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This problem is concerned with the generation of surface waves due to a pre-
scribed surface pressure in an ocean of uniform finite depth bounded by an iner-
tial surface (IS). The prescribed surface pressure begins to operate in a time-har-
monic manner from time = (. Asymptotic form of the IS is obtained for large va-
lues of time and distance by the method of stationary phase. The steady state so-
lution in exact terms is also obtained by a direct passage to the limit as ¢ = o by
using Riemann-Lebesgue Lemma.
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Introduction

Problems concerning generation of water waves due to prescribed initial displace-
ment or pressure distributed over a certain region of the surface of water can be
formulated as an initial value problem within the framework of linearised theory of
water waves. Solutions to a number of problems of two or three-dimensional un-
steady motion due to prescribed initial surface disturbance of various kinds are
known in the literature (cf. Stoker!, Lamb?, Kranzer and Keller’, Chaudhuri*>,
Wen®) wherein the form for the free surface was obtained asymptotically for large
time and distance. In these problems, water is bounded above by a free surface.
Various problems on the generation of surface waves in water covered by an iner-
tial surface composed of thin but uniform distribution of noninteracting floating
particles (e.g., broken ice floating on an ocean surface) wer considered recently by
Rhodes-Robinson’, Mandal and Kundu®®, Mandal'®!}, Mandal and Mukherjee'?,
Mandal and Ghosh*3.

In the present paper, we consider the problem of generation of water waves in
an ocean of finite depth covered by an IS due to an arbitrary periodic pressure dis-
tribution on the IS as well as an initial displacement of the IS. This may be re-
garded as generalisation to the corresponding problem for an ocean with a free
surface considered earlier by Chaudhuri®. After formulating the problem within
the framework of linearised theory as an initial value problem, it is reduced to a
boundary value problem after invoking Laplace transform in time. Double Fourier
transform is then employed to solve this BVP. Finally, the inversion of double Fou-
rier. and Laplace transforms combined with the convolution theorem of the latter
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give the potential function describing the motion, from which the form of the IS is
then obtained for large distances and times after using the method of stationary
phase. Steady state form of the IS is also obtained in exact terms by using Riem-
ann-Lebesgue Lemma after introducing Cauchy principal value in certain inte-
grals. In the absence of the IS known results given earlier by Chaudhuri® are re-
covered.

Statement and Formulation of the Problem

The unsteady three-dimensional motion is considered for inviscid, incompressi-
ble, homogeneous liquid of volume density o covered by an inertial surface com-
posed of a thin uniform distribution of disconnected floating matter of area dens-
ity pe(e 2 0) under the action of gravity gonly. The liquid is of finite uniform depth
h. e=0 corresponds to a liquid with a free surface. We chose a rectangular carte-
sian coordinate system, where y axis is taken vertically downwards and xz plane is
horizontal. The plane y=0 is the position of the inertial surface at rest and y= kis
the bottom of the unlimited mass of the liquid. Unsteady wave motions are gener-
ated in the liquid by a sudden surface displacement (x,z) at £=0 together with
the continuous application of the pressure distribution p(x,z,¢) on the undisturbed
inertial surface of the liquid given by

plx,z,t)= py(x,2) sin wt H(1), o (1)
where p(x,z)is an arbitrary function of x and z, wis the frequency and H(¢) is the
Heaviside unit function of time ‘f. The motion is irrotational since it is generated
from rest, and hence there exists a velocity potential ¢(x,z,y,£) (for 2 0) which sa-
tisfies the Laplace equation

Vip=0,0<y<h 20 ... (2)
with the IS condition

-

ar

19
(¢-8¢,\4>'g¢_‘-=—~£aty=0 ... (3)
p ot

while the boundary condition at the bottom is

@,=0ony=h,t20. o (4)

The prescribed initial conditions are

10
$(x,2,0,0)=Lo(x,2)=—=(@—€ep,),ony=0
: g ot

p—e9,=0. .. (5)

Solution of the Problem

Let @(x,z,y;s) (s> 0) denote the Laplace transform of @(x,z,y;¢)in time defined as

D(x,2,y;5)= | @(x,z,y1)e "ds.
0
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Then @(x,z,y; s) satisfies the boundary value problem described by
v2p=0,0<y<h. ... (6)
The IS condition gives

swpy(x,2)

52(¢_E¢_\-)_g¢y=gco(xvz>+ p(s2+ wZ)

= f(x,z,5)say,on y=0 - A7)

and the bottom condition reduces to
®=0ony=h. ... (8)

Let F(m,, m,, y; s) denote the double Fourier transform with respect to xand zde-
fined as

1 “ / +mazi
F(ml,mz,y;s)=gf [ @(x,z,ys)e™ ™ dxdz. . (9)
Then F satisfies
2
F
9—2—m2F=0,0<y<h, ... (10)
dy
where m*>=m?+m?,
sZ(F—er)—ng=f(m],m2,s) - ... (11)
where fis the double Fourier transform of f with respect to x and z, and
F,=0,ony=h. ... (12)
Then
golm.my) swpo(my,m,) | coshm(h—y)
3 8)= + , ... {13
F(ml’mb.))vs) Sz+ﬂ2 <52+ (1)2)(52""“2) D(m) ( )

where £, and p, are the double Fourier transforms of &, and p, respectively,
gmsinh mh ‘
D(m)

The inversion of Fourier and Laplace transforms of (9) combined with convolu-
tion theorem of the Laplace transform give the velocity potential as

D(m)=cosh mh+ emsinh mhand u* =

1 % . coshm(h—y)e "m*rmal| .
q’(X,Z,y,t):'— I I y gCO(mhmZ)Sm .ut
277 o D(m)u
. ‘ _ :
+— polm, m,) [ cos wrsin u(t— t)dz} dm, dm, - ... (14)
Iy 0

The IS depression §(x,z,?)is then given by

1
E(x,z,t)=~-a—(tp—£tpy) +&£x—’z—)sin wt
g ot y=0 o8
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p()(xZ)Sln CUI J’ J = ilmyx+msz lCO(ml,mz COS,MI
pg 27[ —w
+ ® P-o(mnmz)—JCOS wrtsin u (- t)d‘r} dm,dm, ... (15)
KO8 aty

_ Po(x,2)sin a)t
08

w Msin ut— w sin wt
+—Po(m1,mz){ 2 3 ”dmldmz, ... (16)
o8 H-w

l “ —iim,x+ moz =
— | J ST Gylmy,my) cos ut
2

assuming the various differentiations under the integral sign hold when the dis-
turbed surface area D is of finite extent.

Asymptotic Form of the Unsteady Part of the Inertial Surface

We are now interested to find the approximate form of the unsteady part £, of the
IS for large values of time and distance from the disturbed region. for this we use
the method of stationary phase to evaluate (15) when rand ¢ are large but r/is fi-
nite. In the expression (15) we use polar coordinates (m, ¥) and (r, 8) in the
(m,,m,)and (x,z) planes respectively and tis replaced by 7.

The second integral of (15) can be written as

1

w 0 .
J= —t/cos wt(1=v)J, dv, .. (17)
2mpg ot

where 1 — & is replaced by v and

J - [ sin u tvmdm (”

9] ﬂ 0
Writing A(¥)= — cos( ¥ - 6), we note that we have A (W)= 0for ¥= 6, 8~ mand
s+ @in the range of integration of the W-integralin (18). Also A"(¥)> 0 for ¥=6
and A"(¥) <0 for ¥= 60— m, m+ 6. Therefore, applying the method of stationary
phase in the Y-integral, we obtain from (18)

Po(mcos W, msinW) e imrcos(¥=-6 qy, ... (18)

2 rlf ~ .
J.~(~”) i [p].(mcose,msme)e Umr— )
r

0

(m)""* sinurvdm

+ pol — mcosf, — msin@) e'™" ”/4)}
U

£ | N
2—) _[J.5(mCOSG,msinB){e"P‘“"“v)—e "PZ('"'")} )™ dm
vl
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© 1/2
+ | po( — mcosB, — msin#) [ei’P"'"‘”)- e_i’ﬂ""’”’] (m) dm] , ... (20)
0 K
where
_w| gmtanhmh \'* a
Bm, v)= r(1+emtanhmh) T 4
and
1/2
Pm,v)=" _gntanhmh LA
r \1+ emtanh mh 4r
Now,
(gh)” v 1 mh \'? sinh mh |'?
Pi(m,v)= - + cosh mh —
)= D) \simb ) TSR R T L,
so that
V2 1y .
Pim, )_’(g ) —lasm—o
r
and

Pi(m,v)~ —lasm— o,

It is obvious that P{(m,v)<0 in 0 <m< . Therefore, P (m,v) is a decreasing

function of min 0 <m < . Thus there exists a single positive real root m=A(v),

say, of P,(m,v)=0 for t:v(gh)”z> 1 while forf-v(gh)”2< 1, Py(m,v)=0 has no
r .

positive real root. The function Py(m, v) has no stationary point in 0 < m< « and

v
whatever be the value of ¢, P,(m,v) has exactly one positive zero if — (gh)'2 > 1.
r

We have then
W 1 Ah \'? sinh Ah\"?
¥ (gh) + cosh Ah =1. (21
2,89 [{Du)}” (sinhxh) cos ik 21)

Applying the method of stationary phase again to (20) we obtain

T A. 1/2 ‘
—~ Cf = /1 '1 . irP(d,v)
J; iry(l)(—l"(l(v),v)) [Po(A cos@, Asin) e

—p(—Acos0, —lsillﬂ)e'"m'”)jl ... (22)
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when
v(gh)\2>r, ry 1
and where
tvu(A
Pla(v =222
When r< n{gh)'/?, (17) becomes

— w a t[j. ( A )1/2 {p-()(l COSQ lSiDO)(eirp(;,,v)_'_ e—i'P‘u" v)
A,v)

—A.

dpgriot [\ — P u(d)
___p-O(—A'COS07 ‘ASina)(e—irP,(l,v)_'_e—ir&(l,v))]]dv’ o (23)
u(d)
where

P(A,v)=(tvu(A)— Ar+ wt(1 - vi/r
PyA,v)=[tvu(A)— Ar— wt{(1—-v)l/r

and
dp gitanh Ak \'?
P’ =—== [ — — .
3 (A(v),v) dv t[(l*—eltanhlh) w |/rby using (21).
Then
1d4 2r ,
4 A W e _______) . ’ <
where
1 A\ sinh A k"
l = +
of2) DA h -(sinuh) cosh.lh( T
Now,
Py(A,v)=0gives Atanh Ah= =K*, say, ... (24)

1-¢K

2 .
where K =2g-. The equation (24) has a single positive real root 1= 1,{w) say, if

1—-eK>0ie., for @ <(g/e)’? and if w>(g/e)!’?, the above equation has no posi-
tive zero.
The corresponding value v= v, is obtained from (21) as v, = r/at,

where
=2 lg—ew)+ hi(g— 0’y A3~ of]
2wiog
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For €= 0, this value of ais in complete agreement with the corresponding results
given by Chaudhuri®.

The stationary point of Py(4,v) belongs to the range of integration in (23)if [r/
H(gh)'?]<v,<1. The left inequality is always satisfied only when r<at. If at
< r<t(gh)"?, there is no stationary point in the range of integration concerned in
(23). By a similar analysis it is seen that P,(4,v) has no stationary point. The sta-
tionary phase method applied again to (23) now leads to

.Tl'lo 12 w = . Hwt—2or+ )
— — | Re { P(Aoc0s6, A,sind) ¢ orta
J

2r a (26)
when r< ar< t(gh)'"* and w <(g/¢)"?,
0  whenat <r<r(gh)"?orw>(gk)"
The remaining part of the double integral of (15) can be written as
1 © 2n _ . ~
J;,_=2— { mcos urdm | Ey(mcos¥, msin¥W)e ™ ¥ Vqy, ... (27)
o 0

Applying the method of stationary phase to (27) twice in succession we obtain
as before

1{1 my \*_ _ _ ,

;. (ﬁ’(—;ﬁ) Re{Ty(myg cos 8, m, sin 9) e"*'™}
Jy~ s 12 ... (28)
0 forr>t(gh)”? for r<#(gh)"™,

where Ps(m)= P,(m,l), m, is the positive real root of P{'(m)=0

and P,(my)= ,u_(_r:i(ﬁ_t_ mg.

Combining the results (26) and (28), we obtain from (15)

m 1/2 _ |
0 )l) Re{&y(mq cos 8, mysin 6) eerb(mo)}

1
Eilxzt)= - (m

1. 1/2 _ |
(E_O) ﬁ) Re{po(lo Cos 0, 10 Sin 9) el(m1_10r+ 7!/4)}
+ 2r a

)1/2 )1/2

when r< ar< t(gh and w<(g/e
0 whenar<r<t(gh)”? or w>(gk)”?,

k]

’

E(xz,t)~0 when r> (gh)'?(r— ).
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Steady State Solution of {

We want to find the steady state terms in (16). To obtain this, we have to isolate the
eliminate the transient terms involved in (16). Using polar coordinates (m, ¥') in
the (m,, m,) plane, the expression for ¢ in (16) becomes

1 2n « L s e
C(x’z,t)po(xyZ)sinwt+___[J’ J’e im(xcos ¥+ zsl !]l)}
Pg 274 o

X {a,(mcos Y msin W) cos ut +%p—0(mcos Y, msin W)
0

X(ﬂsmﬂﬁ_wgmwt)}mdmdw. ... (30)
L —w

We see that the second term of (30) is transient and hence as ¢~ 0, this term
vanishes by a direct application of Riemann-Iebesgue Lemma. Therefore,

. t aQ
Exzt)= pxz)sinet, o [ my(x,zm) (
o8 2apgy

usinut— wsin wt
2 ) m,
U —w

. (31)

where

2n

¥ (xzm)= fﬁo(mcos Y msin ¥
0

)e—im(xcos ¥+ zsin ¥) d l]l

= [ Po(&n) Jo(mR) dE d7

and
R=[(x= £+ (y= )" .

In the range of integration (m > 0), 4% — w? or equivalently m (1 — £¢K) sinh
mh — K cosh mhvanishes when 0 < K& <1 and does not vanish when K¢ > 1. For
the case when 0 < K¢ < 1, the positive zero of m sinh mh— K* cosh mh or equi-
valently m tanh mh— K* is m*, say. We introduce a Cauchy principal value at
m=mg* (ie., u = w) and split the first integral in (31) involving sin ¢ into two
parts. Then the transient terms of ¢ are wholly included in the part

o T mylxzm)
3 s usinutdm
2npgy M - w
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‘ @ 'y (x,zm’)sinh 2m h(1+ e K *) K *|™ sin u ¢
2npg o (hK *+sinh> m"h)(u’ + o) vm»=m:;uw—wdu
b1 mg*y (x,z,my*)sinh2m*h(1 + e K *) K *
4npg (hK *+ sinh® m,* h)

du, ... (32)

where K=2- and K*= .
g 1-Ke

As t— o, the first term of the above integral vanishes by the application of Rie-

mann-Lebesgue Lemma and for the second integral we put (4 — w) t=u. Then we

obtain

{(g/e)t - wt} _. + w! lgre) 1— wef . figiel' 21— wil
S—lg(u—ai—)du=cos wt | ~——+sin w¢ f cosudu'
- wt - wt u - wt U
Now,ast— ©, | Mdu—'nand | cosud -0.
- u - ©
Hence making 7 —~ o, we obtain from (31)
x,2 smcut cos wt | wmg*
£ () = 22 ( ° ) y (x2,mg*)
P8 4pg \ a
w’sin w1 < mlJ,(mR)
- 2 HP()E'] dé‘dr}f‘——oﬂ———dm, ...(33)
2np 0 w’/g
where ais defined in (25).

Writing
Jo(mR) = %[H(J)(mR) + H(mR)}in (33) we get

_ mlE(mR) + HY (mR)
mtanhmh K ’
1 + emtanh mh
mtanh mh

ion —————— - K = i =1,2... .
mml+emtanhmh has zeros at m= 1t 4,, t im, (s=1,2...) say
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Now we integrate the function g (m) along a semi-circle with centre at m = 0 in the
upper half plane, the real axis of the contour is indented below at m = 4, and
above at m= — 1,. Here Hy’and H) are the Hankel functions of the first and set-
ond kinds respectively. Then evaluating the principal value in (33) by the method
of Cauchy’s residue theorem we get

mszKO (msR)
hot—(g—co’)o’+mi(g—cw’ VK

T mly(mR) 4(g-cw

- 2)2
O,uz—wz/g s

. (34)

M 8

where m_ satisfies the equation
m tanmh=—K* ... (39)

and K, (m) is the modified Bessel function of the third kind of order zero.
In the absence of the IS (34) coincides with the corresponding result given
by Chaudhuri®. Using (34)in (33), we get

3 *
£ (xzt) = Po(x,2) sin wt+ cos wt (wmo ) —
o8 4pg \ a
w’sin wt
~——— [ po(En)dEdn x4 (g— ew®)
2npg b
c m; K, (m,R)

... (36)

X
,; ho'-(g-eo®)w’+ml(g—cw’) h
For the case, when K¢ 2 1, there is no such zero and hence a direct applica-

tion of Rieman-Lebesgue Lemma to the integral involving sin x ¢ in (31) makes it
wholly transient so that we obtain, as t =

g(xzt)zpo(x,z)sinwt w’sinwt }“m(1+smtanhmh)y(x,z,m)dm
o og 2apg’ (Ke—1), mtanh mh + K,
. (37)
where K, = K .
Ke—-1
Conclusion

In the unsteady part of the IS, the disturbed motion is mainly confined within the
circle r=t(gh)'>. Within the circle r = at and for w < (g/¢)'?, the two terms on
the right of (29) represent dispersive waves and dominant progressive waves re-
spectively. The variable amplitude of the diverging progressive wave decreases as
r~12. For w > (g/e)"’? or between the circles r= t(gh)"? and r = at, the progres-
sive waves disappear. The above discussion is valid for large distances from the re-
gion of applied pressure.
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As t— o and for w <(g/e)"?, the wave motion attains steady state every-
where as given by (33). Applying the method of stationary phase to the ¥W-integral
in (36) and using the asymptotic value of Ky(m R), the steady state motion repre-
sent the same diverging progressive wave found as before within the circle r = ar
together with a stationary wave. These observations were also arrived at for the
corresponding problem in water waves with a free surface (cf Chaudhuri®). For
w < (g/e )2, the qualitative behaviour of the solutions remains unaltered due to the
presence of an IS. The condition w <(g/¢)!"? can be interpreted physically as the
IS to be “light”, while the condition w > (g/¢)"? can be interpreted as the IS to be
too “heavy”. Thus a time-harmonic disturbance of an arbitrary frequency can pro-
pagate in a liquid with an IS only if the surface is not heavy. This fact was remarked
by Peters’ long back.
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