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We present the modelling of optical reflection in dielectric structures using a recently developed method called the finite

difference split-step nonparaxial method. In this method the second order wave equation is solved directly, and both

forward and backward propagating fields are included in the solution. The evaluation of the propagation operator requires

matrix diagonalization and inversion which are done analytically and only matrix multiplications are required for propagation.

The forward and backward travelling field components are separated using a transfer matrix and no special treatment of

the propagation operators is required to model evanescent waves.
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1. Introduction

Analysis and modelling of reflections and
transmissions from optical discontinuities are
essential for design and development of photonic and
integrated optic structures. In integrated optics one
often comes across reflecting structures like laser
facet, waveguide junctions, splices, fiber Bragg
gratings, high reflection and anti-reflection coatings
etc. Numerical modelling of such devices requires
methods which can model both the forward and
backward propagating fields. Methods like the finite
difference time domain (FDTD) method [1] or finite
element based methods (FEM) [2] can be used for
such modelling but are computationally very
extensive. On the other hand the beam propagation
methods (BPM) are highly efficient because of their
ease of implementation, good accuracy, higher speed
and lower memory requirements. Most prevalent
BPM’s, however, solve the one way wave equation

and hence cannot be used for modelling bidirectional
propagation [3-7]. Existing methods for treating
reflections [8-22] are either based on eigenmode
expansions or use an operator approximation
technique like in the traditional one-way BPM. The
methods based on eigenmode expansions are
computationally very expensive and the later methods
are iterative and mostly use Padé approximants to
approximate the propagation operator. In the later
case to obtain a reasonable accuracy, higher order
Padé approximants are required but this leads to poor
convergence. In both the above cases special
modifications are required to model interfaces with
high contrast [9]. Also some methods make use of
complex representation for the propagation operator,
either a complex reference wave number or a complex
Padé approximant [10, 20-21] to model evanescent
waves. In this paper, we present the use of the recently
developed Finite difference Split-step Nonparaxial
(FDSSNP) beam propagation method [23] for
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analyzing reflecting structures. The method is
completely nonparaxial and contains both the forward
and backward fields as part of its solution. In this
method no special modifications to the propagation
operator is required to model evanescent waves or
large index contrast. The FDSSNP method solves the
second order wave equation directly using a transfer
matrix, split-step formulation. The transverse
derivatives are approximated using a higher order
finite difference series. The propagation operators are
diagonalized analytically [24] and numerical matrix
inversion is also not required. The FDSSNP method
is thus both fast and highly accurate. A brief
description of the method is given in Section 2. The
method has been used for two and three dimensional
scalar [23-26] and semivectorial wave propagation
[27]. In the FDSSNP method the forward and
backward fields are not separated. In Section 2.1, we
show how the method can be used to model reflection;
numerical examples are presented in Section 2.2.
Next, we show how the forward and backward fields
are separated from the total field using a transfer
matrix [17], briefly in Section 3. This approach was
recently implemented using the nonparaxial split-step
collocation method [28] where it was shown that the
accuracy of the method compared well with the FEM
and FDTD methods. Application of the method for
modelling multiple reflecting interfaces is described
in Section 3.1. As the method is a wide angle method,
reflections at very high angles of incidence can also
be modeled. The FDSSNP method has already been
used to simulate total internal reflection (TIR) along
the transverse direction [27]. In Section 3.2, we
present the application of the method to model TIR,
and frustrated total internal reflection (FTIR) in the
direction of propagation. In the examples of TIR and
FTIR evanescent waves are also present which are
simulated accurately.

2. The Split-Step Nonparaxial (SSNP) Method

Let us consider the scalar wave equation for
describing propagation of the scalar field y(x, z) in

two dimensions through a media characterized by
n’(x, z),

oy Fy

% azz+k§n2(x,z)w(x,z)=0 (1)

Here, z is the general direction of propagation,
k, = w/c is the free space wave-number for a
monochromatic beam and the time dependence is
assumed to be exp(iwr) as is the case for a time
harmonic wave. Eq. (1) can be rewritten as a first
order matrix equation

aqa)f) = H®(z), (2
where,
%
(@)= 0y . (3)
0z
and
0 1
= —(aa—;%gnz(z)) 0 . ()

A formal solution to Eq. (2) can be written as

®(z+ Az) = exp (HAZ) 0(2), . (5)

where, Az represents a single propagation step length
and it is assumed that the refractive index distribution
remains constant with z over the distance Az. The
matrix H is split into two matrices,

H(z)=H, +H,(2)

2 0 1 0 0
= +
-k, o (K -r@) 0
ki,

.. (6)

where, H, corresponds to propagation in a medium
of uniform refractive index (say nref) and H,
represents the effect of index variation of the guiding
structure. Using symmetrized splitting of operators
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Eq. (5) is written as

®(z+A2) =PQ()PD(2)+0((A2)’) ... (7)

where,
P =exp(H,Az/2) .. (8)
and
Q =exp(H,Az) .. (9)

Thus, the matrix @ at any position z + Az can be
obtained in terms of @ at z by multiplying the latter
with an operator matrix PQ(z)P. The evaluation of
operator Q is very simple. Using a Taylor series
expansion,

H;AZ’

Q=1+H,Az+ +...

but as (H,)" =0 for s > 2, we obtain

1 0 o
Qzl:koz(nfef—nz(z))Az 1]' -0

The operator P represents propagation in a
homogeneous medium and it can thus be obtained
from the solution of Eq. 1 for a medium with
refractive index oy The general solution of

Py Py
ax2 + a—Z2 + kozl’lrzef

w(x,2)=0, . (1)

in terms of forward and backward propagating plane
waves is

W (z) = Aexp(—i /S, z) + Bexp(iy/S,z)
.. (12)
where, A and B are arbitrary constants and operator
S, = 0°/0x +kon’, . Again, for a homogeneous

medium, we obtain from Eq. 7,

D(z+A2) =P* D(2) .. (13)

Using Eqgs. (12) and (13) the operator P is
obtained as

| cos(\fS,Az/2)  sin(fS,Az/2)/fS,
| =S, sin(\S,Az/2)  cos(y/S,Az/2)
.. (14)

The operator P is a constant matrix and has to be
evaluated only once. Thus for any arbitrary refractive

index distribution n*(x, z), knowing the initial matrix

@ at 7 =0, the field at any arbitrary z can be obtained
using the above formulation. The SSNP method has
been shown to be highly stable even for propagation
over long distances.

We have implemented the SSNP formulation
using finite differences (FD) [23, 24]. In the finite-
difference scheme, we have a set of

l//j(z) = W(xj, 2); j=1,2, ..., N specifying the field
at different nodes X at which the refractive index is
defined as nf (2)= nz(xj ,Z). We shall use the

column vector y(z) to represent the field with

¥;(z) as its elements and ®(z), defined in Eq. (3),

is now a column vector of length 2N. The propagation
scheme is still formally given Eq. (7), but now P and
Q are 2N x 2N matrices. Operator S, is now a FD

representation of 9> / ox* + kg nrzef with higher order

approximation for the derivative [23, 24]. The matrix
Q is given by

I 0
Q(z) =exp(H,A2) = [—kgk(z)Az 1}

.. (15)
where, R(z) is a diagonal matrix with its diagonal
elements as R, (z)= n?(z)—nfef and P is still

defined by Eq. (15) with the FD form of the operator
S,- The diagonalization of matrix S, is done
analytically [24], also no numerical matrix inversion
is required and the method requires only numerical
matrix multiplications and thus is very well suited
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for implementation on parallel processors. The finite
difference SSNP (FDSSNP) method is thus extremely
fast and accurate compared to other prevalent wide-
angle schemes.

2.1 Simulation of Reflection in the Direction of
Propagation Using FDSSNP

The SSNP method is bidirectional as it contains both
the forward and backward propagating components
as part of its solution. However, it must be noted that
in the above formulation, the field contained in matrix
@ is the total field and the forward and backward
propagating components are not separated. An
interesting result is obtained when this method is used
to simulate reflection at an interface by considering
propagation in the direction of z. Fig. 1 represents a
schematic of the problem. The field in Medium 1
contains only the incident field and the reflected field
is absent. As all the conservation laws are satisfied,
the field in Medium 2 adjusts in such a way as to
account for the absence of the reflected field in the
first medium. This is explained as follows. As the
method is independent of time (a continuous
harmonic wave is considered), the field obtained on
any plane is the same for all times except for phase
variation in time. We consider a beam (say /,) incident
on the interface at an angle 6, to the z-axis in Medium
1. Now in the numerical scheme the total field in the
Medium 1 consists of only the incident beam at all

Fig. 1: Schematic showing various fields involved in simulation of
reflection using the FDSSNP method

times, that is both before and after the beam strikes
the interface. However, in a real physical situation, a
transmitted beam (say T,) should be present in
Medium 2 and in Medium I apart from the incident
beam a reflected beam (say R,) should also be present.
However, in our method the reflected beam amplitude
is zero. Thus in order for this example to represent a
real physical situation there must also be another
beam (1,) in Medium 2 such that it propagates in the
‘~z direction’ and with such amplitude and polarity
that its transmitted component (7,) in Medium 1
cancels the beam R,|. At the interface, the total field
(F,) in Medium 2 must therefore consist of beam T,
beam /, and a reflected component R, of beam 1,.
Thus,

F, =T +1,+R, ... (16)

and the total field (¥,) in Medium 1 is therefore,

FE=1+R+Z =1, . (17)

Numerical verification of the above is presented in
the next section.

2.2 Numerical Results

A Gaussian beam of beam waist radius w, = 4um
and wavelength A = 1um is incident at an air (n,=1)
/glass (n, = 1.5) interface, at an angle 6 = 45° to the
z-axis. We have considered propagation over a
distance of 100 pm with the interface at z = 50 pm.
The field has unit amplitude at z = 0. Number of
computational points used along x is N, = 401 with
an interval Ax = 0.4808 pm, number of terms in the
finite difference series for the derivative [24] is, M
=40 and Az=0.02 um and M= (n, +n,)/2. It must
be noted that the value of Ax is chosen such that Ax
> A /2, where A is the wavelength of light

medium ‘medium
in the medium of propagation. In addition Ax should

be chosen in such a way that the operator /S, is

real in regions where propagating fields are present.
In addition, it may be mentioned that propagation at
a larger angle requires smaller Ax, while for
propagation at small angles a larger Ax can be used.
In Fig. 2, the total field irradiance or power is plotted
against z. The power is obtained as proportional to
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Fig. 2: Simulation of reflection of a Gaussian beam incident at 45° to the z-axis. The air (n, = 1) and glass (n, = 1.5) interface, parallel to x-axis

is at a distance z = 50 pm

Fig. 3: The backward travelling component I, at various distances
in Medium 2

n_ . Wyl% where lyl? is the normalized field. In
this figure two beams can be seen in Medium 2 as
was expected. The beam with the larger peak is the
transmitted field plus the reflected component of 7,
that is (7, + R,) while the smaller beam corresponds
to the field I, which propagates in the ‘negative z’
direction. This is shown in Fig. 3. The fields are
plotted at three planes z =90 um, z =95 um and z =
100 pm. As can be seen the beam 7, becomes narrower
and increases in height as z-increases. The beam
diameter for the three beams were seen to be
approximately 16.3462 um at, z = 90 um, 15.8654
Um at z =95 pm and 15.3846 um at z = 100 um. Thus
the beam at z = 100 um is narrower and steeper than

Fig. 4: Reflection of a Gaussian beam at an air glass interface for 6,45°. The bar shows the nlEP? values
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at the others and thus it can be concluded that beam
I, is propagating in the —z direction. Fig. 4 shows a
contour plot of the propagating power. The fields at
various distances both before and after reflection are

Fig. 5: Reflection of a Gaussian beam incident at 45° to the z-axis.
The field profile before and after the air (n1 = 1)/glass (n2 =
1.5) interface (z = 50 yum) is shown

shown in Fig. 5. The field shown in dashed line is
the incident field at z = O um, the dotted line is the
field at z = O wm but just before the interface. The
fields shown by solid line are at z = 100 pum and are
in Medium 2. The beams T, and /, obey Snell’s law
and this can be verified from the figure. We measure
the lateral shift of each beam by noting the position
of the maxima in a cubic spline fit for each plot. In
Medium 1 the lateral shift of the beam at z =50 um is
49.9781 um. At z =100 um the beam T has a lateral
shift of 26.6809 um from its position at z = 50 um,
while the beam 1, shifts by 26.5574 pm but in the
opposite direction. If 6, is the angle of incidence and
0,is the angle of refraction, from Snell’s law: ri =
sin(6)/sin(6) = n,/n, = 1.5. In our example we obtain
ri = 1.5016. Thus, from the above it can be seen that
the laws of reflection and the conservation laws hold,
thus proving the bidirectional nature of the FDSSNP
method.

3. Separation of the Forward and Backward Field
Components from the Total Field

In this Section we show how the forward and
backward propagating field components can be
separated as shown earlier by Rafaei et al. [17]. The

method is very simple and was recently used by
Shishodia and Sharma [28] to model reflection using
the collocation method. Here we show the separation
of fields in the FDSSNP method. Let us define
operator

S.=07/0x” +kin’ (x,z) .. (18)
Here, we assume that S_is constant over the step Az;
thus, S_ is locally constant although it varies from
one step to another step and this fact is represented
by the subscript. The general solution to Eq. (1) can
then be written in the same way as in Eq. (12) as

w(z)=A, exp(—i\/gz)+ B. exp(i\/SiZ)
=y (2)+v (2)
... (19)

where, A_and B_are the amplitude parts, respectively,
of the forward propagating field v (z) and the
backward propagating field y (z). As will be seen, in
our method, a separate evaluation of A_and B_ is not
required. Differentiating Eq. (19) with respect to z
we get

w'(2)=—i\fS. v, (2)+i\fS. ¥ _(z) .. (20

The Egs. (19) and (20) can be written together in the
matrix form as,

ol

where

.. (21

.. (22)

o s i

From Eq. (21) we see that the operator U_ relates the
forward and backward propagating fields to the total
field and its z-derivative at the same z. Similarly the

operator U;l will relate the total field and its

derivative to the forward and backward fields and is
given by,
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R aEN S
QN

Z

.. (23)

1
2

The inversion of operator U_ involves inversion of
operator S_. Thus U;l exists as long as S;l exists.
The entire above mentioned procedure is
implemented in FD.

3.1 Simulation of multiple reflecting interfaces

Let us consider a typical reflecting structure of length
L (Fig. 6). Let us assume that the edges of this
structure coincide with z =0 and z = L. The incident

field y, (0) at 7 =0, propagates through the structure

and goes through a series of reflections from the
optical discontinuities or variations. The forward
propagating and backward propagating fields in the

terminating medium are Y, (L) and, _ (L)
respectively, and the overall backward propagating
field at z = O is represented by i/ _ (0) From Eq.
(19) the total field at z = 0 and z = L are

¥ M
| )

¥y ’ v
=0 =L

Fig. 6: Schematic of reflection and transmission of waves in a
multilayered reflecting structure

w(0)=y. (0)+y_(0) .. (24)

and
w(L)=y,(L)+y_(L) . (25)

Using Eq. (7) the matrix ® at z = L can be obtained in
terms of the matrix @ at z = 0 as

... (26)

where the system matrix M for the reflecting structure
(Fig. 6) is obtained as

M = PQ(L - Az)...Q(242) P2Q (Az) P?Q (0) P
.27

Using Eqs. (21) and (26) the relation between fields
at z=0 and z = L is obtained as

[% (L)} =U,'MU, V* (0)} .. (28)

w_(L) w_(0)

where,

1 1
U, :{_i\/g ngo:l ... (29)

and

i1 i /§7!

U= ;I _zé. SL? . (30)
Let us define an overall system matrix T as

v, (L)=T,w, (0)+Tw_(0) .. (31)
Eq. (28) can then be written as

v (L)=Tw. 0+ Tw (0) (2
and

w (L)=T,w, (0)+T,w_(0) . (33)

Usually the only known initial condition is the
forward propagating incident field y, (O) Butina
given problem using appropriate boundary conditions

in Egs. (32) and (33) the field i _ (0) can be obtained

in terms of ¥, (O) Thus knowing the fields at the

boundaries, the fields at any position z can be
obtained.
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3.2 Numerical Results

3.2.1 Simulation of reflection and frustrated total
internal reflection using backward propagation

To demonstrate the efficiency of the above
formulation we present two examples: (a) simulation
of reflection at an interface and (b) FTIR. In these
examples we consider propagation in steps of
‘negative Az’. That is using ®(z) we obtain ®(z —
Az). Considering propagation over distance z = Lto z
= 0, the field and derivative matrix at z = L, ®(L), is
used as the initial condition. The procedure is same
as shown earlier for SSNP, only while finding P and
Q the term ‘Az’ is replaced by ‘~Az’. In the first
example we consider a Gaussian beam incident from
glass (n, = 1.5) to air (n, = 1) at 6, = 20°. We have
used Ax = 0.8077 pum, Az = 0.1 yum, and beam waist
radius 4 um. Total propagation length L = 100 um
and the glass/air interface is at z =50 um. We consider
a Gaussian field of unit amplitude at z = 100 yum and
find the fields at the previous positions using the
FDSSNP formulation. Fig. 7 shows the forward and
backward travelling fields after they have been
separated. In Fig. 8, a contour plot for the propagation
of the total power is shown. The forward and
backward travelling waves can be clearly seen. In
Fig. 9, the incident and the reflected field at z =0 um
and the transmitted field at z = 100 pum is plotted.
The reflectivity (Rf) and transmittivity (7,) were
calculated in the same way as described by Shishodia
and Sharma [28]. The values obtained are Rf= 0.0597

and T, =0.9426 and the sum R+T = 1.0023, showing
an error of 0.23%. It thus shows that the FDSSNP
scheme used along with the separation of operators
can model reflection very accurately and efficiently.

The second example of FTIR is a more critical
problem because in this case evanescent fields are
also present in the longitudinal direction. Similar
examples of FTIR were also shown by Rao et al.
(2000) [21]. However in their method the reference
wave number had to be made complex in order to get
stable solutions. In our method no such modifications
are required. We considered two regions of refractive
index n, = ny= 1.5 separated by a thin region of air
(n,=1) of thickness d = 0.32 um. A Gaussian beam
of unit amplitude with A = 1.5 um and w, =4 um is
incident at angle of 6, = 50°. The computational
parameters used are: N = 301, M_= 83, M = (n, +
n,)/2, Ax = 0.4808 pum and Az = 0.02 um. The
reflectivity and transmittivity are obtained as R, =
0.4862, T = 0.5138, and the sum is R+ T,=1.0000.
The propagation of power for the total field is shown
in Fig. 10. In Fig. 11 the field near the air gap region
is shown in greater details. The decaying evanescent
field and its coupling into the propagating field in
the glass region can be seen. In this example a small
Ax is used to achieve accurate propagation at high
angles [25]. But a small Ax also makes part of the
eigenvalues [24] of S negative in the air region, thus

/S isimaginary in air, while it remains real in glass.

Thus the method can propagate both the travelling
and evanescent fields accurately.

Fig. 7: Gaussian beam incident at a glass (r, = 1.5) / air (r, = 1) interface at 20° to the z-axis. The incident, transmitted and reflected fields

have been marked respectively
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Fig. 11: Fields near the air gap during FTIR. The bar shows the nlEl? values

3.2.2 Simulation of total internal reflection

We next present the simulation of total internal
reflection (TIR). In this example we use the
formulation described in Section 3.1. We consider a
Gaussian beam w, = 4 um, incident at 60° on a glass
(n, = 1.5)/air (n, = 1) interface. The thickness of the
glass and air regions are 10 ymand 4 ymrespectively.
The other computational parameters remain same as
in the last example. From Eq. (19) the solutions of
the wave equation on any plane before and after the
interface are,

W( glan) W+( gla“) V- ( gl"“)

— AeXp( ( g]ass) glass) ) (34)
+Bexp (i S (zglm )Zg,m )
and
l//( alr) w+( alr)+l//— (Zair)
=C exXp (_l S (Zair )Zair )
. (35)

+ Dexp (i S (za,., )Za,-, )

However, in the air region S(zair) is imaginary

and there are no propagating fields in the z-direction.
Thus  considering the  positive root

\/SC (z) = i\/S(Zw.,) we can write Eq. (35) as,

v (z)=Coxp(S. (7))

+Dexp(— S, (Zair)zai’) ... (36)
= lr//inc (Zair)+ I//dec (Zair)

Thus using Egs. (34) and (36) in Eq. (28) we have,

[l/f,»,,c (Zm)} _| ¥ (z) .. (37)

Y gec (Zair ) v (Z glass )

where, T is the overall system matrix as defined in
Eqg. 31. It must be noted that in all the operators in T

the positive value of \/§ has been considered. In
the case of TIR there is no amplifying field in the air
region and so we can put ¥/, (2 ( W) =0 in Eq. 37.
Using the above condition in Eq. (32) and (33) we

can thus _ ( glm) obtain and ¥/, (Zai,). In our

simulation we put ¥, (2 ( W) =0 on the plane just

after the interface. The accuracy and efficiency of
the method can be verified from the figures. The
propagation of the total field is shown in Fig. 12.
The field near the interface is shown in greater details
in Fig 13. The rapid decay of the evanescent field
can be seen very clearly. It must be mentioned that as



203

Modelling of Optical Reflection Using Nonparaxial

Fig. 12: TIR of a Gaussian beam incident at 60° on a glass (n, = 1.5) / air (z, = 1) interface. The total field is shown

Fig. 13: Evanescent field in air during TIR. The bar shows the nIEP* values

Fig. 14: Goos-Hanschen shift between the incident and reflected fields at the (n, = 1.5)/air (n, = 1) interface. The incident and reflected

Gaussian fields at z = 0 are also shown
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in the previous example, the choice of Ax makes part
of the eigenvalues of S(z,,) negative, which
correspond to the higher spatial frequencies (along
x) of the evanescent field. Thus, the FDSSNP method
can simulate both the propagating and evanescent
fields efficiently. In Fig. 14, the Goos-Hanschen shift
between the incident field (thick solid line) and
reflected field (thick dashed line) at the interface (z
= 10 um) is shown. As before, to measure this shift
we considered a cubic-spline fit for both fields, and
the shift in the position of their maxima was noted.
The Goos-Hanschen shift is obtained as z = 1.0011
um. In this plot the incident field (thin dotted line)
and the reflected field (thin dashed line) at z = O are
also shown. The lateral shifts of the incident and
reflected fields were computed using a cubic spline
fit. The expected lateral shift of the incident field
from z=0 to z=10 wm is 10 sin (60°) = 17.32 um,
while the simulated result is 17.1787 um. For the
reflected beam the lateral shift from z = 10 um to z =
Ois 17.1765 wm. Thus it again proves the accuracy
and efficiency of the method for modelling reflection
at very large angles and in the presence of evanescent
fields.
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We have presented modelling of reflecting structures
using the recently developed FDSSNP beam
propagation method. The method can model
reflection, TIR and FTIR very efficiently. Unlike
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