
ws, 0) respectively.

The prescribed boundary values of the components of force stresses and cou-
ple stress associated with u,, u; and w, are g;,, 035, ti5,. Hence, in this case we take
the conditions: 0;, = 0,5 = 43, =0 on the plane boundary of M, and the thermal
boundary condition as
oT

——+hT=0o0nx;=0. ...(35)
ox,
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The validity of eq (35) follows from the fact that the maximum temperature differ-
ence across the surface x; = 0 is always small.

Applying the above conditions on the plane boundary M, we have from the
set of equations (29) and from the second equation of (244) in view of (35);

(2uA,+ a))A+ (2ud, + ay)B+(2udy+ a;3)C+(2ui, + ay)D=0,
(2#‘]1'11 + ﬂ} JA+ (2#‘]2/12 + ﬁz)B+ (2/1(]323‘*' .33)C+<2ﬂ%'14 +B,)D=0
h A+ h,B+ h;C+ h,D=0

and
p1(h_ ig’ll)A+ Pz(hz - i§i:)B+p;(h— i§A3)C+ pilh— 1.";:]‘4)D= 0 ... (36)

In the second group, we shall consider the displacement and rotation vectors as (0,
1, 0) and (w,, 0, w;) respectively. Hence, as before, in this case, using the condi-
tions

O3y = M3y = 33 =0

on the plane boundary of M, in view of (30), we have:

LE+LF-20G=0;

M, E+ M,F+2yA,G=0;

and

2yAE+2yAF+ N,G=0. . (37)

Eliminating A, B, C, D from equation (36) and E, Fjand'G trom egs. (37), we have
the wave velocity equations determining C for the thermo-elastic Rayleigh wave in
the micropolar elastic medium as:

A,=0,0,=0, ... (38)
where

‘ 2ul+ a, 2ui,+a, 2uiitas  2uiita,
2uqi By 2uq At By 2uqAst By 2uqidst By

= =() (38
B h, ha hy h, (38)
pilh—iER))  plh—iEA,) palh—iEA5) polh—iEA,)
and
L, L, -2a
My My 2ya ) . (39)

2yAs 2vyA, N,

It is clear from the above results that only the part A ;=0 is affected by tempera-
ture and gravity, when g — 0. the eq. {38) reduces to
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2ui, 2uk, a; a,
ﬂl ﬂ] 2#13 2#14
= O . 40
B¢ 0 0 hy  h, (40)

p(h—iEX,) p(h=ikA;) O 0

Eqs (39) and (40) are the equations of thermoelastic Rayleigh waves in the micro-
polar medium. The above results [i.e., (39) and (40)] are well in agreement with the
corresponding results of thermoelastic surface waves done by Acharya and Sen-
gupta.'® Again, applying T 0, the equation (40) reduces to

Ui, a, a,

B 2uA;s 2ul,
— =0 (41
A7700  md nA, (41)

Eqgs. (39) and (41) are the equations of classical surface waves in the micropolar
medium.

The above results [i.e., (39) and (41)] are in well agreement with the corre-
sponding results of general surface waves done by De and Sengupta.'?

Love Waves

Already we know from the general theory part that the component w, of the dis-
placement u and components of rotation w play the role of Love waves. Again
since in the problem the equations for «,, w,, w, do not contain any temperature as
well as gravity constraints, we may conclude that temperature and gravity field
have no effect on the propagation of Love waves in the micropolar elastic medium.

Stonely Waves

In the classical theory, Stonely waves are the generalised from a Rayleigh waves
propagating along the common boundary of M, and M,. Hence in a micropolar
medium the wave velocity equations for thermoelastic Stonely waves under the in-
fluence of gravity, along the common boundary of M, and M, are given by Eqs.
(32)and (33). These wave velocity equations are determinantal equations of eighth
and sixth order respectively. Particularly, the analytic solutions of the equations
are very complicated. Of course with suitable choice of physical constants and nu-
merical methods, these determinantal equations may be solved.

Discussion

In the foregoing articles, attempts have been taken to study the different types of
surface waves such as Rayleigh waves, Love waves and Stonely waves in a micro-
polar elastic medium including the effect of thermal field and gravity field. In real-
ity, we come across problems associated with earthquake waves in rocks behaving
like micropolar solid and is under the action of thermal field as well as gravity field.
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The solid is under the action of heavy masses over its surface. This causes initial
stress which is developed by a slow degrees of creep. This initial stress is generally
hydrostatic in nature.

Under such circumstances, our investigations presented in the foregoing arti-

cle will be very much useful in dealing with problem with this nature. In seismo-
logy, geophysics and in earthquake science our investigations may also be of great
importance in future.
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