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In this communication, the effect of interrelation between cross catalysis and autocatalytic processes on the nature of
attractor has been investigated. Rdssler’s model for deterministic chaos has been modified by inclusion of cross-catalysis.
With this slight change in the model, the nature of attractors differs, although chaos is observed in the definite range of

values of parameters.

In contrast with earlier models involving two autocatalytic processes, attempt has been made to analyse the situation
when three autocatalytic processes involving the three variables x, y and z and when (i) there is cross-catalysis and (ii)
there is no cross catalysis. Deterministic chaos is still observed in such cases. However, characteristics of the attractor

differ which have been specified.

Key Words: Deterministic Chaos; Rossler Attractor; Auto-Catalysis; Cross-Catalysis; Mathematical

Modelling.

1. Introduction

There has been intense activity in exploring methods
including mathematical technigues to examine the
factors promoting chaos and predicting time evolution
of chaos. Various Mathematical [1-6] models predicting
strange attractor have been proposed. In natural systems,
variety of processes such as parallel and cross-catalysis
occur simultaneously. Mathematical modelling of
complex cases is a current topic of interest. Recently we
have modified three-dimensional nonlinear differential
equations governing Lorenz attractor by simultaneously
considering autocatalysis and cross-catalysis [5]. The
attractor is not a limit cycle but performs spiralling
trajectory which is sensitive to initial conditions. Under
specific conditions attractors similar to the Lorenz model
were obtained.

Rossler [7] equation involves two autocatalysis
steps. Experimental data on B-Z reactors supports the
importance of dual control exercised by two autocatalytic
steps.

It has been emphasized in the earlier communication
that basic feature of the models of Deterministic Chaos
[5, 6] involves cross-catalytic and autocatalytic processes
which yields Dynamics of complex systems leading to
basin of attraction with trajectories contracting so
that volume decreases. The purpose of the present
communication is to analyse the character of attractors
obtained when:

(a) only cross-catalysis is present

(b) only autocatalytic process is present

(c) cross-catalysis and (i) single autocatalytic process
or (ii) two or more autocatalytic processes are
present.

2. Generalised Rossler Equation (Involving Cross-
catalysis also)

Réssler considered the following set of non-linear
differential equations involving three variables x, y and
z (a, b, ¢ are constants)

dx

- = +

pm (y+2) (D)
dy

2 =x+a

ot y - (2)
dz

—=b+xz-c¢C

" Xz —Cz e

with the initial condition (-1, 0, 0) and a=0.2, b=0.2,
¢=5.7 where the second term on the right hand side of
equation (2) represents autocatalysis of y while the
second term on the right hand side of the equation (3)
represents the autocatalysis of z. There is no cyclic term
or cross-catalysis. If we add ‘ky’ as third term on the
right hand side of equation (1), where Kk is constant we
can transform the above equations to the ne which
consists of both cross catalysis and autocatalysis as
reported in the previous communication so that
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dx 2.1: We next consider the following system of differential
—=—(y+2)+ky .. (4) equations which lead to Chaos under the initial condition
dt (1,0,0)
dy X _gy_p
—=X+a (5 . =by—FZ . (7)
dt d ©) dt

dy
dz —=X+F
—=b+xz-cz ... (6) dt y - @
dt
The above equations express the following processes: g_z =L+Hxz-Jz .. (9)

t

(a) Equation (4); describes (i) the decay of x by y and z
(ii) the generation of x by y.

(b) Equation (5) describes (i) the generation of y by x
(ii) the autocatalytic production of y.

(c) Equation (6) describes (i) the constant source of
inspiration (ii) the autocatalytic production of z
(iii) the decay of z.

The computer solution, using Mathematica 6.1, of

the system of non-linear differential equations (4)-(6)

leads to strange attractor, when the initial conditions are

similar to that of Rdéssler’s system. Fig.1 shows chaos
corresponding to strange attractor which is quite similar
to Rossler’s attractor.

The value of k was varied in a wide range. It turns
out that if k is negative then for its very high value like
k=235 strange attractor is obtained. When K is positive
strange attractor occurs for k < 0.4.

The present studies lead to the conclusion that even
when two oscillatory processes along with cyclic process
are used, Chaotic attractors are obtained. Thus Chaos
can occur when
(i) cross-catalysis or cyclic process is present
(if) dual oscillatory processes alone are involved
(iii) cross catalysis and dual oscillatory processes are

both involved in the mathematical model.

Fig.1. Attractor with value of constantsa = 0.2, b = 0.2, ¢ = 2.6,
k = 0.3 and initial conditions (-1, 0, 0).

In this system, following processes have been expressed
(a) Equation (7) describes (i) the generation of x by y

(ii) the decay of x by z.

(b) Equation (8) describes (i) the generation of y by x

(ii) the autocatalytic production of y.

(c) Equation (9) describes (i) the constant source of

inspiration (ii) the autocatalytic production of z (iii)

the decay of z.

Fig. 2 shows Chaotic attractor when the value of
constants F and L are very low. It is seen that if the value
of the constant F is varied and other constants are kept
fixed at the values given in the Figure 2 then strange
chaotic attractor is obtained when -0.07 < F < 0.07. But
if the value of F does not lie in this range then Chaos
does not exist. Also if the constants have the values
B=0.1, P=0.2, F=0.001, H=0.8, J=0.2 and the value of L
is varied then the strange attractor occurs if 0 <L <0.15.
If L<0 the chaotic character does not exist, whereas if
L>0.15 stability is achieved.

3. Alternate Models

In this section, we consider alternate models and
three autocatalytic processes involving three variables
X,y and z.

3.1 When autocatalysis of three processes is present
(no cross catalysis) but decay of z by x and y

In this case, we consider the following system of
differential equations

dx

—=Ax-By-Cz

at y ... (10)
dy

—=Dx+Ey—-Fz

at y .. (11)
dz

—=-GXx-Hy+Jz

at y .. (12)

where A, B, C, D, E, F, G, H and J are constants. The

above equations express the following processes:

(a) Equation (10) describes (i) the autocatalysis of x
(ii) the decay of x by y and z.
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Fig.1. Attractor with value of constantsa = 0.2, b = 0.2, ¢ = 2.6,
k = 0.3 and initial conditions (-1, 0, 0).

©@

Fig.2. Dynamic Features; constants B=0.1, P=0.2, F=0.001, H=0.8, J=0.2, L=0.03 and initial conditions (0, 1, 0); (a) Time series,
(b), (c), (d) 2D-Plots (e) 3D-Attractor
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Fig. 3 Dynamic Features; constants A=0.2, B=0.2, C=0.01, D=355.8, E=0.1, F=0.2, G=55.8, H=2.8, J=0.01 and initial condition (1,
0,0) ; (a) Time series, (b) 2D-Plots (c) 3D-Attractor(d) Attractor with constant A=0.2, B=0.2, C=0.01, D=255.8, E=0.1, F=0.1, G=55.8,
H=2.8, J=0.01 and initial conditions (1, 0, 0), (e) Stability with constants A=0.2, B=0.2, C=0.01, D=10.8, E=0.1, F=0.1, G=3.8, H=0.8,

J=0.05 and initial conditions (1, 0, 0).

(b) Equation (11) describes (i) the generation of y by x
(ii) the autocatalytic production of y (iii) the decay
of y by z.

(c) Equation (12) describes (i) the decay of z by x and y
(ii) the autocatalytic production of z.

From Fig. 3 it is evident that when the values of
constants are A=0.2, B=0.2, C=0.01, E=0.1, F=0.2,
G=55.8, H=2.8, J=0.01 and D is varied it turns out that
(i) when 3.1< D < 237 stability is observed (ii) when D>
237, chaotic attractor is obtained. It is also seen that on
keeping D fixed (D=255) and varying the values of the
constants C and E, while the other constants have same

values as above, we find that for E=0.1, (i) when -0.1<
C < 0.009 stability is obtained (ii) when 0.009<C<0.01
chaotic attractor is obtained and (iii) when C > 0.01 chaos
does not appear. Also for C=0.01, and E is varied then
(i) stability is obtained when 0.2<E<1.5 and chaotic
attractor is obtained for E=0.1.

3.2 When three autocatalytic processes are present
(no cross catalysis) and z generates both x
andy:

Frequently a Society is obsessed by lack of political will
due to peculiar circumstances. Under specific
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Fig. 4 Dynamic Features; constants A=0.1, B=0.1, C=0.8, D=0.8,
E=0.1, F=2.2, G=14.2, H=0.4, J=0.4 and initial conditions (0,
1, 0); (a) Time series, (b) 2D-Plot (c) 3D-Attractor, (d) Attractor
with constants A=0.1, B=0.1, C=4.7, D=4.7, E=0.1, F=7.4,
G=35.2, H=0.4, J=0.4 and initial conditions (0, 1, 0).

circumstances, lack of political will also increases auto
catalytically. Accordingly, we consider another model
where z represents diminishing political will. We
consider the following system of differential equations:

dx

—=AXx+By+Cz

it y .. (13)
d_y:_Dx+ Ey + Fz .. (14)
dt

dz

— =—-GX—Hy+Jz

it y ... (15)

where A, B, C, D, E, F, G, H and J are constants. The
above equations express the following processes:

(a) Equation (13) describes (i) the autocatalysis of x (ii)
the generation of x by y and z.

(b) Equation (14) describes (i) the generation of y by z
(ii) the autocatalytic production of y (iii) the decay
of y by x.

(c) Equation (15) describes (i) the decay of z by x and y
(i) the autocatalytic production of z.

Here also Chaos occurs under specific conditions.
If all the constants involved in equations (13)-(15) are
fixed except C, their values are taken as A=0.1, B=0.1,
D=0.8, E=0.1, F=2.2, G=14.2, H=0.4, J=0.4 and C is
varied we find that (i) when -0.2 < C < 3.5 stable state is
achieved (ii) when 3.5 < C < 225 chaotic Steady state is
obtained. Similarly if we fix A=0.1, B=0.1, C=0.8, E=0.1,
F=2.2,G=14.2,H=0.4,J=0.4 and vary D then if -59 < D
< 36.4 chaotic steady state is obtained and if D > 36.5
chaos does not occur. Also if we fix A=0.1, B=0.1, C=0.8,
D=0.8, E=0.1, F=2.2, H=0.4, J=0.4 and vary G then if -
0.07 < G < 215, steady state is obtained where as if 216
< G < 6625 chaotic steady attractor is obtained.

3.3 When cross-catalysis occurs along with the three
autocatalytic processes:

Next, we consider the situation when cross catalysis
occurs and there are three autocatalytic processes in the
system including political will which also can increase
auto catalytically. We consider the following system of
differential equations:

dx

— = Ax+Bvy+Cz

it + By ... (16)
dy

—2 =Dx+Ey-Fz

it .. (17)
%_— —Gx— Hy+JZ ... (18)

dt
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where A, B, C, D, E, F, G, H and J are constants. The
above equations express the following processes:

(@) Equation (16) describes (i) the autocatalysis of x (ii)
the generation of x by y and z.
(b) Equation (17) describes (i) the generation of y by x

(ii) the autocatalytic production of y (iii) the decay
of y by z.
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(c) Equation (18) describes (i) the decay of z by x and y
(i) the autocatalytic production of z.

Fig. 5 depicts that in this case chaotic character and
Stability for a particular set of values of the constants is
obtained. The constants were given a wide range of
values. It was seen that if A=0.1, B=0.1, D=0.7, E=0.2,
F=0.1, G=6.8, H=0.6, J=0.2 and C is varied it turns out
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Fig. 5 Dynamic Features; constants A=0.1, B=0.1, C=0.4, D=0.6, E=0.2, F=0.1, G=6.8, H=0.6, J=0.2 and initial conditions (1, O,
1); (a) Time series, (b), (c), (d) 2D-Plots (e) 3D-Attractor
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that when 0.3 < C < 1.3 stable state is observed and
when 1.4 < C < 125 chaotic stability is seen. Similarly
for A=0.1, B=0.1, C=0.7, D=0.7, E=0.2, G=6.8, H=0.6,
J=0.2 and F is varied we find that when -120 < F < 0.3
stability is observed. Beyond this range of F chaos does
not exist. Also A=0.1, B=0.1, C=0.7, D=0.7, E=0.2,
F=0.1, H=0.6, J=0.2 and G varies we find that when 0 <
G < 12 stability is observed whereas when 12.1 < G <
80 strange chaotic attractor is obtained.

4. Conclusion

When Rossler equation is modified by inclusion of terms
related to cross-catalysis, chaotic attractors are still
obtained under specific conditions particularly for
specific values of coefficients. Interesting types of 2-D
plots as well as 3-D plots are obtained which along with
time series, give an indication how chaos is generated.
Similarly, when Rossler equation is modified by
inclusion of terms, related to decay of x and y by z in
the first two non-linear equations, interesting 2-D and
3-D plots are obtained.

Interesting results are obtained when we consider
the case of three autocatalytic processes (a) with
cross-catalysis and (b) without cross-catalysis. In the
case (a) production of x instead of decay by z is
involved in equation 16. 2-D plots are obtained having
novel features. In case (b), the variable z generates both
x andy.

Since, in Social systems [8], many types of
autocatalytic processes, cross-catalysis and different
types of steps are involved, the above type of models
can be very useful for analysis of such systems,
particularly when correlation coefficients can vary under
different circumstances.
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