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This article reviews some of the recent advances regarding the charged vortex
solutions in abelian and nonabelian gauge theories with Chern-Simons (CS)
term in two space dimensions. Since these nontrivial results are essentially be-
cause of the CS term, hence, we first discuss in some detail the various pro-
perties of the CS term in two space dimensions. In particular, * is pointed out
that this parity (P} and time reversal (T) violating but gauge invariant term
when added to the Maxwell Lagrangian gives a massive gauge quanta and yet
the theory is still gauge invariant. Further, the vacuum of such a theory shows
the magneto-electric effect. Besides, we show that the CS term can be gener-
ated by spontaneous symmetry breaking as well as by radiative corrections. A
detailed discussion about Coleman-Hill theorem is also given which asserts
that the parity-odd piece of the vacuum polarization tensor at zero momen-
tum transfer is unaffected by two and multi-loop effects. Topological quanti-
zation of the coefficient of the CS term in nonabelian gauge theories is also
elaborated in some detail.

One of the dramatic effects of the CS term is that the vortices of the abel-
1an (as well as nonabelian) Higgs model now acquire finite quantized charge
and angular momentum. The various properties of these vortices are dis-
cussed at length with special emphasis on some of the recent developments
including the discovery of the self-dual charged vortex solutions.

Key Words: Chern-Simons Term; Charged Vortices; Gauge Theories—Abe-
lian & Nonabelian

Introduction

In 1957, Abrikosov' wrote down the vortex solutions in Ginzburg-Landau
(GL) theory which is the mean-field theory of superconductivity. Subsequently.
these vortices were experimentally observed in type-II superconductors. In
1973, Nielsen and Olesen® rediscovered these solutions in context of the abel-
ian Higgs model which is essentially a relativistic generalization of the GL the-
ory. These people were looking for string like objects in field theory. It turns
out that these vortex solutions have finite energy per unit length (i.e. finite en-
ergy in 2+ 1 dimensions as the vortex dynamics is essentially confined to the
x—y plane), quantized flux but are electrically neutral and have zero angular
momentum. '

In 1975, Julia and Zee® showed that the SO(3) Georgi-Glashow model
which admits ‘¢ Hooft-Polyakov monopole solution also admits its charged
generalization ie. the dyon solution -with finite encrgy and finite., nonzero
charge. It was then natural to enquire if the abelian Higgs model which admits
neutral vortex solutions with finite energy (in 2 +1 dimensions.), alsq admits
charged vortex solutions with finite charge and energy in 2+ 1 dimensions. Ju-
lia and Zee showed in the appendix of the same paper’ that the answer to the
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question is no. More than ten years later Samir Paul (then my Ph.D. student)
and myself showed? that the Julia-Zee result can be bypassed by adding the
CS term™® to the abelian Higgs model in 2+ 1 dimensions. In particular, we
showed that the abelian Higgs model with CS term in 2+ 1 dimensions admits
charged vortex (soliton to be more precise) solutions of finite energy, nonzero
finite charge and flux. As an_extra bonus, one found that these vortices have
nonzero angular momentum which is in general fractional. This strongly sug-
gested that these objects could infact be charged anyons’ i.e. the objects which
are neither bosons or fermions but which obey statistics which is interpolating
between the two. Subsequently, Frohlich and Marchetti® have shown using ax-
iomatic field theory that these objects are indeed charged anyons.

There is one question that has remained unanswered though ie. can one
overocme Julia-Zee objection® in 3+1 dimension itself? Recently we have
answered the question in the affirmative. In particular the authors® have been
able to construct self-dual topological as well as nontopological charged vortex
solutions of finite energy per unit length in a generalized abelian Higgs model
with a dielectric function and a neutral scalar field. The interesting point is that
in this case the Bogomol'nyi bound on energy per unit length is obtained as a
linear combination of the magnetic flux and the electric charge per unit length.

By now our work on the CS vortices has been extended in several direc-
tions. Most of the developments till 1988 have been well summarized in my
earlier review article on this subject!’. However, several new advances have
taken place since that time and one purpose of this article is to discuss some
of those developments. Since the key role in this game is played by the CS
term, it is only proper that at first the various properties of this term are dis-
cussed.

The plan of the paper is as follows: In the second Section, the role of the
CS term is discussed in the context of both abelian and nonabelian gauge theo-
ries. The key point to note is that whereas the Chern-Pontryagin term is topo-
logical but has no dynamics (being a total divergence), the CS term is topologi-
cal and also contributes to equations of motion and hence has nontrivial dy-
namics. In particular, it is pointed out that in 2 + 1 dimensions, because of this
term, one has at the same time a massive gauge field and a gauge invariant ac-
tion. Quantum electrodynamics with CS term has some interesting and unusual
properties which are discussed here. For example, the vacuum polarization ten-
sor has an extra piece which is odd in both P and T. Various properties of this
P and.T-odd piece including Coleman-Hill (CH) theorem!* and magneto-elec-
tric effect’ are discussed at length. In particular, it is emphasised that contrary
to the claim of CH, not only fermions but any P and T violating interaction in-
cluding even scalar!® or vector!’ particles can give nonzero contribution to the
P and T-odd part of vacuum polarization tensor at zero momentum transfer.
We also point out that the theorem is also valid in case the gauge symmetry is
spontaneously broken and the theorem is stated in terms of effective action
rather than vacuum polarization tensor'®. In the nonabelian case, it turns out
that the theory is not well defined uniess the coefficient of the CS term is
quantized®. Various issues in this regard are discussed at length. In particular, it
is pointed out that the tree level quantization continues to remain valid at
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one'® and higher loops'® in the case of pure gauge theories. Further, it is also
valid at one loop in the presence of matter fields. Finally, it is argued that the
quantization of the coefficient of the CS term is also valid at one loop for an
unbroken nonabelian gauge group in a theory where larger nonabelian gauge
symmetry is spontaneously broken to that of the smaller gauge group®’.

We also point out that atleat in the nonabelian case, adding thé CS term to
the action is not really a luxury—in a sence one is forced to add it since even
if one does not add it at the tree level, it is automatically induced by radiative
corrections?'. Finally, it is pointed out that a la gauge field mass term the abel-
ian CS term can also be generated by spontaneous symmetry breaking?>. This
is possible because in 2+ 1 dimensions, even for scalar particles one can intro-
duce a Pauli type nonminimal interaction term. Some other implications of this
term are also discussed in the second Section.

In the third Section, we discuss one of the most dramatic consequence of
the CS term in 2+ 1 dimensions i.e., the existence of charged vortex solutions®.
Only salient features of this solution are discussed here since the details are al-
ready contained in my previous review article'’. In the fourth Section, we dis-
cuss some of the recent developments in this field. In particular, we discuss the
self-dual charged vortex solutions in both relativistic'' and nonrelativistic'? the-
ories as well as semi-local charged vortex solutions'*.

Some Important Properties of the Chern-Simons Term

1t is well known that there is a gauge singlet (popularly known as axial) anoma-
ly in any even dimension 2n so that the divergence of the gauge singlet axial
current is proportional to the corresponding Chern-Pontryagin density P, in
that dimension which in turn can always be written as a total divergence i.e.

P,=0,A" wu=0,1,2+-+-,n-1. (D)

The object A“, for a particular value of u (say u,) naturally lives in (n— 1) di-
mensions (excluding that particular dimension x,) and is known as the Chern-
Simons density. For example the gauge singlet anomaly in 3+ 1 dimensional
quantum electrodynamics is given by

2
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so that the abelian CS term in 2 + 1 dimensions is given by

2
= by, ATFY . (4)
T
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A

which clearly lives in 2+ 1 dimensions. In the nonabelian case, the CS term
has an extra piece i.e.,
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where A, and £, are matrices
A, =gT'Aj:F,=gT'Fi=d,A,~0,A,+[A,A,]. - (6)

uy
Here we have used the representation matrices of the group (for SU(2):
T¢ = .[1_1/2 1> )
[Te, Th) = febTe. AT

Let us first discuss the properties of the abelian CS term as given by
eq. (4).

P and T Violation: It is easily seen that the abelian (as well as the nonabe-
lian) CS term is not invariant under P and T separately even though it is invar-
iant under PT as well as charge conjugation C. It is worth noting here that in
2+ 1 dimensions, even the fermion mass term m.is odd under P as well as
T and infact this is the underlying reason as to why CS term can be generated
in perturbation theory by integrating over fermions in a massive fermionic the-
ory*!,

CS Term as Gauge Field Mass Term: Let us consider electrodynamics in
the presence of the CS term

L=-Yp, ek
4 4

" FLA;, ... (8)
where F,,=d,A, ~ d,A,. Note that the corresponding equation of motion
0,,F’”'+§ e"”ﬁFaﬁ=0 ... (9)
as well as the action are invariant under U(1) gauge transformation
: 10
A#-'A,,——iaﬂ/l ( )
The field eq. (9) can also be written as
v 1 uva *
g +—-€"0,| *F,=0, (1)
u

where *F, is the dual field strength which is a vector in three dimensions

L] - 1 af, —_ xp-a (12

F,———éemﬁF y Fo= €4 "F° )

On operating by (g5, — £4,50°/ 1) 0 eq. (11) we have
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(O+u2) *F=0 ... (13)

which clearly shows that the gauge field excitations are massive. This remark-
able property of having a guage invariant mass term for the gauge field in the
action itself is very special to 2 + 1 dimensions. In all other dimensions one has
to take recourse to the Higgs mechanism (or one could have dynamical
symmetry breaking as in the 1+ 1 dimensional Schwinger model). It is worth
noting here though that unlike in other dimensions, in this case, both massless
and the CS-mass photon has only one degree of freedom. Further, whereas the
massless photon in 2+ 1 dimensions has spin zero, the CS-mass photon has
spin 1(—1) if #>(<)0. Note that because of the CS term, onc has necessarily
a P and T violating theory. On the other hand, the normal massive photon has
two degrees of freedom and both spins +1 are present as they should be in a
parity conserving theory.

Coleman-Hill Theorem: 1t turns out that because of the P and T violating
but gauge invariant CS term, the most general form for the vacuum polariza-
tion tensor (consistent with Lorentz and gauge invariance) is more general than
in other dimensions i.e.
1,.(k)=(k?g,,— k,k,) IT,(k?)=ie, . k* TT,(k?). o 14

HVA
Notice that the second term on the r.hs. is P and T odd. It is clear that any P
and T violating interaction will contribute to IT,(k?). For example the fermion
mass term which in 2+ 1 dimensions break both P and T, does contribute to
I1,(k*) at one loop level. Remarkably enough, it was discovered that at two
loops, though, there is no contribution to 1,(0)**. Inspired by this result, Cole-
man and Hill'* have infact proved under very general conditions that I7.(0) re-
ceives no contributions from two and higher loops in any gauge and Lorentz
invariant theory including particles of spin one or less. In particular, they have
emphasized that their result is valid even for nonrenormalizable interactions in
the presence of gauge and Lorentz invariant regularizations. These authors al-
so claimed that at one loop the only contribution to 771,{0) can come from
fermion loop. This is however not true. In particular, there is no reason why P
and T violating interactions involving spin 0 or 1 particles should not contri-
bute to I1,{0) at one loop. Indeed, Hagen er al'” as well as we'® have shown
that nonrenormalizable spin one and spin. zero interactions respectively do
contribute to I1,(0) at one loop.

It might be added here that apart from these situations which were over-
looked by Coleman-Hill, there are other situations where the initial assump-
tions of the theorem are not satisfied and where IT,(0) does get further radia-
tive corrections. One such situation is if there are massless particles present in
which case infrared divergences spoil the proof of the theorem-*. Another case
is if Lorentz or gauge invariance is not satisfied, a situation found in the non-
abelian case. A third case is that of spontaneously broken scalar clectro-
dynamics?® where the term quadratic in the gauge field explicitly violates one
of the assumption of Coleman and Hill. However, even in this case we have
recently shown!¢ that if the theorem is formulated in terms of effective action
rather than vacuum polarization tensor then the coefficient of the CS term in
the effective action does not receive a radiative correction at one loop.
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Magnetoelectric Effect: There are many crystals in nature like cromium ox-
ide which show this effect i.e., they get magnetized in an electric field and elec-
trically polarized in a magnetic field?®. It is well known that this effect depends
upon having a T-asymmetric medium. In this case the usual relation between D
and F as well as between H and B is modified to

D=x} E+x'] B, .. (15)
and
H=x"7"B+x"}"E,. ... (16)

Since CS term violates P and T, it is natural to ask if the vacuum of the 2 +1
dimensional QED with CS term also shows the magnetoelectric effect or not.
We have shown®® that indeed the vacuum in such a theory does show this ef-
fect and both x/“™ and x/™¢ are proportional to k;IT,(k?).

CS Term by Spontaneous Symmetry Breaking: We have seen above that
the CS term provides mass to the gauge field. Now usually the gauge field
mass is generated by spontaneous symmetry breaking hence it is worth enquir-
ing if the CS term can also be generated by this mechanism. The answer to the
question turns out to be yes. This is because as has been shown by us??, unlike
other dimensions, 2+ 1 dimensions offer more general possibility of a covar-
iant derivative. For example, it is possible to introduce a Pauli type nonminimal
coupling for even scalar particles. In particular, notice that

D,$=(0,+ieA,+ ige,, A") ¢ (1)

also behaves like a covariant derivative since the nonminimal term by itself is
gauge covariant. As a result one now finds that the matter field kinetic energy
term 1/2(D*¢)"D,¢) has a piece eg| ¢[2£‘M(0"A”)A‘. Thus if ¢ acquires a
nonzero vacuum expectation value then the (abelian) CS term is generated.
Clearly a similar mechanism should also work for the nonabelian case, but
technically it is a tougher problem since one also has to generate the nonlinear
triple gluon coupling term. So far as I know, till today it is an open problem.

The resulting nonminimal theory has been shown to have some very inter-
esting properties in case the magnetic coupling constant g (called critical mag-
netic moment) acquires a special value?’?°. In particular, this theory gives rise
to an effective action which is renormalizable at one loop?® and has similar
properties to the one describing ideal anyons upto an additive contact term. It
is worth adding here that this nonminimal magnetic coupling can be induced
by radiative corrections even if it is not present at the tree level®.

Yet another remarkable property of the CS term is that in this case the
Lorentz invarfance of the action automatically follows from gauge invariance.
In particular, whereas for the Maxwell case the most general gauge invariant
Lagrangran is

L=E’+aB"*. ... (18)

It is only the demand of Lorentz invariance which fixes a to be — 1. On the

uvl
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other hand, in the CS case the demand of gauge invariance automatically fixes
the form of the CS term.

Let us now discuss some properties which are unique to the nonabelian
CS term.

Quantization of the CS Mass: In the nonabelian gauge theory with CS
term in 2+ 1 dimensions one finds that the gauge field is again massive and
that the theory is well defined only if this mass is in fact quantized. The gauge
field Lagrangian is

1 2
L=—s THF*F,)— s e"* THF,,Au— S AdAL), . (19)

2g 28

where A, and F,, are matrices as defined by eq. (6). The field equation which
follows from here

D.F“+ 2 e =0, .. (20)
H 2 B

where

D,=d,+[A,] ... (21)

is gauge covariant. As in the abelian case it immediately follows that the gauge
field has mass . Now notice that the action I =/d*xL even though invar-
iant under small gauge transformations, is not invariant under homotopically-
nontrivial gauge transformations®. In particular, if the gauge group G is such
that

m,(G)=2, .. (22)

where Z is the group of integers (note in particular that eq. (22} is true for any
gauge group of which SU(2) is a subgroup), then under these so called large
gauge transformations the action transforms as

8 2
oo I+ —om ... (23)
g

where m is an integer. Now in the path integral formulation, the action itself
may or may not be gauge invariant but what is required is that the exponential
of the action should atleast be gauge invariant. We thus conclude that the non-
abelian gauge theory with CS term does not make sence in 2+ 1 dimensions
unless the CS mass is quantized in units of g? 4 i.e.
87’ u g’
s~=2nm or u=-—n, n=0,t1, 2, ... (24)
g 4

Please note that in 2+ 1 dimensions the gauge coupling g is not dimensionless
but rather has dimension of (rmass)'’?.
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Parity Anomaly: Someone might wonder as to why is one considering
models with CS term in the first place since afterall this term violates both P
and T. The answer to that is (atleast in nonabelian gauge theories) even if one
does not add CS term to the action at the tree level, it is still generated by the
radiative corrections—the effect due to the so called parity anomaly-'. In parti-
cular, even though the action

1 A \
1[A,,,w]=J'd3ng3 TrE, F* + iy, D"y ... (25)

is invariant under gauge transformations as well as P and T, the effective action
1,{A] obtained by integrating out the fermionic degrees of freedom must viol-
ate one of the two symmetries in the case of odd number of massless fermions.
In other words, there is no regularization which can simultaneously maintain
the invariance of /7, under parity as well as under large gauge transformations.
In particular, under large gauge transformations with winding number n, [,
transforms as

1A= 1 JAlfnt n=0,%1, £2, - ... (26)

Since gauge invariance is usually regarded as more important than parity, one
can maintain gauge invariance at the cost of parity by adding the P and T-odd
CS term in the action {or by regulating the theory in such a way that the CS
term is automatically produced—say by using Pauli-Villers regularization). In
this way, one finds that because of the parity anomaly the CS term is induced
by radiative corrections even if it is absent at the tree level. This is very similar
to the way of Chern-Pontryagin term is induced in even dimensions due to the
gauge singlet (chiral) anomaly. Note however that whereas the anomaly in even
dimensions is in the divergence of the current, in 2+ 1 case there is no anoma-
ly in the divergence of the current. The anomaly is in the current itself in that
there is a piece with wrong parity. Also notice that the parity anomaly is only
in the nonabelian gauge theories and not in the abelian U(1) case since in this
case there are no large gauge transformations in the first place!

Finally, since the CS action depends only on ¢,,, tensor and not on the met-
ric g, hence the gauge field action with only nonabelian (or even abelian) CS
term is an example of topological field theory®'.

Charged Vortex Solutions
Let us consider the abelian Higgs model with CS term as given by the Lagran-
gian
1

o1
L= = FuF" 4510, =ieA,) g*(0" + iea") ¢

2 Cl ? M A v
—CJ(|¢- vc) +5 e, AMF .. (27)
<Ly

4
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Following the neutral vortex case’, let us consider the following n-vortex an-
satz

A (r)_ n in
A1) = -—e(,C(,g——r——, ¢(¢J)=Coe ef(r)yA()(tp,t):Cnh(r), ... (28)
where
- C. = G {29)
p eC,” " 2C,° '

We have rescaled the lengths and the fields so that one can work in terms of
the dimensionless variables. It turns out that the dynamics essentially depends
on two dimensionless parameters ¢ and 4 defined by

A= J(8C,/e”); O=u/eC, ... (30)

The field equations which follow from here are*

g”(r>—lrg’(r)—gf2=réh'(r) ... (31)

h (’)+7h (r)=hf*==g'(r) (32)

i+ f<> P . L (33)
r 2

while the field energy can be shown to be*

= 2|7 1(dg\ df an 202 g:fzk_: e
O S 7 P = U

Several remarks are in order at this stage

(i) As expected, in the limit 4,=0 (ie., h=0) and u=0 (ie. 0=0) the
field equations reduce to those of the neutral vortex case”. From the Gauss law
eq. (32)it also follows that if 4 is nonzero then A, must also be nonzero.

(ii) The boundary conditions for finite energy solutions are

lim . f( )=1,h(r)=0,g(r)=0 ... (35)
and

lim;f(r)=(), hir)=pB,glr)=n ... (36)

r-={)
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with B being an arbirary number.
(iii) A la neutral vortex case, in this case also one has flux quantization
since the boundary conditions are again such that I7,(U(1))=Z

, 22( 1dg 2
¢EJBd'x=—lJ rar-2=7, . (37)
€ Jo

From the Gauss law eq. (32) it then follows that these vortices also have non-
zero and finite quantized charge®

2,42 42 2 7
Q= e hfdx=ud= . " ... (38)

thereby bypassing the Julia-Zee objection. As far as I am aware of this is prob-
ably the first time that the quantization of the Noether charge has followed
from purely topological considerations. In a way the relation (38) can be
looked upon as the 2+ 1 analog of the Witten effect®?. One can also compute
the magnetic moment of these vortices and show that whereas the neutral vor-
tices have it equal to the flux @(=2xn/e), the charged ones have an extra
piece

K:=J(rxj);d2x=%:—’—l+(—ZJ h(r)d’r - 139)

(iv) As an extra bonus, one also finds that unlike the neutral vortices, the
charged vortices have nonzero angular momentum which is in general fraction-
al and quantized in units of Q2 ¢ i.e.

JEjdzxe'jxiToj= -—= .. (40)

This strongly suggests that the charged vortices could infact be charged any-
ons’. By explicit construction of a quantum one vortex operator, Frohlich and
Marchetti® have rigorously shown that this is indeed the case. Thus charged
vortices provide us with a relativistic field theory model of extended charged
anyons.

So far, no analytic solution has been obtained to the field egs. (31) to (33).
However, it is easily seen that for large s, the asymptotic values of the gauge
and Higgs field are reached exponentially fast

glr)=a/re™™, . (41)
h(r)=%e_""’, ... (42)
and

fry=1+pBe ", ... (43)

where a, f§ are dimensional constants while
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... (45)

is also possible but as has been shown®?, such a solution does not exist for all
r. It is worth noting here that because of the P and T violating CS term, the
gauge field, after the Higgs mechanism, propagates two modes each with one
degree of freedom and with J=1{— 1) if g >(<)0™3* It is easily seen that the
field equations are invariant under r— —r so that the behaviour of the field
around r= ( is given by

glri=n+ar’+0(r*), ... (46)
h(r)=,3+aé%+ 0(r). .. (47)
and

fir=ayrt™'+0(r'"'"2). ... (48)

The qualitative behaviour of the charged vortex is as follows: the magnctic
field B decreases monotonically from its nonzero value at the core of the vor-
tex (r=0) to zero at r= o with penetration length 1/m, while the scalar field
increases from zero at origin to its vacuum value at infinity with coherence
length 1/m,. Finally, the electric field E, vanishes at both r=0 and r= o
reaching the maximum in between at some finite r. It is worth pointing out that
as in the Hall effect, for the charged vortex solutions too E{(=E,) is at right
angles to j(=/,) and both in turn are at right angles to B. It is also worth
pointing out here the according to the presently accepted explanation, the qua-
si-particles responsible for the fractionally quantized Hall effect are the
charged vortices.

Recent Advances

After our discovery of the charged vortex solutions* in 1986 in last ten years
this work has been extended in several directions. Here briefly discussed are
the developments till 1988 which are already contained in my previous review
article on this subject!” while we will discuss in detail some of the latter deve-
lopments.

Charged Vortex-Vortex Interaction: Perhaps the most interesting question
is if we can directly observe the charged vortices in some condensed matter
system. In this context, recall that the neutral vortices with one unit of vorticity
have been seen in type-1l superconductors. However, none has been seen in
type-1 superconductors. This can be understood from the fact that in the neu-
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tral case, whercas the vortex-vortex interaction is attractive in type-1 region
(A<1), it is repulsive in type-1II region (4>1)* It is thus of great interest to
study charged vortex-vortex interaction and see as to when is it repulsive. This
has been done by us* using perturbation theory in CS mass as well as by a
variational calculation. For example, when CS mass is small, one expands the
charged vortex fields in terms of the neutral vortex fields plus corrections in
powers of CS mass O. In particular, it has been shown that to O(d?), the
charged n-vortex fields are given by*¢-#

5

R2.6)= g2+ g (04006 .. (49)
d

h(i.6)=§gu(l)+0(63) ... (50)

and

fA.0)=f(A)+0(0*), ... (51)

where g, and f, are the solutions to the corresponding neutral vortex solutions
in the absence of the CS term. On substituting the solution as given by egs.
(49) to (S1) in the expression for the field energy as given by eq. (34) one can
show that*¢

5

no

5

I3 (,’,m<i.(5>=En,:”<i>+ _+_O<d4> (52)

It is worth noting that the O(d?) correction is positive, proportional to n? and
independent of A. From this equation it immediately follows that

(n* = n)

E ™A.8)— nE A.8)= E "“(A) — nE "“(A)+ 8T +0(8%) ... (53)

so that the charged vortex-vortex interaction is more repulsive than the corre-
sponding ncutral case with the extra repulsion coming from the electric field of
the charged vortex. We have also performed a variational calculation (which is
more reliable than the perturbative calculation for larger values of ) and find
that even in this case the same picture continues to hold good. For example,
for §=0.5 the charged vortex-vortex interaction is repulsive even for 4> 0.45
(note that in the neutral case the vortex-vortex interaction is repulsive only
when 4> 1),

A word of caution is in order here. Our analysis is only valid in the case
of superimposed vortices. The problem of charged vortex-vortex interaction
when the vortices arc separated by distance d, is still an open unsolved prob-
lem.

Pure CS Vortices: Can one obtain charged vortex solutions in abelian
Higgs model with pure CS term (i.e, no Maxwell kinetic energy term)? This
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question is particularly sensible in the condensed matter context since in the
long wave length limit the CS term dominates over the Maxwell term. In this
context note that the Higgs mechanism is operative even in the absence of the
Maxwell term and even in this case one obtains both massive gauge and scalar
fields*”. The question of the charged vortices in the abelian Higgs model with
pure CS term was addressed by us*® and we showed that the charged vortex
solutions are indeed possible in this case. Their properties are almost same as
those of the Maxwell-CS charged vortices except that the magnetic field is now
zero at the core of the vortex and is concentrated in a ring surrounding the
vortex core’®. It is worth noting here that in the absence of the Maxwell term,
the gauge field egs. (31) and (32) are already of first order )

—gf* = roh’(r) ... (54)
and
hf3=€g'(r), .. (55)

while eq. (33) remains unaltered and is still a coupled second order equation.
The obvious interesting question is if one can also write it as a coupled first
order equation so that a la Bogomol'nyi*® one could obtain self-dual charged
vortex solutions, This question was raised by us’® but we were unable to ob-
tain the first order equation. It was left to two other groups' to make this im-
portant breakthrough. They showed that in addition to dropping the Maxwell
term one also has to replace the usual ¢* potential with the following ¢°-type
potential

V<1¢|>=$1¢21<|¢21—v2>2 .. (56)

so as to obtain the self-dual equations. In that case, the self-dual equations turn
out to be

f’=ilfg . (57)
r

and

=q_l(_1§'= .1_ 2 2 58

B= 2 izf(l ), (58)

while

h=3F%(l—f2). ... (59)

One can infact decouple the egs. (57) and (58) and obtain the following uncou-
pled second order equation in f
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f"<r>+1rf'<r>—f%+—12—f3<1—f2>=o . (60)

These self-dual equations are quite similar to those of the corresponding neu-
tral case (at A = 1) which are given by

f’=i1rgf ... (61)
- _lag_ 1. o
B= -~ 2=t (1=f) ... (62)

and hence the uncoupled second order equation in that case is

Fins =t == - (63)

Further, whereas the Lagrangian for the self-dual neutral vortex case is the bo-
sonic part of a N=1 supersymmetric theory*(, the Lagrangian for the charged
self-dual vortex case is the bosonic part of a N= 2 supersymmetric theory®'.

Before we discuss the solutions to the self-dual egs. (57) and (58) it may
be worthwhile to point out that the usual ¢* potential and the ¢® potential as
given by eq. (56) represent very different physical situations*2. Whereas the ¢*
potential in eq. (27) corresponds to the case of second order phase transition
with 7< T/ the ¢° potential given above corresponds to the case of first or-
der transition with 7= 7. One way to understand as to why ¢°-type potential
is required for the CS vortices while ¢* potential is required for the neutral
vortex case is that whereas in four space-time dimensions the coefficient of the
¢*-term is dimensionless, it is the coefficient of the ¢°-term which is dimen-
sionless in 2 + 1 dimensions.

It turns out that the self-dual egs. (57) and (58) admit both topological and
nontopological self-dual charged vortex solutions. Let us first discuss the topo-
logical solutions.

Topological Self-dual Solutions: The topological solutions satisfy the boun-
dary conditions as given by eqs. (35) and (36) with 8= F 1/2 {for n>(<)0 re-
spectively). The flux, the charge and the angular momentum of these vortices
are as given by egs. (37) to (40) respectively and the energy is zxv?| n|. Infinite
number of sum rules have been derived for these vortices*? (as well as the neu-
tral self-dual vortices™ and using these we have shown that the magnetic mo-
ment of the self-dual pure CS vortex is 2an{n+ 1) u*/’v2 It is worth empha-
sizing that the self-dual solutions have been obtained not only with the cylin-
drical ansatz but also with an arbitrary ansatz. Further, following the work of
Taubes for the neutral self-dual vortices*, Wang*® has given rigorous argument
for the existance of self-dual charged vortex solutions even when the vortices
are not superimposed on each other but lie at arbitrary position in the plane.
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Nontopological Self-dual Solutions: Since the potential as given by eq. (56)
has degenerate minima at ¢ =0 as well as at | ¢|=v, one finds that apart from
the topological, one also has nontopological self-dual charged vortex solutions
provided one chooses the following boundary conditions**#’

lim: f(r)=0,g(r)= Fa,a>0, ... (64)
hm: f(r)=0,g(r)=n,ifn#0 ... (65)
and

im: f(r)=1n,gr)=0ifn=0, ... (66)

r=0
where +(—)a is for n>(<)0. The flux, the charge and the angular momen-
tum of these vortices can be shown to be (n> 0)

2 3 3 bl
@="T(n+a); Q=ud; J=k(a’-n"); E=aviinta) -+ (67)
4 €

It is worth pointing out that the finiteness of energy requires that a> 1 but
otherwise a is arbitrary. However, again in his case infinite number of sum
rules have been derived by us** using which we have been able to show that a
must infact satisfy the lower bound a = (n+ 2)*. Further, from these sum rules
it also follows that the magnetic moment of these nontopological vortices is
—2n(a+ n){a—n—1)u*/e’v?. As far as the author is aware, this is the first
instance when both topological and nontopological self-dual solutions simul-
taneously exist in a given model. So far as the decay to charged scalar mesons
is concerned, these nontopological solutions are at the edge of their stability*”.
Finally, Spruck and Yang have rigorously shown the existance of self-dual non-
topological CS vortices even when they are not superimposed on each other
but lie at arbitrary positions in the plane®.

Various Other Self-dual Solutions: Once the self-dual CS vortices were
discovered in 1990, there has been a flurry of activity and several people have
obtained various other self-dual solutions. While it is clearly impossible to
mention all these developments, we shall try to note atleast some of them. For
example, since ¢* and ¢°-type models correspond to very different physical si-
tuations, hence it is of interest to enquire if self-dual charged vortex solutions
can also be obtained in the original ¥* model* itself. This has been done and
Lee et al® have shown that such solutions can also be constructed in the ¢*
model® provided one adds a neutral scalar field in the model. Further, self-dual
solutions have also been constructed with unusual properties™ by cssentially
multiplying the Maxwell and/or the CS erm by a dielectric function (which in
almot all cases is assumed to be a function of the scalar field ¢ alone) and also
by including the nonminimal interaction term. For example, a class of self-dual
solutions have been obtained which are degenerate in energy but have different
flux which is not quantized. Further, nonabelian self-dual CS vortices have also
been obtained’?. :
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Nonrelativistic Self-dual Vortices: In an interesting paper, Jackiw and Pi'?
started with the abelian Higgs model with pure CS term and the ¢® potential
as given by eq. (56) (which has both topological and nontopological self-dual
charged vortex solutions) and considered its nonrelativistic limit. In particular,
they showed that to leading order in the velocity of light ¢, this model reduces
to
Lan=" 6, PP A"+ iy(0,+ 140 ¥ = —= (DY HDy)+ ——— (y*y)

4 2m 2me| u|

... (68)

where ¢ represents the particle part of the mode expansion of the scalar field
¢ (the anti-particle part having been put equal to zero) and m is the mass of
the field ¢. This nonrelativistic model can be looked upon either as a classical
field theory or as a second quantized N-body problem with 2-body attractive
d-function interaction. These authors were able to obtain self-dual nontopolog-
ical charged vortex solutions with zero energy in the above model and show
that these vortex solutions are precisely the nonrelativistic limit of the corre-
sponding nontopological charged vortex solutions. In fact, the flux, the charge
an the angular momentum of these objects turn out to be the same as given by
eq. (67) but where a=(n+2) ie., the lower bound on a** is saturated in the
nonrelativistic case. By now, this work has been extended in several directions.
Mention may be made of the time dependent solutions by Ezawa er al** and
the nonrelativistic Maxwell-CS vortices®’. Further, nonrelativistic limit of the
nonabelian self-dual CS vortices has also been considered and interesting con-
nections with integrable models have been discovered™®.

Interaction Between Self-dual CS Vortices: Following the work o Manton*’
for the case of monopole and neutral vortices, recently Kim and Min™ have
considered the slow motion of two well separated CS vortices and have shown
that the effective Lagrangian (with finite degrees of freedom) has a statistical
interaction term and that this term reflects the anyonic nature of the CS vor-
tices. This analysis has recently been extended to the nonrelativistic case™”.

Semi-Local Selfdual CS Vortices: Recently, semi-local neutral vortex solu-
tions have been obtained in an abelian Higgs model with SU(N),,,,® U(1),,,
symmetry. The key point of the argument is that even though topologically
trivial, these solutions are stable under small perturbations due to the gradient
energy term®®, These semi-local solutions gave some initial hope of finding en-
ergetically stable solutions in the Weinberg-Salam model. However, subsequent
analysis has shown that these semi-local vortex solutions are always unstable
for the realistic values of the Weinberg angle. Inspired by this work, we have
constructed'® semi-local self-dual CS vortex solutions in an abelian Higgs mod-
el with pure CS term and with SU(N) 0, ® U(1),,,, symmetry. Most of the re-
sults for the CS vortices can be easily extended to this case.

Charged Vortices of Finite Energy Per Unit length in 3 +1 Dimensions: So
far we have shown that the Julia-Zee objection® can be bypassed in 2+ 1 di-
mensions by adding CS term to the action. However, the question remains if
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one can also overcome their objection in 3+ 1 dimensions itself (remember
that their original argument is infact in 3+ 1 dimensions)? Recently, we’ have
been able to do that. In particular, we showed that if one generalizes the abel-
ian Higgs model by adding a dielectric function and a neutral scalar field then
one can obtain self-dual topological as well as nontopological charged vortex
solutions with finite energy per unit length. In particular, we considered the
following generalized abelian Higgs model

=~ Gl $NELF"+2 13, ieA) $I' +3 Gl $1) Q.NO"N

2

~8G(l 1)

where N is the neutral scalar field. We showed that if the dielectric function
G(] ¢|)is chosen to have the form

s (87— v =S N gF .. (69)

. (70)

Gll¢h= |¢|

then the self-dual equations of the model can essentially be mapped to those of
the pure CS vortices thereby explaining as to why one has both topological as
well as nontopological charged vortex solutions. However, unlike in this case,
the Bogomol'nyi bound on energy is expressed not only in terms of the flux
but also the vortex charge per unit length.

References

A A Abrikosov  Sov PhysJEPT 5(1957)1174
H B Nielsen and P Olesen  Nucl Phys B61 (1973) 45
Bluliaand AZee PhysRev DI1(1975)2227
SKPaul and A Khare PhysLert B174(1986)420; B182 (1986)E 414
W Siegel Nucl Phys B156 (1979) 135; J Schonfeld Nucl Phys B185(1981) 157
S Deser, R Jackiw and S Templeton Ann Phys 140 (1982) 372
J M Leinaas and Myrtheim Nuov Cim B37 (1977) 1; also see A Khare Curr Sci {India) 61
{1991) 826
8 J Frohlich and P A Marchetti  Comm Math Phys 121 (1989) 177
9 PK Ghosh and A Khare Bhubaneswar Preprini  IP/BBSR/94-14, hepth 9404015
10 AKhare Fortsder Phys 38(1990)507
11 J Hong, Y Kim and P Y Pac Phys Rev Lett 64 f990 2330; R Jackiw and E ] Weinberg
Phys RevLent 64(1990)2334
12 RlackiwandSY Pi PhysRevLert 64 (1990)2969; Phys Rev D42 (1990) 3500
13 AKhare PhysRev D46 (1992)R 2287
14 SColemanand BHill Phys Ler B159(1985) 184
15 AKhareand T Pradhan Phys Let B231(1989) 178
16 A Khare, R B MacKenzie and M B Paranjape  Phys Letr B 343 (1995)239
17 CR Hagen, P K Panigrahi and S Ramaswami Phys Rev Lert 61 (1988) 389
18 RDPisarskiandSRao Phys Rev D32 (1985) 2081
19 G Giavarini, C P Martin and F Ruiz Ruiz  Nuc/ Phys B381(1992) 222
20 A Khare, R B MacKenzie, P K Panigrahi and M B Paraniape Univ de Montreal Preprint
UdeM-LPS-TH-150, hep-th/9306027 Phys Lert (In press) (This paper had raised this
interesting question but because of numerical mistakes in computation they arrived at wrong

NN AN -



178 AVINASH KHARE

21
22

24

25

27
28
29

31

32
33

34
35
36
37

39
40
41
42
43
44
45
46
47
48
49

50
52

53

54
56
57

58
59

conclusion. Recently the correct answer to the issue has been given by L Chen, G Dunne, K
Haller and E Lim-Lombridas, Phys Lerr B348 (1995) 368

A NRedlich Phys Rev D29(1984)2366

S K Paul and A Khare PhysLert 193(1987)253

Y Kao and M Suzuki Phys Rev D31 (1985) 2137, M Bemstein and T Lee Phys
Rev D32(1985) 1020

G M Semenoff, P Sodano and Y S Wu Phys Rev Lent 62 (1989) 715; W Chemn Phys
Let B251 (1990) 415; V P Spiridonov JETP Let 52 (1990) 513; V P Spindonov and F
V Tkachov Phys Lett B260(1991) 109

S Yu Khlebnikov JETP Letr 51(1900)81;V P Spiridonov Phys Let B247(1990) 337

L D Landau and E M Lifshitz Electrodynamics of Continuous Media Second Edition
Pergamon Press (1963); T H O’'Dell The Electrodynamics of Magneto-Electric Media North
Holland (1970)

JStern PhysLent B265(1991) 119

M E Carrington and G Kunstatter Phys Letr B321(1994)223

Y Georgelinand J C Wallet IntJmod Phys A7 (1992) 1149

IIKogan PhysLent B262(1991)83

E Witten Comm Math Phys 121 (1989) 351; For the abelian case see, M Bos and V P
Nair PhysLent B223(1989)61

E Witten PhysLetr B86(1979)283

V I Inozemstsev Euro phys Lett 5 (1988) 113; G Lozano, M V Manias and F A Schapos-
nik Phys Rev D38(1988) 601

SK Paul and A Khare PhysLent B171(1986) 244

L Jacobs and C Rebbi  Phys Rev B19(1979) 4486

L Jacobs, A Khare, C N Kumar and S KPaul IntJmod PHys A6(1991)3441

SDeserandZ Yang Mod Phys Lerr  A4(1989) 2123

D P Jatkar and A Khare PhysLert B236(1990)283

E B Bogomol'nyi SovJnucl Phys 24(1977) 449

P di Vecchia and S Ferrara Nucl Phys B130(1977)93

CLee,K Lee and E Weinberg Phys Let 242 (1990) 105

S N Behera and A Khare Pramana(J Phys India) 15(1980) 245

AKhare PhysLext B255(1991)393

AKhare PhysLerr B277(1992)123

CTaubs Comm Math Phys 72 (1980)277

RWang Comm Math Phys 137(1991) 587

R Jackiw, K Lee and E Weinberg Phys Rev D42 (1990) 3488

A Khare PhysLent B263(1991)227

D P Jatkar and A Khare J Phys A24 (1991) L1001; D Bazeia Phys Rev D43 (1991)
4074

JSpruckand Y Yang Comm math Phys 149 (1992) 361

CLee,KLeeand HMin PhysLerr B255(1990)79

P K Ghosh Phys Letr B326 (1993) 264; Phys Rev D49 (1994) 5458; J Lee and S Nam
PhysLett B261(1991)79; M Torres Phys Rev D49 (1994) R2295

H ] de Vega and F A Sehopasnik Phys Rev Lett 56 (1986) 12564; Phys Rev D34 (1986)
3206; C N Kumar and A Khare Phys Let B178 (1986)385; K Lee Phys Rev Letr 66
(1991) 553; L F Cugliandolo et al. Mod Phys Lett A6 (1991)479

Z Ezawa, N Hotta and A Iwazaki Phys Rev D44 (1991)452

G Dunne and C Trugenberger Phys Rev D43 (1991) 1332

B Grossman Phys Rev Lett 65 (1990); G Dunne, R Jackiw, S Y Pi and C Trugenberger
PhysRev D43 (1991)1332

N Manton Phys Lert B110 (1982) 54; Phys Lent B154 (1985) 397; P L Ruback Nucl/
Phys B296(1988)669; T M Samols Phys Lert B244 (1990) 285

SKKimand HMin PhysLexr B281(1992)81

L Huaand CChou MIT Preprint MIT-CTP No 2064 (1992

M Hindmarsh Phys Rev Lett 68 (1991) 1263; G W Gibbons, M E Ortiz, F Ruiz Ruiz and
T M Samols NuclPhys 385(1992)127



