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This paper investigates the response and the underlying mechanism of a cellular rod with graded cross-section under
dynamic loading. A gradient in the cross-section area is introduced to a cellular rod along the axial direction. Based on the
rigid-perfect plastic-locking (R-PP-L) material model, general solutions have been derived for one impact scenario. Two
different deformation modes occur due to the variation of the cross-section of the cellular rod, namely the double shock
(DS) and the single shock (SS) mode. When the gradient is negative, two compaction zones (DS mode) appear from both
ends while only one shock front (SS mode) appears when the gradient is positive. The effect of the gradient on the energy
absorption is also investigated. Analytical results show that in the SS mode the gradient has no influence on the energy
absorption capacity while it weakens significantly the capacity in the DS mode. Employing the stress-strain relationship
of the real-metal foam, finite element code ABAQUS/EXPLICIT is employed to carry out the numerical analysis. FE
simulations confirm the existence of the two kinds of the deformation modes in the graded cellular rod. The comparisons of
the instant velocities of the impinging mass show a similar trend.
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1. Introduction the shock front, the dynamic stress G, in the densified

) zone has been presented, as follows
Cellular solids, such as honeycombs and metal foams,

have been widely used as blast and energy absorbers

. . . . 0, :O-0+100V2/£d (M
due to their excellent properties, such as high stiffness

and low weight [1]. Under an impact loading, strength
enhancement and deformation localization are the
typical features of the cellular material, which are
mainly caused by the inertia effect. To explain such
features, several crushing models were proposed. Reid
and Peng [2] proposed a simple one-dimensional shock
model to explain the strength enhancement of wood
specimens under impact. In this theory, the wood was
modelled as rigid-perfectly plastic-locking idealization,
involving two key parameters, namely the plateau
stress g, and the locking strain €,. Usually, the locking
strain is assumed to be the densification strain € ,.
Employing the mass and momentum conservation at
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where p,, is the initial density of the cellular material
and V is the instant particle velocity behind the shock
front. Some modifications on this theory were made
by the researchers to predict more accurate results.
The elastic property of the material was took into
account by Tan et al. [3-4] and Harrigan et al. [5]
proposed an elastic-plastic model with hardening.
Lopatnikov et al. [6] proposed an elastic perfectly-
plastic with rigid locking material model. Arigid plastic
material model with a power law densification (R-
PP-D) has been used by Pattofatto et al. [7]. Zheng
et al. [8] considered the plastic hardening property to
propose arigid-linear hardening-locking densification
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material model.

Over the past few decades, much research
interest was attracted to the area of the functionally
graded materials (FGMs). The FGMs usually contains
a gradient in one material property along one direction
to optimize the global material function. Such structure
can be easily found in nature. For example, to maximize
the biological mechanical performance, a density
gradient exists in the bone structures [9]. Nowadays,
to make artificial FGMs materials, difference
manufacturing techniques have been used in
engineering [10-11]. For cellular structures, a gradual
increase or decrease in the cell size distribution or
material strength may significantly influence the
mechanical properties of the cellular structures.
Therefore, an understanding of the mechanism of the
response of the graded cellular structures is important
in applications and utilization of these materials. The
graded honeycomb structure under low velocity
impact was investigated by Ali et al. [12]. The
dynamic behaviour of the functionally graded Voronoi
structures was investigated by Ajdari et al. [13].
Afterwards, they also investigated the effect of the
density gradient in the regular hexagonal honeycomb
by using FE simulations under dynamic loading [14].
Zeng et al.[15] employed the polymeric hollow sphere
agglomerates with different thicknesses to investigate
the influence of the density gradient under the dynamic
impact condition. To reduce the peak force at the
early stage, they suggested placing the strongest layer
as the first impacted layer and weakest layer as the
last. Shen et al. [16] studied the response of the
honeycomb structures under various impact velocities
and summarized a deformation mode map. Most
recently, a theoretical work was performed by the
authors [17] in the understanding of the deformation
mechanism of the graded cellular rod with the gradient
in the yielding stress of the material. Double shock
mode was firstly proposed to describe the deformation
process when the gradient is negative.

Current study focuses on the effect of the
gradient in the cross-section of the cellular material
under impact. A cellular rod, whose cross-section
varies along the loading direction, is proposed. For
simplification, the R-PP-L material model is chosen

to describe the material property. In the proposed
impact scenario, a rigid mass strikes the stationary
cellular rod with a gradient in the cross-section.
Theoretical analysis is carried out to investigate the
deformation process and the energy absorption
capacity of the graded cellular rod. FE simulations
are conducted to validate the analytical modelling.

2. Analytical Modelling

As shown in Fig. 1, a stationary cellular rod with initial
length /, and initial density p, is impinged by a rigid
mass G with initial impact velocity V,,. The distal end
of the rod is fixed on the support. A constant gradient
in the quasi-static plateau stress, @, is introduced to
the cellular rod and it is defined as

0= AA/A, 2)

where AA is the difference in the cross-section
between the two ends of the cellular rod with the
average cross-section over the rod length A,. For
clarity, it is defined that ©> 0 when the impinged end
has the largest cross-section; i.e. the cross-section
increases from the impinged end along the rod; and
©< 0 when the end with smallest cross-section is at
the impinged end.

The cross-section areas are expressed as
follows:
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where A, and A [ are the cross-sectional areas at the
backward and forward shock fronts, respectively; A
and Af are the average cross-sectional areas in the
undeformed zone and forward densified zone,
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Fig. 1: (a) Double Shock (DS) mode (®© < 0); (b) Single Shock
(SS) ©>0)

respectively; A, and is the average cross-section of
the rod.

Let p  denote the density of the fully densified
material and g, the dynamic crushing stress. The
quasi-static stress is 0, while the density is p, in the
undeformed zone. The R-PP-L material model and
one-dimensional shock theory are employed for the
graded cellular rod under concern. As discussed in
the previous work [17], the critical velocity for R-
PP-L model becomes zero as the Young’s modulus
approaches infinite. On the other hand, the elastic
wave speed is infinite and the wave front reaches the
distal end immediately after impact. Therefore, shock
fronts at both the impinged end and the distal end
may co-exist from the very beginning (i.e. double
shock mode, see Fig. 1a). When the gradient is
negative, only a single shock (SS) mode appears in
the rod with positive gradient (see Fig. 1b).

Before the analytical derivation, some
assumptions are made: the cross-section remains the
same at each material point after densification; no
buckling or wrapping occurs in the lateral direction;
and the cellular material in the densified zone reaches
the locking strain, € .

Non-dimensionalization of parameter is
implemented for the analytical derivations. The length
parameters are all non-dimensionalized with respect
to the rod initial length, lO, as,

=&, ully=, U=k, yl,=n @)

where x, yare the length of the forward and backward
densification zones, respectively; u is the displacement

of the impinging mass and [ is the length of the
undeformed length.

The characteristic velocity of the cellular rod
C, the non-dimensional velocity v and the non-
dimensional time T are expressed, as follows:

¢, =0,/ py,v=V/c,,t=t1c, /I ®)
2.1 Negative Gradient-Double Shock (DS) Mode

From kinematic considerations, the following
geometrical equations, also shown in Ref. [2], are
obtained,

du  dé  1-¢
—~ =y, —Zr=—"(v,-v,),
dt dt g,
di_ 1, dn_i-e, ©

- Vl’ 2
dr g, dt g,

Conservation of moment for the whole system
shown in Fig. 1a over the period 7 to (t+df) gives,

~A,0,di=d[(G+pxA, )V, [+ d(pV,A,) (7)

where A, _is the cross-section at the backward shock
front, A, is the average cross-section of the
undeformed part, A y is the average cross-section of
the forward densified zone and G, = g, + p0V2/€ J18
the dynamic stress at the compaction front (see ref.

[1,2]).

Conservation of the moment for the front
densified zone gives,

o
~A,0,di=d[(G+pxA, )V, |- VA ()
d
By using Egs. (4-6) and non-dimensionalisation

give the governing equations for the DS mode in the
graded cellular rod,

o ((n=v.) /e, +1)(1+(lid —;J@j

dr ’
r+ ! & 1+l ¢ -1|©
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dv o By using governing Egs. (9-10), one typical
2=— deformation process is sketched in Fig. 2.
T e L (£-n)e ©)
2(1-¢,) 2.2 Positive Gradient-Single Shock (SS) Mode

where I' is the mass ratio of the impinging mass G
over the mass of the cellular rod and ©is the non-
dimensional gradient. It is seen that dv,/dt <0 when
the gradient is positive. Initially, v, =0 and the velocity
is impossible to decrease less than zero. When the
gradient is negative, dv,/dt > 0, indicating that v,
increases with time, which is reasonable.

For SS mode, only one shock front appears from the
loading end. It can be regarded as a degenerated DS
mode with the condition that v, = 0. Hence, the
governing equation for SS mode can be obtained from
Eg. (9) by substituting the condition, v, =0,

1_ 7
1+ = 0]
dv [2 l-¢, (10)
dr c i ¢
1
T+ 1+ ~110 [+ A[1+ &-1)®
l—ed[ 2[1—£d 2(1_861)( )

Two phases exist during the whole crushing
process. In Phase I, both the forward and backward
shock fronts appear until the velocity of the impinging
mass v, decreases to the value of v,. Phase II starts
immediately after Phase I ends. In Phase II, further
deformation occurs at the backward shock front while
the forward shock fronts ceases. In Phase I, v, = v,
= v. Hence, the governing equation : (Please see
Eqn. 10 as above) is,

Solving the above governing equation gives the
final equation for the instant velocity in terms of the
displacement of the impinging mass,

Fig. 2: (a) History of the velocities versus time; (b) History of the position versus time
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Fig. 3: (a) Densification velocity versus with gradient; (b) Specific energy versus with gradient

212, 4_ _ _
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(12)

@u(u—ed)+2gd(y+l“5d)

2.3 Energy Absorption Capacity

By considering a critical case, in which the initial
kinetic energy is exhausted just when the cellular rod
is fully crushed, i.e., v = 0, U = €, the densification
velocity, v , can be determined. For the SS mode, from
Eq. (13),

v,=1+20)e, /T (13)

Eq. (13) shows that the densification velocity is
not related to the cross-section gradient, which means
the gradient has no influence on the densification
velocity. It is the same with the homogenous cellular
rod [2]. Consequently, the energy ratio between the
absorbed energy under dynamic and the quasi-static
condition is given by,

w=E,[E =Tv;/(2,)=1+1/2F)  (4)

For DS mode, the finite difference method is
used to obtain the densification velocity. Fig. 3 shows
the densification velocity and the ratio of the specific
energy. It is found that the densification velocity and
the specific energy keep constant when the gradient
is positive, indicating that the cross-section has no
influence on the energy absorption; they decreases
with the increase of the magnitude of the gradient
when it is negative, indicating that the negative gradient
weakens the energy absorption.

3. Finite Element (FE) Simulation
3.1 FE Model

Finite element simulations were carried out to verify
the analytical modelling of the deformation modes
described in Section 2. Fig. 4 depicts a three-

Fig. 4: (a) FE modelling in ABAQUS/EXPLICIT (b) the
dimentions of the foam block.
Note: A; and A, are the cross-sections at the left and
right end, respectively
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dimensional FE model with varying cross-sections.
The gradient in the cross-section is introduced to the
FE model by the variation of the parameter “6”. The
dimensions are shown in Fig. 4b,i.e.,56=0.07m, b’ =
0.01 m, @ = 0.07 m and [, = 0.127 m. Hence, the
gradient is @= -1.5. A rigid mass G with an initial
velocity V,,impinges onto the stationary graded cellular
block. The distal end is fixed on the rigid support. The
mass ratio is selected to be 1 and the initial velocity is
2¢ -

The crushable foam model available in
ABAQUS/EXPLICIT was chosen to describe the
foams, which has been validated [17-18]. The
hardening properties are obtained from a stress-strain
relationship of the Alporas foam (8%), which is shown
in Fig. 5(A). The Young’s modulus is defined as a
constant parameter for all the layers, 1.1GPa. The
Poisson ratio is set to zero so that the deformation in
the lateral direction is neglected.

The efficiency method, reported in Tan et al.
[3], was employed to determine the locking strain.
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Fig. 5(A): Stress-strain relationship of Alporas foam

The efficiency E of the foam in absorbing energy is
defined as the energy absorbed up to a given nominal
strain, € , divided by the corresponding stress value,

- o(e,) (15)

where W = f:“ o (€)dé is the absorbed energy.

The value of the densification strain is obtained
from the condition, at which the efficiency E reaches
the maximum value. Therefore,

dE(¢)
de

=0 (16)

Consequently, the quasi-static plateau stress can
be determined,

%o = , (17)

Hence, the densification strain in this study, €,
predicted by the “efficiency”” method for the Alporas
foam is 0.5 (see Fig. 5); and the quasi-static plateau
stress q, = 0.62 MPa. On the other hand, the density
of the foam is p, = 207 kg/m?®. Hence, the
corresponding  characteristic  velocity is

¢, =+|0,/Py =54.T3m/s.

3.2 FE Results and Comparison

Comparisons between the analytical predictions and
FE results are presented in this section. Fig. 5(B)
shows the deformation process when the gradient
is ® =-1.5. The impact occurs at the left end. The
FE parameters are given in Section 3.1. The blue

Fig. 5(B): Deformation process of a DS mode
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Fig. 6: Comparison of the curves of the velocity versus
displacement

colour represents zero deformation while the red
means that the material has been fully densified. As
in the analytical prediction, two densification zones
appear from both the proximal and distal ends.

A comparison of the velocity versus
displacement is shown in Fig. 6. The analytical
predictions well agree with the FE results. However,
deviation also exists in the final displacement of the
impinging mass. This is mainly caused by the
simplification of the R-PP-L material model. As shown
in Fig. 4, the efficiency method gives a locking strain,
which is much lower than the densification strain.
Hence, current analytical analysis is helpful in
understanding the dynamic response of the graded
cellular rod under impact. To obtain a more accurate
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