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Analytical modelling is computationally very efficient approach to model important features of impact behaviour. In this
paper, two analytical models based on energy balance and two based on Newton’s second law are used to study the impact
on composite laminates. Model-1 and Model-3 are based on the energy balance principle. The energy absorbed due to cone
formation on back side of target, shear plugging, deformation of secondary yarns, tensile failure of primary yarns, frictional
energy, delamination and matrix cracking are considered in Model-1. In Model-3, the energy absorbing mechanisms include
laminate breakage due to crushing, linear momentum transferred to the detached part and tensile fiber failure. Model-2 and
Model-4 are based on Newton’s Second law. In Model-2, the quasi-static and dynamic resistive pressures arising from
velocity effects are considered. In Model-4, the plate response is divided into global and local responses. A parametric
study is carried out to study the effects of projectile mass, diameter, tip cone angle, impact velocity and thickness of
laminate for Carbon/Epoxy, Kevlar/Epoxy and GFRP laminate on energy absorption. The ballistic limits predicted from
Models 1 and 3, and Models 2 and 4 are found to be closely matching.
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1. Introduction

Composite materials are extensively being employed
as protective structures against impact loading. For
such applications, the condition for the penetration of
a projectile into the composite target and the
associated damage mechanisms should be clearly
understood. Ballistic limit of a target is defined as the
maximum velocity of the projectile at which the
complete perforation takes place with zero exit
velocity and can be used as a performance parameter
for the effective design of the protective structures.
Three different approaches can be followed to model
ballistic impact phenomenon: empirical, numerical and
analytical [1]. Empirical methods establish simple
relations between some of the parameters (such as
material properties, geometry and impact velocity)
based on experimental measurements and are useful
when there are a very limited number of variables to
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correlate. Numerical methods are based on finite
element or finite difference approaches and are
computationally challenging. Analytical methods
enable the study of penetration mechanics from the
general continuum mechanics. In this case, a real
knowledge of the physical phenomenon taking place
during the penetration process is necessary in order
to select the most proper parameters.

A lot of research has been done to develop
analytical models for impact on composite materials.
Zhu et al. [2] developed an analytical method for
impact and perforation of conically tipped hard steel
cylinders on laminated Kevlar 29/Polyester targets
assuming that the global response and local damages
are independent. Whitney-Pagano laminated plate
theory is used to calculate the global response and
the local response was obtained by modeling the
damage mechanisms such as bulging, delamination,
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fiber deformation and friction. Parga-Landa and
Hernandez-Olivares [3] proposed an analytical model
for single yarn, crossed unwoven and woven fabrics
based on conservation of momentum to predict impact
behavior of soft armours. Fiber behaviour is assumed
as linear elastic with maximum strain failure criterion.
Chocron-Benloulo et al. [1] proposed an analytical
model for ballistic impact in fabrics and composites.
The energy based failure criterion involving energy
lost by the projectile during impact and the energy
distributed in the fabric is used. A simple model for
calculating the energy absorption by the polymer
composites upon ballistic impact based on energy
balance is proposed by Morye et al. [4]. Gu [5]
proposed an analytical model to calculate the decrease
of kinetic energy and residual velocity of the projectile
penetrating multilayered planar plane woven fabrics
based on energy conservation law. The energy lost
by the projectile is equal to kinetic energy and strain
energy of the yarn and the failure criteria adopted is
maximum strain criteria.

Naik and Shrirao [6] carried out analytical
modeling of ballistic impact on laminated composites
based on energy conservation law. The energy
absorbed by different failure mechanisms involved in
the penetration of laminated composites such as cone
formation, deformation of secondary yarns, fracture
of primary yarns/fibers, delamination, matrix cracking,
shear plugging and friction between the projectile have
been considered. Babu et al. [7] proposed an
analytical model for finding ballistic limit of composites
based on energy absorption principle. An analytical
modelling for high velocity impact of spherical
projectile on thin CFRPs woven laminated plates is
done by Lopez-Puente et al. [8]. From the energy
balance, a partial differential equation having velocity
of the projectile as independent variable is obtained
and numerically integrated to calculate the ballistic
limit. Lopez-Puente et al. [9] further extended their
work for high velocity impact of cylindrical projectile
on Carbon/Epoxy laminates. He et al. [10] proposed
a model for ballistic penetration and perforation of
thick laminates by ogive-nosed projectiles based on
simplified equation of motion. Velmurugan et al. [11]
proposed an analytical model for ballistic perforation
of angle-ply and hybrid composite laminates based

on energy conservation law i.e. the total energy of
the projectile is equal to energy absorbed in perforation
and residual kinetic energy of the projectile, neglecting
energy lost in friction and heat generated due to
impact. Phoenix and Porwal [12] proposed a new
membrane model for ballistic impact of blunt-nosed
projectile on multi-ply fibrous systems. Smith et al.
[13] dealt with wave propagation in the yarns and
correlated stress, strains and wave velocities. Majority
of the proposed analytical models are either based on
energy balance principle or Newton’s second law to
describe the dynamics of impact phenomenon.

In the present paper, a comparative study based
on energy balance (Model-1 and Model-3) and
Newton’s second law (Model-2 and Model-4) is
carried out to compare the ballistic limit. A detailed
parametric study is carried out to investigate the
effects of projectile mass, diameter, tip cone angle,
impact velocity and thickness of laminate for Carbon/
Epoxy, Kevlar/Epoxy and GFRP laminate on energy
absorption.

2. Formulation

The brief description of analytical models studied in
the present work is given here.

2.1 Model-1 [6]

Model 1 is based on energy balance for analytical
modeling of ballistic impact on woven fabric
composites. The kinetic energy of the projectile is
absorbed by the target in various energy absorbing
and dissipating mechanisms such as cone formation
on back side of target, shear plugging, deformation of
secondary yarns, tensile failure of primary yarns,
frictional energy loss, delamination and matrix
cracking [6]. The impact process is divided into a
number of time intervals and the velocity/energy
absorbed by different mechanisms is calculated at
the end of each interval. The energy balance at the
end of i time interval is given as

E =F +E +E +E
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where f . is kinetic energy of the projectile at time
1

t, Egyc 1s kinetic energy of moving cone, Eg, is
energy absorbed in shear plugging, E,, is energy
absorbed in the deformation of secondary yarn, E
is energy absorbed in the tensile failure of primary
yarn, E,, is energy absorbed due to delamination, E, .
is energy absorbed in matrix cracking and E. is energy

absorbed by friction.

From Egq. (1), the velocity of the projectile at
the end of i interval is expressed as:

2
' mp+Mc, 2)

where m, is mass of the projectile and M _ is the mass
of the cone formed.

The deceleration of the projectile during the time
interval ‘i’, with time step At is

Vi -V,

dc; = ! (3)

! At

The distance travelled upto the i time interval
is

%= ngoAZn 4)
where
Az; =V, \At=0.5 dc, (A1) ®)

The force resisting the projectile motion is
F. = m,. dc; (6)

The expressions for energy absorbed through
various mechanisms appearing in Eq. (1) can be found
in Ref. [6].

2.2 Model-2 [14]

This model is based on Newton’s second law of
motion. When the projectile impacts the target, the
resistive pressure () offered by the target on the
surface of the projectile can be decomposed into two

parts: cohesive quasi-static resistive pressure (G,) and
dynamic resistive pressure () arising from velocity
effects. It is assumed that the dynamic resistive
pressure depends on the penetration velocity, and the
quasi static linear elastic limit is taken as the cohesive
quasi static pressure [14].

0,=0,+p\po, V, @)

where p is density of the laminate, V, is the velocity
normal to the surface of the projectile, 3 is a constant
which is determined experimentally and o, is elastic
limit of FRP laminate in through the thickness
compression.

For the conical nosed projectile with cone angle
0, the normal velocity is

V, =V, sin(0/2) (®)

Depending on the thickness of the target and
the velocity of the projectile, the impact leads to either
penetration or perforation of target. There are
different cases based on different combinations of
impact velocity and thickness of the target. For each
case, equations are obtained either for depth of
penetration or residual velocity. The whole impact
phenomenon is divided into number of small time
intervals and at the end of each time interval, the
velocity, penetration and deceleration is calculated.

2.3 Model-3 [9]

This model is developed based on the energy balance
principle. It is assumed that the kinetic energy of the
projectile is absorbed by three different energy
absorbing mechanisms viz: laminate breakage due to
crushing, linear momentum transferred from the
projectile to the detached part of laminate and tensile
fiber failure [9].

The differential energy balance equation is given
as:

~dEy,=dE_+ dE, + dE,, )

where E_ is energy absorbed by laminate breakage
due to crushing, E,_ is energy absorbed by linear
momentum transferred from the projectile to the
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detached part of the laminate and E, is energy
absorbed by tensile failure of fibers.

The loss in kinetic energy of the projectile is
given as:

dEKE(Z)=%XmP Xd(vz(z)) (10)

where m , is mass of the projectile and v(z) is velocity
of the projectile varying with the position.

When projectile hits the target, it will compress
the material under the contact area of the projectile.
The energy absorbed in compression of the material
through a distance dz is given as the product of the
through thickness compressive strength (G.(z)) which
varies through the thickness of the laminate, resisting
contact area which is equal to the cross-sectional area
of the projectile (A) and the differential distance d,
as:

dE_(z) = 6,(2)Adz (I1)

Due to crushing of the laminate, a differential
volume (Adz) of the laminate will be detached and
will be accelerated from the rest position to the velocity
of the projectile (¥(z)). The energy gained by this
differential volume is given as:

dE, (2) =%Adz,0 v (2) (12)

When the projectile hits the target, fibers in the
initial plies will break due to crushing and subsequently
due to tensile breakage. The zone containing fibers
failed due to tension will create a truncated-pyramidal
volume with angle o (= 65°) [9].

The differential energy absorbed by the tensile
failure of the fiber is given as:

dE,; (z) = X, €,dV (13)

where dV is differential volume affected at a
distance dz, X, is tensile strength in directions 1 and 2
(woven configuration) and € y is ultimate strain.

The resulting governing equation obtained by
substituting Egs. (10-13) in Eq. (9), is solved using
Fourth order Runge-Kutta method.

2.4 Model-4: [2, 15]

In this model, the analysis is carried out by dividing
the plate response in two parts: global and local
response. The global response is calculated using first
order shear deformation theory and the local response
is calculated analytically. Combined effect of local
and global response is used to get the impact behaviour
of the plate [2, 15].

2.4.1 Global Response : First order shear
deformation theory along with FEM is used to find
out the global response of the target using C° eight-
node quadrilateral serendipity finite element with five
degrees of freedom (u, v, w, 0., Gy) per node.

The in plane {€} and transverse {€ } shear
strains are given as:

& MO,x + Zex,x

XX
{g} =16y

Yy Uy +Vox t z(ﬁx,y +9y’x)

={&}+z{a}

{5 } _ }/XZ _ 9,’( + WO,X
s - 0, +wy., (15)
The governing equations obtained using
Lagrange’s equation of motion are given by:

[M}{&}+[K]{o}={F} (16)

where [M] is the mass matrix, [K] is the stiffness
matrix and [F] is force vector.

=Voy T20y

(14)

2.4.2 Local Response: The local response is
obtained from the depth of penetration of the projectile
into the laminate. The depth of penetration is calculated
by applying Newton’s 2nd law of motion to the
projectile. The governing equation of the projectile is
given as:

mpWP = Fp (17)

The force F , resisting the projectile motion is
calculated by dividing the whole impact phenomenon
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into three stages: indentation, perforation and exit.
Indentation phase terminates when the first fiber fails.
Perforation phase terminates when all the fibers below
the projectile fail. Exit phase terminates when the
whole length of the projectile comes out of the
laminate.

The resisting force for indentation is given by:

2.2
F,=pyA, = p,7w, tan” (18)
where p s mean resistive pressure, AP is projected
contact area, 3 is semi cone angle of the projectile

and w, is the depth of penetration.

The penetration stage starts when the first fiber
failure occurs. As the fibers fail, the resistance offered
by the laminate to the projectile motion decreases.
The effect of number of fibers failed is included in
the resistance force offered by the laminate to the
projectile motion using a damage factor (d, ), which
is a ratio of the number of fibers damaged to the total
number of fibers and is given as:

d = Na

" N,+N, (19)
where N, is number of damaged fibers and N is
number of undamaged fibers. The fiber will fail when
the strain exceeds the ultimate strain. When the
projectile is penetrating into the target, the distal side
undergoes bulging and on the impact side the fibers
will deform around the projectile tip. The local strain
due to bulging is calculated based on the geodesic on
the surface of the sphere in a portion of great circle
[2]. The resistance force during the penetration stage
is given as:

F=p,A,(-d,)=p,(1-d,)zw; tan® § (20)

The exit stage starts when all the fibers under
the projectile are broken. In this stage the force
resisting the projectile motion is frictional force F,
between the laminate and the projectile. This stage
terminates when the shank of the projectile completely
separates from the target or when the projectile
velocity becomes zero. Eqgs (16) and (17) are solved

simultaneously using Newmark’s direct integration
technique.

3. Results and Discussion

In this section, few typical results, obtained using the
models described above, are presented.

3.1 Model-1

The impact behaviour of woven fabric E-Glass/Epoxy
composite (6 layered, p =1750 kg/m?) impacted by a
cylindrical projectile is analysed. The parameters used
in the analyses are given as [6]: time step = 1 x 107°
sec; quasi-lemniscates area reduction factor = 0.9;
stress wave transmission factor = 0.825; mode II
dynamic critical strain energy release rate = 1000J/
m?; fiber failure energy = 28MJ/m? and matrix
cracking energy = 0.9MJ/m?.

A parametric study is carried out to investigate
the effects of projectile mass, projectile diameter (d),
target thickness and impact velocity on energy
absorption by woven fabric E-glass/epoxy laminate
and the results are given in Table 1. It can be observed
from Table 1 that percentage energy absorbed

Table 1: Energy absorbed during impact of cylindrical
projectile on woven fabric E-Glass/Epoxy composites based
on Model 1

Projec- Projec- Impact Target Initial Energy Percen-

tile tile velocity thick- kinetic absor-  tage
mass  diameter (m/sec) ness energy  bed (%)
(€] (mm) (mm) @) () energy
absorbed
2 35.39 35.275 99.67
159 5 35.39 3539 100
5.0 7 35.39 3539 100
2.8 9 35.39 35.39 100
163 2 37.19 3639 97.85
167 2 39.04 36.80 94.26
4.5 159 2 3539 3445 97.34

4.0 159 2 3539 33776 95.39
32 5 159 2 4045 37.76 93.35

3.6 5 159 2 4551 40.24 88.42
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Fig. 1: Ballistic limit predicted using Model-2 for different laminate thicknesses of (a) GFRP (E Glass/Polyester) laminate
impacted by conical projectile (d = 10.5 mm, m,= 18.7 g, 8 = 90 (b) KFRP (Kevlar29/Polyester) laminate impacted by

conical projectile (d = 12.7 mm, m, = 28.9 g, 6 = 609

decreases nonlinearly with increase in mass of the
projectile and almost linearly with the increase in
impact velocity. The energy absorbed by the target
decreases with the decrease in the projectile diameter.
Further, the ballistic limit for 5 mm diameter projectile
with 2.8 g mass striking 2 mm thick target is found to
be 154 m/s which is in quite good agreement with the
value of 159 m/s obtained by Naik and Shrirao [6].

3.2 Model-2

The impact behaviour of different composite laminates
made up of GFRP: S2-Glass/Phenolic (p = 2200 kg/
m?, 6, = 755 MPa), GFRP: E-Glass/Polyester (p =
1650 kg/m?, o, = 225 MPa) and KFRP: Kevlar 29/
Polyester (p = 1230 kg/m?, ¢, = 145 MPa) impacted
by conical nosed projectile is studied using Model-2.

Table 2: Energy absorbed by GFRP (S2-Glass/Phenolic) laminate struck by conical nosed projectile based on Model 2

Impact Projectile Cone  Thickness Projectile mass Initial kinetic ~ Energy absorbed Percentage
velocity (m/sec) diameter (mm) angle (mm) (€3] energy (J) @)) energy absorbed
6 67.5 27.83 41.23
12 135 101.25 75
3.125 12.5 140.63 115.82 82.36
90° 18.7 210.38 191.44 91
10.5 6.35 12.5 140.63 123.76 88
150 9.65 125 140.63 139.54 99.22
60° 3.125 12.5 140.63 107.28 76.28
450 3.125 12.5 140.63 103.64 73.7
9.525 90° 3.125 12.5 140.63 100.63 71.56
12.7 90° 3.125 12.5 140.63 128.53 91.4
200 10.5 90° 3.125 125 250 195.94 78.38
250 10.5 90° 3.125 12.5 390.63 296.07 75.79
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Fig. 2: Variation of residual velocity based on Model-3 for
Carbon/Epoxy laminate impacted by cylindrical
projectile (d= 5.5 mm, m,= 1.1 g,/ =6 mm)

The results for energy absorption are given in Table 2
for GFRP (S2-Glass/Phenolic). It can be observed
from Table 2 that the percentage energy absorbed
increases with the increase in mass, diameter, cone
angle of the projectile and target thickness. However
the percentage energy absorbed decreases with
increase in projectile velocity. The variation of ballistic
limit with target thickness for GFRP (E-Glass/
Polyester) and KFRP (Kevlar 29/Polyester) laminate
impacted by cylindro-conical projectile is shown in
Fig. 1. It can be seen from the figure that the ballistic
limit of the target initially increases linearly with
thickness followed by nonlinear variation.

Fig. 3: Variation of projectile velocity based on Model-4 for
Kevlar/Epoxy laminate impacted by cylindro-conical
projectile (d = 12.7 mm, m, = 289 g,/ = 38.1 mm, 6 =
60°)

3.3 Model-3

Impact behaviour of the Carbon/Epoxy woven
laminate [8] (E; =9 GPa, p = 1430 Kg/m?, X, = 860
MPa, € = 0.02, h = 2.2 mm) struck by cylindrical
projectile (length ‘I’ = 6.0 mm) has been investigated
using Model 3. The effects of projectile mass,
projectile diameter and impact velocity of the projectile
on energy absorption by Carbon/Epoxy laminate
struck by a cylindrical projectile is depicted in Table
3. It can be seen from Table 3 that with the increase
in mass and diameter of the projectile, the percentage
energy absorbed decreases. Further, if impact velocity
of projectile increases, the percentage energy

Fig. 4: Variation of resistive force and depth of penetration based on Model-4 for Kevlar/Epoxy laminate impacted by cylindro-
conical projectile (d = 12.7 mm, m, = 28.9 g, I =38.1 mm, 8 = 60°) at ballistic limit
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Table 3: Energy absorbed by carbon/epoxy laminate
impacted by cylindrical projectile based on Model 3

Projectile Projectile Impact Initial Energy Percentage
mass  diameter velocity kinetic absorbed (%)

(€3] (mm) (m/sec) energy (€)) energy
) absorbed

250 3438  11.49 3342

55 350 67.38  14.52 21.55

1.1 400 88 14.62 16.61
6 300 49.5 41.58 84
8 300 49.5 29.65 59.9

10 300 49.5 18.87 38.12

1 55 300 45 16.24 36.09

4 55 300 180 23.28 12.93
50 5.5 300 2250 74.37 33

Table 4: Energy absorbed by Kevlar/Epoxy laminate
impacted by cylindro-conical projectile using Model 4

Cone Impact Thickness Initial Energy Percentage
angle velocity  (mm)  kinetic absorbed (%)
(m/sec) energy J) energy
[€)) absorbed

6.35 578 149 25.78

200 9.525 578 196 3391

60° 12.7 578 261 45.15
106.8 6.35 164.82 164.82 100

116 6.35 194.44 192.18 98.84

225 635 73153 15353 20.99

1200 225 635 73153 273.69 3741

absorbed decreases. The variation of residual velocity
with impact velocity is plotted in Fig. 2. It can be
seen from the figure that at an impact velocity of 142
m/sec, the projectile has just perforated the target
and comes out with almost zero residual velocity
indicating ballistic limit for the case about 142 m/sec.

3.4 Model-4

The impact behaviour of clamped-clamped Kevlar/

Table 5: Comparison of Ballistic limit predicted by Models
2 and 4 for Kevlar/Epoxy laminate impacted by cylindro-
conical projectile

Projectile Projectile Cone Thick- Ballistic limit (m/sec)
mass (g) diameter angle ness

(mm) (mm) Model-2 Model-4

4 93.87  89.96
75° 7 132.15 128.32
8 10 165.74  160.68

10 105° 4 101.2 98.2
135° 4 106.81 103.33
10 75° 4 123.16 119.94
12 75° 4 15491 151.06

30 8 75° 4 49.76 45091
50 8 75° 4 3751  33.96

Table 6: Comparison of Ballistic limit predicted by Models
1 and 3 for Carbon/Epoxy laminate impacted by cylindrical
projectile

Projectile Projectile Thickness Ballistic limit (m/sec)

mass (g) diameter (mm)
(mm) Model-1 Model-3

4 3 86 91
4 158 165

2 5 174 181
6 3 119 127
8 3 156 163

3 4 3 71 78

4 4 3 56 64

Epoxy 10-layered (0°/90%)5 laminated 100 mm x 100
mm square plate (E, =76 GPa, E,.= 5.6 GPa, G, =
G,,=28GPa, V,, =V, =025, p = 1230 Kg/m?,
P, =261 MPa, FlL= 1068 N) impacted by cylindro-
conical rigid projectiles (mp =289g, d=12.7 mm,
[ =38.1 mm) is studied using Model-4. The energy
absorbed by the laminate is given in Table 4. It can be
seen from this table that with the increase in the target
thickness and cone angle of the projectile, the energy
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absorbed by the laminate increases. The variation of
projectile velocity with time as it penetrates through
the target is shown in Fig. 3 for different impact
velocities. The ballistic limit of the target is found to
be around 106.8 m/sec. The variations of resistive
force and depth of penetration with time are shown
in Fig. 4. It can be observed from Fig. 4(a) that the
resistive force initially increases linearly up to some
time and after that there is slight drop in force which
indicates the termination of the indentation process
and starting of the perforation process. After this,
the force again starts increasing until all fibers fail.
The sudden drop in resisting force indicates the
termination of perforation stage and starting of exit
phase. In the exit phase, the only force resisting the
projectile motion is frictional resistance. It can also
be inferred from Fig. 4(b) that the depth of penetration
increases nonlinearly with time.

3.5 Comparison of Models

Models 2 and 4 are used to predict the impact
behaviour of Kevlar/Epoxy laminates impacted by
cylindro-conical projectile. The ballistic limit predicted
by both the models for different mass, cone angle
and diameter of projectile is presented in Table 5. It
can be inferred from Table 5 that the two models are
predicting ballistic limit quite close with the maximum
percentage difference of about 10.
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