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This paper deals with effect of surface tension on the instability of a Newtonian viscous fluid overlying a Couple-stress

viscoelastic fluid through porous medium. The stability analysis is carried out, for mathematical simplicity, for two highly

viscous fluids of equal kinematic viscosities. For the stable configuration, the system is found to be unstable or stable if

0,< or '/, depending on the relative density of the viscoelastic fluid. However, for the unstable configuration, surface

tension, the kinematic viscosity and couple-stress kinematic viscosity have got destabilizing effects.
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1. Introduction

When two fluids of different densities are superposed
one over the other (or accelerated towards each other),
the instability of the plane interface between the two
fluids, when it occurs, is called Rayleigh-Taylor
instability. Chandrasekhar [1] has given a detailed
account of the instability of the plane interface
between two incompressible and viscous fluids of
different densities when the lighter is accelerated into
the heavier. Roberts [2] has extended the analysis to
the case of two fluids of equal kinematic viscosities
in presence of a vertical magnetic field, while
Gerwin [3] has studied the case of compressible
streaming fluids. The influence of viscosity on the
stability of the plane interface separating two
incompressible superposed fluids of uniform
densities, when the whole system is immersed in a
uniform horizontal magnetic field has been studied
by Bhatia [4]. He has carried out the stability analysis
for two fluids of equal kinematic viscosities and
different uniform densities. A good account of

hydrodynamic stability problems has also been given
by Drazin and Reid [5] and Joseph [6]. Allah [7] has
investigated the effects of surface tension and heat
transfer on the instability of two streaming superposed
fluids. The fluids have been considered to be
Newtonian in all the above studies.

With the growing importance of non-Newtonian
fluids in modern technology and industry, the
investigations of such fluids are desirable. The
presence of small amounts of additives in a lubricant
can improve bearing performance by increasing the
lubricant viscosity and thus producing an increase in
the load capacity. These additives in a lubricant also
reduce the coefficient of friction and increase the
temperature range in which the bearing can operate.
A number of theories of the microcontinuum have
been postulated and applied (Stokes [8]; Lai et al.
[9]; Walicka [10]). The theory of couple-stress fluids
has been formulated by Stokes [8]. One of the
applications of couple-stress fluids is the study of
the mechanisms of lubrication of synovial joints.
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A human joint is a dynamically loaded bearing which
has an auricular cartilage as bearing and a synovial
fluid as lubricant. When a fluid film is generated,
squeeze-film action is capable of providing
considerable protection to the cartilage surface. The
shoulder, ankle, knee and hip joints are loaded bearing
synovial joints of the human body, and these joints
have a low friction coefficient and negligible wear.
The normal synovial fluid is a viscous, non-
Newtonian fluid and is generally clear or yellowish.

The theory due to Stokes [8] allows for polar
effects such as the presence of couple stresses and
body couples. Stokes [8] theory has been applied to
the study of some simple lubrication problems (see
e.g. Sinha et al. [11]; Bujurke and Jayaraman [12];
Lin [13]). According to the theory of Stokes [8],
couple stresses are found to appear in noticeable
magnitudes in fluids with very large molecules. Since
the long-chain hyaluronic acid molecules are found
as additives in synovial fluid, Walicki and Walicka
[14] modeled synovial fluid as couple-stress fluid in
human joints. The synovial fluid is the natural
lubricant of joints of the vertebrates. The detailed
description of the joint lubrication has very important
practical implications. Practically all diseases of
joints are caused by or connected with a malfunction
of the lubrication. The efficiency of the physiological
joint lubrication is caused by several mechanisms.
The synovial fluid is, due to its content of the
hyaluronic acid, a fluid of high viscosity, near to a
gel.

In recent years, the investigation of flow of
fluids through porous media has become an important
topic due to the recovery of crude oil from the pores
of reservoir rocks. When the fluid permeates a porous
material, the gross effect is represented by Darcy’s
law. As a result of this macroscopic law, the usual
viscous and couple-stress viscous terms in the
equation of couple-stress fluid motion are replaced
by the resistance term
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where L and W are the viscosity and couple-stress

viscosity, k, is the medium permeability and g is
the Darcian (filter) velocity of the couple-stress fluid.

Bohara et al. (15) have examined the effect of
surface tension on the stability of two superposed
viscoelastic fluids in a magnetic field. It would be
interesting to examine the effect of surface tension
on the stability of superposed viscous-viscoelastic
(couple stress) fluids through porous medium. This
aspect form the basis of this paper where we have
carried out the effect of surface tension on the
instability of a plane interface between viscous
(Newtonian) and viscoelastic (couple-stress) fluids
through porous medium.

2. Formulation of the Problem and Perturbation
Equations

Consider a static state, in which an incompressible
couple-stress fluid is arranged in horizontal strata in
porous medium and the pressure p and the density p
are functions of the vertical co-ordinate z only. The
character of the equilibrium of this initial static state
is determined, as usual, by supposing that the system
is slightly disturbed and then by following its further
evolution.

Let v (u,v, w), p and p denote the velocity of
fluid, the density and the pressure, respectively. Then
the momentum balance and mass balance equations
for couple-stress fluid in a porous medium are

[ 1o ]e v oo
e{at+e(v.V)v}— Vp+ pg
(1)
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where g (0,0,-g) is the acceleration due to gravity,
€, k;nand pu’ stand for medium porosity, medium
permeability, viscosity and couple-stress viscosity,
respectively.

Since the density of every fluid particle remains
unchanged as we follow it with its motion, we have
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This additional equation (for the validity of
mass balance equation) needs to be satisfied, as the
fluid is homogeneous. For heterogeneous fluid, this
is identically satisfied.

Let v (u, v, w) R 5/0 and O p denote respectively
the perturbations in fluid velocity, the fluid density p
and the fluid pressure p. Then the linearized
perturbation equations governing the motion of the
couple-stress fluid through porous medium are

0 oV ~ 1 AT
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00 0
7| L+ 2|52 |(z-
+2{ S[ax2+8y2J ZS}(Z )
(4
Vv=0 .. (5)
ei(é‘p):—pr
ot ... (6)

Here T is surface tension, & ( z— Zs) denotes
Dirac’s delta function and

D=—.
dz
Analyzing the disturbances into normal modes,
we assume that the perturbation quantities have the
space and time dependence of the form

f(z) exp (ikxx + ikyy + nt) .. (D

Where n is the rate at which the system departs
from the equilibrium, k and k are the horizontal
components of the wave numbers, k* = kf + k\z, and
f(z) is a function of z. For perturbations of the form
(7), (4)-(6) become

siptel]
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. (11)
. (12)

ikxu + ikyv +Dw=0

endp = -wDp

where U(z ﬁ) stands for kinematic viscosity.
o,

Multiplying (8) and (9) by —ik,_and —iky,
respectively, adding the resultant equations and using
(11) in it, we obtain

il

oDw=—-k*6p

.. (13)

Eliminating d p between (10) and (13) and
using (12), we obtain

n gk’
—| D(poDw)-k* > (D
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3. Two Uniform Viscous and Viscoeleastic Fluids
Separated by a Horizontal Boundary

Consider the case of two uniform fluids of densities,
kinematic viscosities, p,, lL, (upper, Newtonian fluid)
and p, 1, (lower, couple-stress fluid) separated by a
horizontal boundary at z = 0. Then in each region of

constant p, constant |1 and constant " (14) becomes
D>~k (D*~¢>)w=0 .. (15)

v nk '
where ¢° =k’ +—+—" and U'(=ij.
V' €v 0

The general solution of (15) is a linear

combination of the solutions
e and *F .. (16)

since w must vanish both when z — +oo (in the upper
fluid) and z — —oo (in the lower fluid), the general
solution of (15) can be written as

w, = Ale”‘Z + B, (@<0) .. (17)

w, =A™ + Be ™, (z>0) .. (18)

where A|, B, A,, B, are constants of integration

v, nk
7 =\/{k2+—1.+—1} and g,=k. ... (19)

'
v, €V

In writing the solution (17) and (18), it is
assumed that q, and g, are so defined that their real
parts are positive.

4. Boundary Conditions

The solution (17) and (18) must satisfy certain
boundary conditions. The boundary conditions to be
satisfied at the interface z = O are as follows :

W, ... 20)
Dw, .. 2D

Must be continuous across the interface between
the two fluids.

The constitutive equations for the couple-stress
fluid are :

T, = (2,u—2,u'V2)e,.j ,

1 avi avj
% =515 T
2{ dx; Ox

.. (22)
The conditions on a free surface are :
B i VR
ro=(umny ){aerax} (23)
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.. (24)

|1 —w(D*=k*) | [Dv+ik,w],

must be continuous. Therefore, ik, 7, + ik, T
with the help of (11) yields

(u-w(D*=K)] (D*+K*) w .25

must be continuous at the interface z = 0.

Integrating (14) across the interface z = 0, we
obtain another condition which results from the
balance of the normal stresses (together with the
kinematic free surface condition) as :

[pszz - pDw, ]Z:O + ik

[{ﬂz}Dwz _{M ~ 14 (DZ _kz)}le]

z=0
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n

remembering the configuration that upper fluid is
Newtonian and lower fluid is couple-stress fluid and
here w, is the common value of w at z =0
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5. Dispersion Relation and Discussion

Applying the boundary condition (20), (21), (25) and

(26) to the solutions (17) and (18) and eliminating

the constants A,, B, A,, B,, we obtain
det (al.].) =0 .. 27)

where i, j=1, 2, 3, 4 and
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Equation (27) yields the following characteristic
equation
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The dispersion relation (29) is quite complicated

A V4
nk, k

(%+k%=o

.. (29)

as the value of g, involves square root. We therefore
make the assumption that the two fluids are of high
viscosity and high couple-stress kinemetic viscosity

v" . Under this assumption, we have

1
v nk )
=k|1+ !
1 { v'k’ ev'kz}
... (30)
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Putting v, =v, =v (the case of equal
kinematic viscosities, for mathematical simplicity but
this assumption does not affect the stability analysis
qualitatively), we have

gtk =| 2%k +—2 "k
20k 2€ev'k
.. (31)
g, +k =2k
and
qf+k2:{2k2+£‘+ nhy }
v, €v, .. (32)
7+ =2k

Substituting the values of ¢, +k, ¢, +
k, g; +k* and g; +k* from (31) and (32) in(29)
we obtain the following dispersion relation.

A4n4+A3n3 +A2n2 +An+A;=0, ... (33)
Where
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6. Discussion

For the potentially stable arrangement o, < o, if

1
o, >—

> ... (35)

all the coefficients in (33) are positive. So all the roots
are either real and negative or there are complex roots
(which occur in pairs) with negative real parts and
the rest negative real roots. The system is therefore
stable in each case

Butif o, < % ... (36)

—o— Series1
—o—— Series2
-a-- - Series3

Fig. 1: The variation of growth rate n against the wave number k
for the kinematic viscosities v = 10,20,30 when o, = 0.25, o,
=0.75,k;=0.01,€=0.5,v’=5and T = 5.

Series 1,2,3 stands for v = 10,20,30
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Fig. 2: The variation of growth rate n against the wave number k
for the couple stress kinematic viscosities v’=10,50,100 when
o, =0.25,0,=0.75,k, =0.01,e=05,v=5and T = 5.
Series 1,2,3 stands for v = 10,50,100.
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Fig. 3: The variation of growth rate rn against the wave number k
for the surface tension 7' = 5,10,20 when o, = 0.25, a, =
0.75,k, =0.01,€ = 0.5, v=5and v’=3.

Series 1,2,3 stands for T = 5,10,20.

(33) allows one change of sign and so has a positive
root thereby indicating instability of the system. Thus,
for stable configuration the system is stable or
unstable. This is in contrast to the stability of two
Newtonian fluids where the system is stable for stable
arrangement [1].

We now examine the behaviour of the growth
rates with respect to kinematic viscosity, couple-stress
kinematic viscosity and surface tension numerically
for the potentially unstable arrangement o, > o, We
have plotted the growth rate n (positive real value)
versus the wave number k for several values of the
kinematic viscosity y, couple stress kinematic
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