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Thermal analysis of laminates under plane stress and plane strain conditions of elasticity have been performed with the
newly developed mixed semi-analytical model. The displacements and transverse stresses that occur naturally at an
interface of laminae are considered as fundamental dependent variables and thus continuity of transverse stresses and
displacements are implicitly maintained at the laminae interfaces. The mathematical model consists of defining a two-point
boundary value problem (BVP) governed by a set of coupled first-order ordinary differential equations (ODESs). Fourth-
order Runga-Kutta-Gill algorithm is used for numerical integration. Two different temperature variations through the
thickness (available in the literature) are used here for numerical investigations. The accuracy and the effectiveness of the
proposed model are assessed by comparing numerical results from the present investigation with the available elasticity
solutions under plane stress conditions. Further, numerical investigations are extended for plane strain conditions and
important results are presented, not available so far, could be useful as benchmark solutions for future investigations.
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Introduction intractable due to its complexity. Therefore, researchers

Thermally induced deformations and stresses in layered/@Ve focused their attention on two dimensional (2D)
composite and sandwich laminates represent a majo§1nalytlgal models, viz., classical Iamlnatlontheory (CLT)
concern in design of critical structures. These materiald>™9l: first-order shear deformation theory (FOST)
are also getting established in relatively new markets such/ 10-13] and higher-order shear deformation theories
as biomedical and electronic devices and also in civillHOSTS) [4, 14-16] for thermal analysis of laminates.

structures. Due to increase in applications of compositeé\ll these theories are mostly based on assumptions
in recent years, determination of thermally induced concermngthe @stnbutlon of displacement function over
response is of great interest. Thermal stresses are presdf laminate thickness.

in laminates due to different thermal properties of the  The simplest theory is CLT and is based on the
adjacent layers and due to change in temperature duringssumptions that the laminate is thin, deflections are
the manufacturing processes and/or during service lifesmall, and normal to the laminate mid-surface remains
Delamination along the laminae interfaces and longitudinalstraight, inextensible and normal during deformation. CLT
cracks in the matrix are typical failure modes in layeredignores effects of transverse shear deformation,
components due to existence of excessive interlaminatransverse normal stress-strain and non-linear inplane
transverse stresses caused by thermal loads and henemrmal strain distribution through the thickness of
accurate prediction of transverse stress and deformatiolaminate. On the other hand, FOST based on Reissner
fields is of great importance. Therefore, a developmen{17] and Mindlin [18] considers the effect of transverse
of realistic and rigorous formulation incorporating the shear deformation by assuming it to be constant through
effect of interlaminar transverse stresses and a reliabléhe thickness of a laminate; a fictitious shear correction
evaluation procedure are major challenges today. coefficient is required to correct strain energy due to

Considerable work has been devoted to theShear deformation. Moreover, the layerwise

development of computational models for studying thel"0mogeneity in the material properties of composites
structural behaviour associated with thermal loads. Thre&2USes a severe layerwise distortion of the normal to the
dimensional (3D) elasticity solutions based on the solutionMid-surface and both CLT and FOST are inadequate to
of partial differential equations (PDES) with appropriate account for this distortion.

boundary conditions are valuable because they represent In HOST, through thickness distributions of the
a more realistic and closer approximation to the actuabisplacement functions are assumed to be higher-order
bahaviour of the structures [1-4] but 3D modelling of polynomials of the thickness coordinate, which helps to
laminates with a large number of layers becomesovercome some deficiencies of the CLT and FOST.

*Address for correspondence: E-mail: tkant@civil.iith.ac.in
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However, overall gain in accuracy from HOST is good and/or non-homogeneous boundary conditions are easily
for prediction of inplane stresses and displacements buadmitted in this formulation.

transverse stresses’ predictions are not so good due to

the discontinuity of transverse stresses at the lamina&ormulation

interfaces. To overcome the violation of the strain anda jayered, narrow beam (Figura)or layered plate with
stress discontinuities through the laminate thicknessinfinite width in they direction (Figure i), supported
discrete layer and zig-zag theories have been developegh two opposite edges=0, a andsubjected to thermal
but their major disadvantage is that they require larggoad with no variation along the width,is considered.
number of degrees of freedom to represent the througfrhe plan dimension of a laminatesis b and thickness,
thickness displacement functions [19-20]. In all they js composed of a number of isotropic and/or
above described theories/models, transverse shear angithotropic layers perfectly bonded together and whose
normal stress components are obtained by integratingrincipal material directions are coincide with geometrical

the 3D elasticity equilibrium equations; however, there coordinates. Under such conditions, the laminates are in
St|” a feW SeriOUS analyt|cal and Unresolved iSSUE‘S |n th%lane_stress or plane_strainx'rz plane (F|gure d)

rocedure. . . .
P The material constitute relations for each layer can

Taking a cue from forgoing developments, an pe written as,
attempt is made here to develop a simple, semi-analytical ; ;
mathematical model in the form of a two-point BVP (¢ ' :(IG . _Vim +a, T] (. :(ij
governed by a set of coupled first-order ODEs, By By N Gi3.).(2)

Y@ =A@y +p(2) SCO I =(_Vwcx N le

E E
in the interval H/2 < z < h/2 with any half of the ! } _ ,
dependent variables prescribed at the edges: h/2 here,a, T anda,,T are the free thermal strains that arise
under thermal loading. Herg(2) is ann-dimensional due to temperature variation. Equation (2) can be also

vector of fundamental variables whose numhpeguals ~ Written as,
the order of PDEA(2) is an x n coefficient matrix o, ¢, C, O |le,—a,T
(which is function of material properties in thickness /5 =/c, ¢, 0 [e.-0, T

..(3)

direction) andp(2) is n-dimensional vector of non-

. . . 0 o0 cC !
homogenous (loading) terms. It is clearly seen that mixed T SR

_._._._._._._._>
&

v

a. 3D beam -~ b

domain b. 3D Plate domain
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A
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¢. Laminate in plane-stress / plane - strain condition

Figure 1: Laminate subjected to transverse loading
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in which material coefficient§; are the elastic constants, This set of dependent variables is called as ‘primary
derived by settingg, = 0 (for plane-strain) and; = 0 variables set’ which are naturally defined at a plane
(for plane-stress) in the 3D material stiffness. Theconstant. A secondary dependent variablecan be

reduced material coefficients, for plane-stress expressed as a function of the primary set of variables
condition are,

as follows,

0 ow

u
+

C,. = C.,=C, = 6,=C,—+C,——-(C o, +C,ra,)T ...(9
11 1 V13V3] 12 21 l—V13V31 11 ax 12 az ( 11 t1 12 13) ( )

E, The above PDEs defined by Eg. (8) can be reduced
=1 33 = G ..(4)  to a coupled first-order ODEs by using Fourier

B trigonometric series expansion for primary variables
andC; for plane-strain condition are, satisfying the simple (diaphragm) support end conditions
at x=0, a, as follows,
C _Ei(vyvy) C _E5(vipva)
- A 2~ A M X
£ N u(x, z)=2Zu,(z)cos

Ch=Cy, = (V31 tvavs) Cys =Gy ...(5) m

A
where D = (1 = VoV = VigVa — VoV, — 2V12V31V23)

E = Young’s moduli of lamina in the material
principal directionsi(= 1, 2, 3)

...(10)

mmXx

w(x, z)=2Xw,(z)cos
m

and from the basic relations of theory of elasticity, it
can be shown that,

v, = ngeralized Poisson’s ratios of lamina T (%, Z):Zrnm(z)cosmﬂx
(,j=1, 2, 3) ’ m
a; = Coefficient of thermal expansion{(1, 2,3) s _(x, 2)=Xo_ (z)sin 2> (1)

The 2D equations of equilibrium are,

Further, temperature variation alorglirection is also

o, +% +B.=0 expressed in sinusoidal form as,
Ox Oz
. mnmXx
ot . N 0G B =0 ...(6) T, 2 = %Tm(z)sn ..(12)
Ox 0z z

where,B, andB, are the body forces per unit volume in

x andzdirections, respectively and from the linear theory

Substituting Eqgs. (10)-(12) and its derivatives into Eq.
(8), the following ODEs are obtained,

of elasticity, the general linear strain-displacement % () _ _ ( )@JFLTW(Z)
relations in 2D are, dz Gy
ou ow ou  Ow dw, (z)  Cy mn 1
=__ - =__ =__ 4+ —_—m /- il T
8/\’3 ax > 8Z 62 and y Xz aZ ax " "(7) dz C22 um (Z) a sz sz (Z)

The above Egs. (3), (6) and (7) have a total of eight

unknownsu, w, £, &

1 & Cp

Y.» O O, T,in eight equations.

1
'{C(Cm o, tCyp o"t3):|T(Z)
2

After a simple algebraic manipulation of the above sets

of equations, a set of PDEs involving only four

2_2
dependent variables, w, 7, and g, are obtained as 4T em(2) _ _C11+(C12C21j ﬂum(z)
follows, dz Gy a’
C, mn
82 C33 ax C.C mm
ow _ 1 du —{[g B —Cn]a,l}aT@)—Bx(x,z)
aZC|:62_C21ax+(c216tlT+C22at3T):| 2
22
2
Oty _ _C+ CuGy || 07u Gy Oo, M=mrﬂm(z)—32(x,z) ..(13)
oz Cy, Jlox? Gy ox dz a
C.C oT Eq. (13) represents the governing two-point BVP in ODEs
—{( g - —C”joc,,}a B, in the domain k2< z <h/2 with stress components
2 X known at the top and bottom surfaces of a beam. The
do, Ot B ...(8) basic approach to the numerical integration of the BVP
oz ox z defined in Eq. (13) and the associated boundary
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conditionswhen it contains no boundary layer effects, proper comparison of the obtained results. Material
is to transform the given BVP into a set of IVPs- one properties used here have been tabulated in Table 3.
non-homogeneous and riidmogeneous. The solution Two thermal load cases are considered here for
qf BVP def||.1ed-by Eq. (13) is obtained by forming a  merical studies.

linear combination of one non-homogeneous afitl
homogeneous solutions so as to satisfy the boundar&‘
conditions atz=+h/2 [21]. This gives rise to a system of
n/2 linear algebraic equations, the solution of which AT (x, h/2) =T, sin H, (Case A).

determines the unknown/2 components, Xand X, a

(Table 1) at the starting edge= /2. Then a final 2. Equal rise and fall of temperature of the top and
numerical integration of Eq. (13) produces the desired  bottom surface of the plate with sinusoidal inplane
results_. Avgilability of efficient, accurate and rqbustQDE variations:AT (x, W2) = -AT (x, /2) =T, sinH,
numerical integrators for IVPs helps in computing reliable a

values of the primary variables through the thickness.  (C@se B).

Changes in material properties are incorporated by The variations of temperature across the thickness,
changing the coefficients of material matrix appropriately for case A and for case B, are presented for aspect ratios,
for each lamina. It is intended here to extend the5 and 10 by Kapuria et al. [16] by solving exactly 2D
applicability of this procedure, which is documented by thermal problem of the heat conduction equation for all
Kant and Ramesh [21] and applied in its original form layers and exact satisfaction of the thermal boundary
by Kant and Setlur [22], Ramesh et al, [23], Kant conditions at the ends;0,a; top and bottom of laminate,

[24-25] and Kant and Hinton [26] for a class of 2D Z = #h/2; and the continuity conditions at the laminae

Equal temperature rise of the bottom and the top
surface of the plate with sinusoidal inplane variations:

BVPs of plates and shells. interfaces. Same variations are used here for proper
comparison of the obtained results.
Numerical Examples and Discussion Following normalizations have been used in all

A computer code is developed by incorporating the€xamples considered here for the comparison of the
present formulation in FORTRAN 90 for the analysis of "€sults.

composite and sandwich laminates under thermal Ioad.x:g 7= 100u == 100w
Numerical investigations on three highly inhomogeneous™ 7’ ho, Tys’ o, hT}s*
simply supported (Table 2) laminates with plane-stress L - 5 (14)
condition of elasticity have been performed to establishc , = m; T, = EZTTO; c,= BT,

accuracy of the present development. Further, all
considered examples are reanalyzed for plane-strain
condition of elasticity to add some new results in existingvalue.

database. The exact 2D thermo-elasticity solutions [3] A convergence study on number of steps required
presented by Kapuriat al. [16] have been used for for numerical integration in the thickness direction of

in which bar over the variable defines its normalized

Table 1: Transformation of BVP into IVPs

Starting edge ; z =hf2 Final edge ; z H/2
Intg. Load
No. u w T, a, u w T, g, term
(assumed)  (assumed) (known) (Known)
1 0 0 0 0 A Y, Y., Y. Include
(Unity) (assumed)
2 1 0 0 0 Y., Y,, Y, Y., Exclude
(assumed)  (unity)
3 0 1 0 0 Y3 Y., Y., Y., Exclude
Final X, X, known known u, W, 0 0 Include

Table 2: Boundary Conditions (BCs)

Edge BCs on displacement BCs on strees
field field

x=0,a w=0 0,=0

Xx=al2 u=0 T,,=0

z=h/2 - 0,=0;1,=0

z=-h/2 - 0,=0;7,=0
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Table 3: Material Properties

Material Set Property
E, = 6.90GPa v, = 0.25 G,, = 1.38GPa a, = 35.6E-6K A, =0.12
a E = 6.90GPa v, = 0.25 G,; = 1.38GPa a, = 35.6E-6K A,=0.12
E, = 6.90GPa Vys = 0.25 G,; = 1.38GPa a, = 35.6E-6K A, =0.12
E, = 224.25GPa v, = 0.25 G,, = 56.58GPa a, = 0.25E-6K A, =7.20
b E, = 6.90GPa v, = 0.25 G,; = 56.58GPa a, = 35.6E-6K A, =144
E, = 6.90GPa Vy = 0.25 G,, = 1.380GPa a, = 35.6E-6K A, =144
E, = 172.5GPa v,, = 0.25 G,, = 3.45GPa a, = 0.57E-6K A =192
c E, = 6.90GPa v, = 0.25 G,; = 3.45GPa a, = 35.6E-6K A, =0.96
E, = 6.90GPa Vy = 0.25 G,; = 1.38GPa a, = 35.6E-6K A, =0.96
E, = 131.1GPa v,, = 0.32 G,, = 3.588GPa a, = 0.020E-6K A =15
b E, = 6.90GPa v, = 0.32 G,, = 3.588GPa a, = 22.5E-6K A,=05
E, = 6.90GPa V,, = 0.32 G,; = 2.332GPa a, = 22.5E-6K A,=05
Face Sheet
E, = 131.1GPa v, = 0.32 G,, = 3.588GPa a, = 0.023E-6K A =15
E, = 6.90GPa v, = 0.32 G,, = 3.588GPa a, = 22.5E-6K A,=05
R E, = 6.90GPa Vys = 0.32 G,, = 2.332GPa a, = 22.5E-6K A, =05
Core Sheet
E, = 0.2208GPa v, = 0.99 G,, = 16.56GPa a, = 30.6E-6K A, =3.0
a E, = 0.2001GPa v, =3E-5 G,, = 545.1GPa a, = 30.6E-6K A,=3.0
E, = 2760.0GPa Vi, =3E -5 G,, = 455.4GPa a, = 30.6E-6K A,=3.0

Ref: Kapuriaet al. (2003)
A, = thermal conductivity coefficient € 1, 2, 3)

the laminate is performed first for all examples. It is material properties, bending of mid-surface is observed
observed in all examples that 20-30 steps are enougbven for constant temperature distribution (Case A)
for converged solution. Details of the convergence studie@:igure 2) and mid-surface stretching for varied

are not presented here for the sake of bl’eVIty I”ustraUVQemperature distribution (Case B) (F|gure) Bm also
examples considered in the present work are discussegyserved as desired.

next.

Example 2
Example 1 : :
Four-layered, simply supported (Table 2), symmetric,

A simply supported, five layer laminate with laminae cross-ply (0°/90°/90°/0°), laminates with aspect ratios,
thicknesses are (h10.2%, 0.15h 0.2h and 0.8 of  5—5 4nqd 10, subjected to constant (case A) and varied
material sets 1/2/3/1/3 (Table 3) which have highly case B) temperature distribution through thickness and
inhomogeneous properties for stiffness in tension andjyysoidal variations along the inplane directions are
shear and highly inhomogeneous coefficients of thermalgnsidered here to show the ability of the present model
expansion and thermal conductivity has been consideredg handle layered structure. The thickness of each lamina
The stacking sequence is mentioned from the bottom ofs 0.25h. Material properties are presented in Table 3(d).
laminate. The normalized maximum stresses £ )  Results for aspect ratios, s=4 and 10 have been
and transverse displacemea) for aspect ratios, 5 and compared in Table 5 with elasticity solution given by
10 are presented in Table 4 for both type of thermalkapuria et al. [16]. Present results are seen to be closest
loads. Moreover, through thickness variations of inplaneto the elasticity solutions. Through thickness variations of
displacement ¥), transverse displacemen®d),  inplane displacement], transverse displacemen)(
transverse shear stress () and inplane normal stress transverse shear stress_() and inplane normal stress

(o ,) for an aspect ratio of 5 are shown in Figures 2 and(ci) for an aspect ratio of 5 have been presented in
3 for case A and case B, respectively. Elasticity squtionsFigures 4 and 5 for case A and case B, respectively.
given by Kapuriaet al. [16] have been used for Highly non-linear variations of inplane displacement (
comparison of the present solution. This comparisonare observed (Figure 4a and 5a). Nearly linear variation
clearly indicates that the present results are extremelpf transverse shear Stressjz (0 within the lamina is
close to the elasticity solutions and thus proves theobserved (Figure 4c) for constant temperature (Case A)
superiority of the present model. Due to inhomogeneouswhereas for varied temperature (Case B), the variation
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"Kapuria ct al. [16] 'Kapuria cf al. |16] 'Kapuria ct al. [16] 'Kapuria et al. [16]
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1 N
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o 'Exactsolution|
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@

Figure 3: Variation of normalized (a) inplane displacement(b)
transverse displacemefit (c) transverse shear stress. (d) inplane

Figure 2: Variation of normalized (a) inplane displacement(b)
transverse displacemefit(c) transverse shear stress. (d) inplane

normal stresss , through thickness of a homogeneous orthotropic normal stresss . through thickness of a homogeneous orthotropic
laminate under plane-strain condition subjected to thermal load, laminate under plane-strain condition subjected to thermal load,

AT (x, thi2) = T, sin% (Case A) AT (x, h/2) = AT (x, ~h/2) = T sin % (Case B)

'Kapuria ct al. |16] 'Kapuria ctal. |16] Kapuria ct al. [16] 'Kapuria ct al. [16]
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Present analysis -0.25 -0.25 -0.25 -0.25{
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Figure 4: Variation of normalized (a) inplane displacement(b) Figure 5: Variation of normalized (a) inplane displacementb)
transverse displacemeft(c) transverse shear stres?_, (d) inplane transverse displacemefit(c) transverse shear stresg (d) inplane
normal stress?x through thickness of a four layered symmetric (0°/ normal stresss: through thickness of a four layered symmetric (0°/
90°/90°.0°) composite laminate under plane-strain condition 90°/90°.0°) composite laminate under plane-strain condition
subjected to thermal load\T (x, +h/2) = T, sin % (Case A) subjected to thermal load\T (x, h/2) = AT (x, -h/2) = ] sinnLTX
(Case B)
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of transverse stresg@) within in lamina is found to  interface between core and face sheets is observed in
be nonlinear. Through thickness variations of all case A (Figurel). On the other hand, in case B, smooth
quantities are found exactly symmetric in nature aboutnon-linear variation is observed for inplane displacement
the mid-surface with/without change in sign. (Figure &) without mid-surface stretching. Symmetric
bahaviour of all quantities about the mid-surface is also
observed due to symmetric configuration of laminate

A symmetric, three-layered, square sandwich ((0°/corefyith respect to geometry and material properties.
0°) with simple support end conditions (Table 2) and

subjected to thermal load has been considered herg_arametnc Studies

Material properties are presented in Table 3(e). Thickneséll examples considered above are reanalyzed for plane-
of each face sheets is one tentiilQ) of the total strain conditions of elasticity for parametric studies. All
thickness of the laminate. The normalized maximumgeometrical and material details are kept same as in
stressesd_,t ) and transverse displacemen) (for Examples 1, 2 and 3. Plane-strain condition is
various asbecf ratios, 4 and 10 are presented in Table @corporated in the formulation by only changing the
Figures 8 and 9 show the through thickness variationsnaterial stiffness coefficients in the constitutive relations.
of inplane displacemeri), transverse displacement)( The normalized maximum stresse@i(a) and
transverse shear stresrsfz (0 and inplane normal stress transverse displacemerg) for various aspect ratios, 4
(c?x) for an aspect ratio of 5 for case A and case B,and 10 are presented in Tables 4-6 for Examples 1, 2, 3,
respectively. Excellent agreement between exact andespectively. Through thickness variations are not
present results are observed. Through thicknesgresented for the sake of brevity. Exact solutions of such
variation of inplane displacement)(is found to be in  a case are not available in the literature and these results
cubic in nature (Figuregd and transverse displacement should serve as benchmark solutions for future
(w) are almost linear with small change in slope at thereference.

Example 3

'Kapuria ct al. |16] "Kapuria et al. [16] . .
50 T 0.50] Kapuria et al. [16] Kupuria ct al. [16]
2 ah s ah=3 z 050} . 050
D\c\g z ah-3
z ah=3
0.25] 0.25]
0.25 0.2
Present analysis
o 'Exact solution
ﬂ.r‘ﬂ n_nn
0500 ° . ! 2 3.1 g 01 0 80 0% 050 orE
‘;, a/z_z 'S -U. | . . (<
(@2.2) 1(0,2) w{@/2,z)

-0.25 -0.25

-0.251

Presont analysi o 'Exact solution
o 'Txact solution

Present analysi

Present analysis

o 'Lxact solution

=050)] -050] _0_50\ o
(@ (b) (@) (b)
'Kapuria et al. [16] "Kapuria et al. [16] 1 . | .
s 0500 ] s 0 502/_,/0 _— Kapuria etal. [16] — Kﬂp(l]l.lé’ael al. [16]
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-0.25] -0.25] ] K
Present analysi P-25| Present analysis 0.25
Presen( analysis o 'Exact solution L— & 'Exact soludon
o 'Exact solution — :b: ~7ﬂ
g e 0,504 o050
(© @ (©) @
Figure 6: Variation of normalized (a) inplane displacement(b) Figure 7: Variation of normalized (a) inplane displacement(b)

transverse displacement (c) transverse shear stress, (d) inplane transverse displacemefit (c) transverse shear stress, (d) inplane
normal stresss , through thickness of a four layered symmetric normal stresss . through thickness of a four layered symmetric
sandwich laminate under plane-strain condition subjected to thermalsandwich laminate under plane-strain condition subjected to thermal

load, AT (x, +h/2) = T, sin % (Case A) load AT (x, h/2) = -AT (x, —h/2) = T sin % (Case B)
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Table 4: Maximum stresses (r_x, E) and the transverse displacementyt) of five layered homogeneous orthotropic laminate
under thermal load

Plane-stress condition of elasticity

s Source Case AAT (x, +h/2) =T, sin TC—LX Case BAT (x, 2) = -AT (x, —h/2) =T, sin TC—LX
—f(a _h I _(a_h —f(a _h E—— _(a _h
ox| 7% 7 70,00 W FFF Ox| 7% 7 T, (0, F0.4h) wizty
Present analysis -0.9336 0.5326 -0.2736 1.5347 -1.9239 0.5236 0.9661 0.1117 -0.2037 1.7152 1.0789
4 !Exact solutions -0.9385 - -0.2632 - -1.7810 0.5204 - - -0.2032 1.7115 1.0565
Present analysis -0.9608 0.2898 -0.3204 0.3682 -0.6023 0.3686 -.9721 0.0899 -0.2242 0.8296 0.7196
10 !Exact solution -0.9608 - 0.3349 - -1.5904 0.3667 - - -0.2171 0.8228 0.7025
Plane-strain condition of elasticity
. X . TTX
S Source Case AAT (x, £h/2) =T, sin—~ Case BAT (x, 2) = -AT (x, h/2) =T, sin—_~
—f(a _h _ _(a_h —f(a_h E— _(a _h
) (0,00 W5ty ox(2%7 T2 (0, F0.4h) wigty

4 Present analysis -0.9928 0.5483 -0.2925 1.5478 -1.9972 0.5483 1.0291 0.1178 -0.2169 1.7572 1.1139
10 Present analysis -1.0230 0.3017 -0.3425 0.3636 -0.6293 0.3893 1.0358 0.0955 -0.2388 0.8514 0.7419

!Kapuriaet al. [16]
‘~’ results are not available

Table 5: Maximum stresses (s_x, E) and the transverse displacement;jt) of four layered symmetric (0°/90°/90°/0°) composite
laminate under thermal load

Plane-stress condition of elasticity

s Source Case AAT (x, +h/2) =T, sin “—Lx Case BAT (x, W2) = -AT (x, ~h/2) =T, sin “—Lx
—a¢h I _(a_h —a¢h — _£0&+ﬁ
Ox|77F73] 1,00, F0250) W5ty Ox| 535 7,-(0, 0) w3 5
Present analysis +1.1737 m0.6912 2.1505 m0.2121 -0.1145 -0.1917 0.8865
4 !Exact solutions 1.1752 0.6918 2.1524 0.2064 -0.1111 -0.1865 0.8702
Present analysis  +1.0083 m0.7292 0.5646 m0.1599 -0.1121 -0.0895 0.3594
10 !Exact solution 1.0086 0.7293 0.5649 0.1587 -0.1112 -0.0888 0.3573
Plane-strain condition of elasticity
s Source Case AAT (x, £h/2) =T, sin% Case BAT (x, W2) = -AT (x, h/2) =T, sin%
—(a_h _ _(a_h —(a_h J— _a0&+h
Ox|3F5 ] 1,0, F025) W 5ty Sx|3t 5 7,2(0, 0) w50 &t
4 Present analysis +1.1794 m0.6944 2.1515 m0.2130 -0.1151 -0.1930 0.8862
10 Present analysis +1.0128 m0.7325 0.5648 m0.1606 -0.1126 -0.0892 0.3593
!Kapuriaet al. [16]
‘~’ results are not available
Concluding Remarks and methodology is free from any simplified

A simple semi-analytical methodology for thermal @ssumptions. The shear traction free conditions at the
analysis of laminates under plane-stress and planeloP and bottom of laminate and continuity of
strain conditions is described in this paper. Thetransverse stresses and displacements at the layer
proposed mathematical model is very simple, efficientinterfaces are exactly satisfied which is one of the
and highly accurate. A two-point BVP governed by a important features of the developed model. Another
set of linear coupled first-order ODEs is formed by important feature of this approach is that both the
assuming all primary variables in the form of displacements and stresses are computed
trigonometric functions along the inplane directions simultaneously with the same degree of accuracy.
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Table 6: Maximum stresses (r_x, E) and the transverse displacement;{) of three layered symmetric sandwich laminate

under thermal load

Plane-stress condition of elasticity

TX

TX

s Source Case AAT (x, + h/2) =T, sin 7 Case BAT (x, W2) = -AT (x,-h/2) =T, sin 7
—(a _h _ _(a_h —(a _h _ _(a h
10%(3#5] 1007 (0, F0.25h) W(3,+ 5] 10%{;#;) 100t,.(0, ¥0.45h) W(E’O &+EJ
Present analysis 2.0278 m1.4891 2.3254 m3.2889 2.1238 -1.7546 5.3971
4 !Exact solutions 2.0233 1.5387 2.3206 3.2254 2.0693 -1.7136  5.3312
Present analysis 0.5548 m0.4100 0.6273 m0.5356 0.3220 -0.3094 1.4787
10 !Exact solution 0.5543 0.4242 0.6267 0.5298 0.3103 -0.3071 1.4742
Plane-stress condition of elasticity
s Source Case AAT (x, £h/2) =T, sin% Case BAT (x, 2) = -AT (x, h/2) =T, sin%
—(a _h _ _(a_h —(a _h _ _(a h
10%(3*;] 1007 (0, F0.25h) W(;# 5] 10%(5#5) 100t (0, F0.45h) w(?o &+5]
4 Present analysis 2.0522 m1.5136 2.3264 m3.3249 2.1571 -1.7547 5.3993
10 Present analysis 0.5714 m0.4288 0.6276 mO0.5566 0.3458 -0.3079 1.4807
!Kapuriaet al.[16]
‘~’ results are not available
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