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Deterministic Chaos in Complex Systems
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Deterministic Chaos is of considerable current interest from various angles. Lorenz model is a typical example of deter-
ministic chaos which under specific conditions yields three variable non-linear differential equations. The important
feature of Lorenz model is that cross catalysis occurs where the variable x generates the variable y and y generates x.
However, it does not involve autocatalytic steps which are involved in Réssler attractor and oscillatory reactions.

In this communication, modified models of Lorenz attractor involving cross-catalysis and (i) autocatalysis of x,
(ii) autocatalysis of y and (iii) autocatalysis of both x and y have been examined. Computer analysis of the modified
models, yields strange attractor similar to that obtained in the case of original model.
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1. Introduction

Deterministic Chaos is an exotic phenomenon occurring
far from equilibrium and is of considerable current
interest [1]-[4]. Typical examples of deterministic chaos
eg. Lorenz attractor, Rossler attractor etc. are well
known. The non-linear system of differential equations
involved in Lorenz attractor [4], [5], [6] are given by

z—)t(=0(y—X) (1)
z—iﬂ(p—z)—y (2
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where X, y, z are variables and o, p, § are constants.
Taking

x = amplitude of convective motion

y = temperature difference between ascending and
descending current

z = distortion of vertical profile from linearity

and the value of the constants o = 10, = 8/3 and
p = 28, with the initial conditions (0, 0.01, 0), the
above set of differential equations leads to the
Lorenz attractor on solution. Here ¢ is called the
Prandtl number and p is the Rayleigh number.

The Lorenz model aims to describe the stability and
the onset of the convective or turbulent motion in a fluid

heated from the bottom and cooled from the top. The
variables x(t), y(t), z(t) are not spatial variables, but refer
to the remixing of the fluid and to the horizontal and
vertical variations in temperature.

The Rdssler [7] attractor is obtained by using the
following set of nonlinear differential equations without
using any physical model

L

=Y .(4)
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where a=0.2, b=0.2 and ¢ = 5.7 with initial conditions
(-1, 0, 0). Chaotic time series is obtained.

Similar chemical systems involving parallel
autocatalytic reactions, deterministic chaos and strange
attractor have been reported [1, 2, 3, 6, 8]. The Lorenz
attractor depends on the cycle like

<X>
y
involving generation of y by x and generation of x by y.

In the case of Rossler attractor chaos arises on account
of autocatalysis of x as well as z in steps (5) and (6).

* Author for Correspondence: E-mail: rprastogi@yahoo.com; pankaj_mathurl4@yahoo.co.in
T The September 2009 Issue of the Journal had got delayed. To avoid delay in publication, this article has been included in the

present Issue even though it was accepted after September 2009.



128

RP Rastogi and P Mathur

Recently experimental studies on a few B-Z
oscillators have been reported [9]-[14] where two
autocatalytic reactions are involved which are
responsible for dual control mechanism and sequential
oscillators separated by time pause indicating the
presence of dual frequency oscillators. The two
oscillators are controlled by two different control
mechanisms. Under certain conditions, chaotic
oscillators are observed during time pause.

In social systems, particularly in developing and
underdeveloped societies, chaotic conditions prevail on
account of both types of processes. For instance
corruption promotes bad governance and the latter
promotes corruption. Incidentally, in both cases,
corruption and bad governance increase auto
catalytically.

In view of this character of the social systems, it
was thought that combination of both type of processes
should also lead to deterministic chaos under appropriate
conditions. Hence in the present communication
mathematical modelling has been undertaken in such
complex systems. It is shown that under appropriate
conditions strange attractors are obtained, as in above
mentioned two cases. Results are reported in the present
communication.

2. Discussion

We first consider Lorenz equations (1), (2), (3) and
assume that it can also be used for chemical systems.
The above mathematical relations can be expressed in
the form of chemical reaction as illustrated below, in
order to identify cross-catalysis or autocatalysis if any.

Fig. 1(a): Value of Constants
0=10,3=28/3, p=28,a=6.79.

Fig. 1(b): Value of Constants
0=10,=8/3, p=28,a=-143.
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It is obvious that cross-catalysis is involved in steps (7)
and (9).
Now we consider three systems
Case (1) when autocatalysis of x is included in (1)
Case (2) when autocatalysis of y is included in (2)
Case (3) when autocatalysis of both x and y is taken
into consideration in the Lorenz model.

3. Mathematical Computation

For case (1), the Lorenz equation can be written as

d—X=0'(y—x)+ax

" ..(14)

Fig. 1(c): Value of Constants
0=10,5=28/3,p=28,a=2.83.

Fig. 1: Attractor for case (1) with initial conditions (0, 1, 0)
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z
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The computer solution, using Mathematica 6.1,
gives three types of attractors, when the initial condition
are similar to that of Lorenz attractor. The attractors in
Fig.1 were obtained when the initial condition was taken
to be (0, 1, 0), the value of the constants o, 3, p was
taken to be same as in the case of Lorenz attractor i.e.,
o =10, B =8/3 and p = 28 and the constant ‘a’ was
varied. It turns out that when -7.2 < a < 7.2 solutions of
the system of differential equation (14) yield chaotic
character. The Fig. 1(a) shows chaotic character when a
= 6.79 while Fig. 1(b) shows chaos, for a = -1.43,
indicating its formation by Ruelle-Takens-Newhouse
route while Fig. 1(c), for a = 2.83, indicates strange
attractor similar to Lorenz attractor.

For case (2), the corresponding set of equations are
given as

dx

E—o(y—X) ..(17)
d—y=X(p—Z)—y+by (18)
ot

dz
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The attractors in Fig. 2 were obtained when the value
of the constants o, 3, p was taken to be same as in the
case of Lorenz attractor i.e., when o = 10, 8= 8/3 and

p =28 with initial condition (0, 1, 0) and ‘b’ was varied.
It turned out that if -0.3 < b < 10.6 then strange attractor
always occur. Fig. 2(a) depicts chaotic character when
b = -1.1 while Fig. 2(b) displays strange attractor of
Lorenz type when b = 1.58. The strange attractor in Fig.
2(c), for b = 10.11, has an unusual form.

Case (3) corresponds to the set of equation

d—X—a(y—x)+cx 20
ot ..(20)
d
—y=X(,0—Z)—y+ey .(21)
dt
dz
gt xy—pz ..(22)

Here Fig. 3(a) correspond to the Chaotic character when
the constants have the values ¢ = 10, 8= 8/3, p = 28,
¢ = -3.40 and e = 0.55. Fig. 3(b) yields a Lorenz type
strange attractor when o =10, §=8/3, p=28,c=0.5
and e = 2.8. The range of investigation varied from
c=-7.5,c=7.5and ‘e’ was varied correspondingly. In
Table 1, the nature of the attractor obtained when ‘c’
was kept fixed and ‘e’ was varied has been given. The

Table 1: Nature of Attractor in case 3

c Chaotic Character  Strange Attractor Unusual Attractor
-7.5 04<e<25 25< e< 127 127 <e <179
-25 -15<e <04 04< e< 65 6.5 <e <102
-15 -18<e<-0.1 -01<e< 66 6.6 <e <10.2
-0.5 -23<e<-04 -03< e <6.0 6.0 <e <10.2
0.1 -23<e<-04 -04<e< 55 55 <e <105
15 21<e<-07 -0.7<e< 46 46 <e <95

25 -22<e<-09 -09<e< 31 31 <e<79

75 0.3<e<07 0.7 <e <325

an

Fig. 2(a): Value of Constants
6=10,5=8/3,p=28,b=-11

Fig.

Fig. 2(b): Value of Constants
6=10,5=8/3,p=28,b=158

2: Attractor for case (2) with initial conditions (0, 1, 0)

Fig. 2(c): Value of Constants
6=10,5=8/3,p=28,b=10.11
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Fig. 3(a): Value of Constants
6=10,3=8/3,p=28,c=-3.40,e = 0.55.

Fig. 3(b): Value of Constants
6=10,5=8/3,p=28,c=0.5e=28.

Fig. 3: Attractor for case (3) with initial conditions (0, 1, 0)

values of the other constants o, 3, p were taken to be the
same as in (1), (2), (3) i.e.,, 0 =10, B =8/3, p=28.

It is significant to note that even when cross catalysis
and auto catalysis are present in the system, Chaotic
attractors are obtained under specific conditions which
are similar to that obtained in the Lorenz’s model. Only
typical results have been recorded in Fig. 1 - 3.

4, Conclusion

Lorenz attractor can explain the social conditions if we
put x = corruption, y = bad governance and z = control
system (political will). Even when we ignore the
generation of x by y and generation of y by x Chaos can
prevail in social systems. However, it is obvious that
mathematical models developed above are quite relevant
in exploring the mechanism of development of social
chaos. Further work is needed to explain unpredictability
in socio-political and socio-economic systems.
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