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                     Abstract 
 Using generalized BCS gap equation as the starting point, an expression for Isotope coeffi  cient, α, is derived for a Heavy 

fermion superconductor, considering electron–phonon, electron–magnon and electron–electron interactions present in the 

system. Explicit calculations are performed for  CeCu 2 Si 2 , a Heavy fermion superconductor, using realistic parameters 

peculiar to the system. 

   Keywords     Heavy fermion superconductor    ·  Isotope coeffi  cient    ·  Electron–phonon interaction    ·  Electron–magnon 

interaction    ·  Electron–electron interaction  

      Introduction 

 Certain rare-earth intermetallic compounds like  CeCu 6 , 

 CeAl 3 ,  CeCu 2 Si 2 ,  UPt 3 ,  UBe 13  etc. show peculiar proper-

ties at low temperatures, namely, electron specifi c heat and 

superconductivity. The experimental specifi c heat measure-

ments at temperatures T ̴ 1 K show that electron elementary 

excitations are massive, i.e. heavy electrons; the eff ective 

mass,  m * , of these electrons could be as high as few orders 

of magnitude times  m e ,  m e  being the mass of an ordinary 

electron. Hence these systems are called Heavy Fermion 

System (HFS). For instance,  m *    220m e  in  CeCu 2 Si 2  

(Rauchschwalbe et al.  1982 ; Aliev et al.  1984 ). 

 A HFS not only exhibits Kondo eff ect with Kondo temper-

ature  T K  around few tens of degree Kelvin,  [T K  = (20 ± 10))K 

for  CeCu 2 Si 2  (Franz et al.  1978 )], but also, in a few of these 

HFS, namely,  CeCu 2 Si 2 ,  UBe 13 ,  UPt 3 ,  URu 2   Si 2 ,  UPd 2   Al 3  

and  UNi 2   Al 3 , the heavy electrons attractively interact via 

other elementary excitations present in the system and show 

a superconducting transition at temperature  T c . 

 CeCu 2 Si 2  crystal is a tetragonal body-centered  ThCr 2 Si 2  

structure (Jarlborg et al.  1983 ). It is the fi rst discovered HF 

superconductor with  T c  = 0.6 K (Steglich et al.  1979 ; Aliev 

et al.  1983 ; Brandt and Moshchalkov  1984 ). The Cooper 

pair and the resultant bulk superconductivity is caused by 

the heavy fermions (Wu et al.  2021 ). It is antiferromagnetic 

upto its Neel temperature,  T N  = 0.7 K (Uemura et al.  1989 ) 

shown by elastic thermal neutron scattering experiments. 

Hence there is a presence of elementary excitation, mag-

netic in nature, namely antiferromagnetic magnons, when 

the superconductivity is on. But, the theoretical and experi-

mental results haven’t been able to explain superconductivity 

in  CeCu 2 Si 2  only due to heavy electron—antiferromagnetic 

magnons (Stockert et al.  2011 ; Steglich  2012 ). 

 In  CeCu 2 Si 2 , the phenomenon of Kondo volume collapse 

is also present, wherein, the volume associated with Kondo 

ion can change as much as by 15% due to electronic changes 

in Ce (Allen and Martin  1982 ; Lavagna et al.  1982 ; Allen 

and Liu  1992 ). This may give rise to heavy electron–pho-

non coupling which results in the formation of Cooper pairs 

and then fi nally to bulk superconductivity (Razafi mandimby 

et al.  1984 ; Kapoor and Tewari  2016 ). The electron–phonon 

interaction extends till   kB𝜃D    ,   𝜃D    being Debye temperature, 

  𝜃D    = 210 K for  CeCu 2 Si 2  (Razafi mandimby et al.  1984 ). But 

since pair-breaking takes place beyond  T K , hence essentially 

it can be considered only upto  T K . 

 The value of superconducting transition temperature 

 T c  = 0.6 K for  CeCu 2 Si 2  has been explained by self-energy 

calculation of heavy electrons, using realistic phonon dis-

persion relation (Tewari and Kapoor  1998 ). It turned out 

that the value of μ * , the Coulomb pseudo-potential, which 

essentially represents residual electron–electron interaction, 

is large. 

 Isotope Eff ect (IE) plays an important role to decipher 

attractive interaction hetween charge carriers which results 
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in superconductivity. The studies of Frohlich (Frohlich 

 1950 ) and the experiments of IE of  T c  in Mercury (Max-

well  1950 ; Reynolds et al.  1951 ; Olsen  1963 ; Matthias et al. 

 1962 ; Hein and Gibson  1963 ; Buchanan and Yearian  1965 ) 

pointed towards the phonon contribution in superconductiv-

ity. Since then, IE determines the presence of other interac-

tions in the system, though doesn’t allow a priori conclusion 

about pairing mechanism. 

 Hence, it is worthwhile to derive an expression for 

Isotope eff ect for a Heavy Fermion superconductor, best 

described in terms of Isotope Coeffi  cient (IC), α, defi ned by 

 T c  ̴  M −α , where M is the ionic mass. Then, explicit calcula-

tions have been performed for  CeCu 2 Si 2 , a Heavy Fermion 

Superconductor, using realistic physical parameters specify-

ing various interactions. 

    Mathematical formalism 

 Generalized BCS gap equation is chosen as the starting point 

(Tewari and Kapoor  1999 ). This approach has been able to 

explain relative contributions of various processes contribut-

ing to superconductivity of diff erent kinds of superconductors. 

 The generalized BCS integral equation for energy gap 

parameter,   Δ(𝜉)    is given as:

     

where,

       

   kB    being Boltzmann constant. 

 The other symbols have their usual meanings. The inte-

gral extends from zero to Fermi energy,   𝜉F   . 

 Since, attractive electron–magnon interaction extends 

till   kBTN    ,   TN    being Neel temperature, the attractive elec-

tron–phonon interaction is limited till   kB𝜃D    ,   𝜃D    being Debye 

temperature and repulsive electron–electron interaction 

extends till   𝜉F    , Fermi energy, hence,

      

 Using expression ( 2 ) in (1), one gets for   Δ1   :
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where,   N(𝜉
′

)    is the electron density of states at Fermi 

surface. 

 Let   𝜉F = 0   

       

 Hence

      

      

     

where   𝜆
′

mag
    is the renormalized electron–magnon couping 

constant, μ is the Coulomb coupling constant and   𝜆∗
phon

    is the 

renormalized electron–phonon coupling constant. 

 Using (4) in (3)

     

where

     

     

      

 Similarly,

     

and

      

 Equations  ( 5 ), ( 7 ) and ( 8 ) being three homogeneous 

simultaneous equations, for non-trivial solution, determinant 

of the matrix formed must vanish and solving the determi-

nant, one gets:
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where,

      

 From Eqs. ( 6a ), ( 9 ) and ( 10 ), one gets the expression for 

 T c :

      

 Now, the expression for Isotope Coeffi  cient,   ∝    is:

      

 Using ( 6b ), ( 6c ), ( 10 ) and ( 11 ) in Eq. ( 12 ), one gets:

      

    Results and discussion 

 The expression for   𝛼    is given by Eq. ( 13 ) when all three 

interactions, namely, attractive electron–magnon, attractive 

electron–phonon and repulsive electron–electron interac-

tions contribute to superconductivity in HFS. Here, we con-

sider the electron–phonon interaction extending till  k B T K , 

beyond which the pair breaking takes place. 

 In the case of  CeCu 2 Si 2 , the Neel temperature  T N  = 0.8 K 

(Wu et al.  2021 ), Kondo temperature  T K  = (20 ± 10) K (Franz 

et al.  1978 ) and Fermi energy   𝜉F    = 0.048 eV (Rauchschwalbe 

et al.  1982 ; Aliev et al.  1984 ). 

 The mass enhancement factor due to electron–phonon 

interaction λ phon  is taken from self-energy calculations 

(Kapoor and Tewari  2016 ), using realistic dispersion relation 

for heavy fermion and considering diff erent forms of elec-

tron screening. The value of λ phon  = 1.2 is used here when the 

screening is given by Random Phase Approximation (RPA), 

which describes electrons elementary excitations rather well, 

because of the high number density of heavy electrons in 

HFS. 

 The mass-enhancement factor due to electron–magnon 

interaction, λ mag , has been calculated from perturbation 

series of magnetic susceptibility in terms of   
U

πΔ
    , where U 

stands for Coulomb repulsion between f-f electrons and 
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  Δ
(
= πV2𝜌

)
    (Yamada  1975 ) is the width parameter of virtual 

state,  V  is the hybridisation parameter between conduction 

and f electrons and   𝜌    is the density of states of conduction 

band at   𝜉F.    For HFS,   
U

V2𝜌
∼ 10 − 100    and hence   

U

πΔ
∼ 1 ∼ 10    

(Miyake  1985 ).

      

      

      

and so on. 

 The value of μ *  ~ 0.16 (Tewari and Kapoor  1998 ), where, 

  𝜇∗ =

[
𝜇

1+𝜇ln
(

𝜉F

kB𝜃D

)
]
    yields the experimentally observed value 

of superconducting transition temperature,  T c , in  CeCu 2 Si 2  

for all the three realistic values of   𝜆mag    and for   𝜆phon    = 1.2. 

 It is worthwhile to study the variation of the value of α 

with various interactions present in the system. 

 Taking the value of   𝜆phon    = 1.2 in expression ( 13 ), α is 

evaluated for all three realistic values of   𝜆
′

mag
    , for three val-

ues of   𝜇∗    , namely,   𝜇∗ = 0    ,   𝜇∗ = 0.1    and   𝜇∗ = 0.16    . As is 

evident from the Fig.  1 , for   𝜆
′

mag
= 0    and   𝜇∗ = 0    , one gets 

α = 0.5, as is expected, as in this case, only electron–phonon 

interaction is present, electron–magnon and electron–elec-

tron interactions being zero. 

 In the absence of repulsive electron–electron interac-

tion (   𝜇∗ = 0)    , keeping electron–phonon interaction fi xed 

(   𝜆phon    = 1.2), when the attractive electron–magnon interac-

tion is increased by increasing   𝜆
′

mag
    , the value of α increases 

For
U

𝜋Δ
= 1, 𝜆mag = 0.86

For,
U

𝜋Δ
= 2, 𝜆mag = 2.21

For,
U

𝜋Δ
= 3, 𝜆mag = 9.65

  Fig. 1       Variation of Isotope coeffi  cient, α, with the renormalized elec-

tron-magnon coupling constant, λ′ mag , for various values of Coloumb 

pseudo-potential, μ*  



63Proceedings of the Indian National Science Academy (2022) 88:60–63 

1 3

from 1.08 to 1.82 corresponding to   𝜆
′

mag
= 0.462    and 0.688 

respectively, even exceeding the standard BCS value.         

 When the repulsive electron–electron interaction, repre-

sented by   𝜇∗    , is turned on, with no electron–magnon inter-

action, the value of α decreases from 0.5 to 0.38 to 0.28 

as   𝜇∗    is increased from 0.1 to 0.16, as is expected, since, 

electron–electron interaction is repulsive. 

 When all three interactions, namely, repulsive elec-

tron–electron interaction, attractive electron–phonon interac-

tion and attractive electron–magnon interaction are present, 

the value of α depends on their interplay, as is shown in the 

Fig.  1 . The value of α sharply changes with the change in the 

interaction parameters present in the system. 

 When   𝜇∗ = 0.16    and for   𝜆phon    = 1.2, one gets the experi-

mentally observed values of  T c  for all the three realistic val-

ues of   𝜆
′

mag
   . 

 Hence, it is concluded that the superconductivity in 

 CeCu 2 Si 2 , a HF superconductor, is a result of all three inter-

actions, namely, electron–electron, electron–phonon and 

electron–magnon interactions, present in the system. 
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