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Abstract

The implications of interpolation inequality for Hilbert scales for obtaining estimates for the worst case error for ill-posed
problems are well known. In this paper, we prove interpolation inequalities for the modified Sobolev scales, the general
form of which was introduced by Sharafutdinov (Inverse Problems 33:025002, 2017), and make use of them along with
the recently obtained modified Reshetnyak formulas for Radon transform to obtain error estimates for the worst case error
associated with the Radon transform and appropriate source sets.
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Introduction

One of the mathematical issues that one faces in the
domain of computerized tomography is that of inversion
of the Radon transform R, which maps f € L*>(R") into
L*(S"™! x R) defined using the formula

(R)E.p) = / f@du),  (&p) €S XR,

(x.&)=p

where $"~! is the unit sphere in R” and du(-) corresponds
to the measure on the hyperplane {x € R" : (x,&) = p} (cf.
Natterer 1986). Radon transform is known to be a smooth-
ing operator and hence the problem of inversion is ill-
posed in the sense that it does not have continuous inverse
even from its range, as the range is not a closed subspace
of L*(S""! x R). Thus, small error in the evaluation of Rf
can induce large deviation in the function f, and hence, for
obtaining stable approximations for f, it is necessary to use
regularization algorithms. The quality of such regularization
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algorithms are measured in terms of the so called worst case
error (cf. Nair 2009, Section 4.5. Also see Engl et al. (1996))

e(M, ) 1= SUP{”f”LZ(Rn) (fEM, ||Rf”L2(§"-1><R) <4},

(1.1)
associated with certain source sets M C L*(R"). It is known
that (cf. Micchelli and Rivlin 1977; Nair 1997, 2009) for
appropriate source sets M, the quantity

E(M.8) :=infsup{|lf - Ag"ll : f € M, IIRf - &"ll < 6)

is of the same order as e(M, 5)) as & — 0, where A varies over
all regularization algorithms A : L>(S"! x R) — L*(R")
(cf. Engl et al. 1996; Nair 2009). Thus, it is important to
have the source set M in such a way that e(M, ) — 0 as
6 — 0 and also to know some estimates for e(M, 6).

Natterer’s result based on the fact (cf. Natterer 1984,
1986; Nair 1997; Hegland 1995; Nair 2009)

IRFI = Ifll_, Vf € LXRM,

a .= s

and the interpolation inequalities on Sobolev scales imply
that if
M, = {f € H'R") 2 fllwen < 0} (1.2)

for some constant p > 0 and b > 0, then
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oM, ,,8) < pisi 577, (1.3)

In the above, for s € R, H*(R") is the standard Sobolev space
of order s, that is, the completion of the S(R"), the Schwarz
class of functions on R”, with respect to the inner product

(f.8),= [ A+ 1EPF©e@)de, f.g € SR,
Rn

and the associated norm || - ||, satisfies

Wrl; = L EPYF©Pde,  fe SR, (1.4)

where f denotes the Fourier transform of f defined by

1
Qr)y/?

f&= / f@e™™dx, EeR”

R
We may note that for s < 0, H*(R") is linearly isomorphic
with (H™*(R"))’, the dual of H™5(R").

One may ask whether an estimate of the form (1.3) is
valid for source sets arising out of weaker assumptions on
the norms of functions. In this regard, we attempt to make
some contributions by making use of the modified Sobolev
spaces (cf. Sharafutdinov 2017)

HR" fort > —n/2, H(S"'xR)fort>—1/2.

We shall prove embedding theorems and interpolation ine-
qualities for these Sobolev spaces and obtain estimates for
worst case error associated with certain source sets, which
result in extension of the already known results for Sobolev
scales.

The paper is organized as follows: In the Sect. 2, we recall
some of the basic definitions and prove embedding results
for modified Sobolev spaces, and in Sect. 3 we prove inter-
polation inequalities involving modified Sobolev spaces,
which include the inequalities involving homogeneous
Sobolev spaces as well as standard Sobolev spaces. Sec-
tion 4 makes use of the interpolation inequalities in the pre-
vious section to derive estimates for the worst case error
associated with Radon transform with respect to certain
source sets. The concluding remarks are presented in the
final section, Sect. 5.

Modified Sobolev spaces and their
embeddings

In this section we first define the modified Sobolev spaces on
R” and $"~! x R as it has been done in Sharafutdinov (2017),
and prove their embedding properties, which are useful in
deriving results in the next sections.

Analogous to S(R"), let us denote by S(S*! x R),
the Schwartz class of functions on S$" ! xR. For
@ € S(S"! x R), the one-dimensional Fourier transform
@(w, -) of @, considering w € S$"! as a parameter, is defined
by

~ _ 1 —i n—1
P(w,q) = W/R(p(co,p)e Pdp, (,9) €S" xR.

The modified Sobolev space H;(R") on R", for reals s and
t with t > —n/2, is defined in Sharafutdinov (2017) as the
completion of S(R") with respect to the inner product

& m@n = / E7(1+ [EP)F(©)2©)dE,  f.g € SR,
RII
so that the corresponding norm || - | satisfies

iy = [ 160+ IGPY @S, f € SR
Rn
2.1
We may observe that the Sobolev spaces H*(R") (cf.
Renardy and Rogers 2004, Section 7.2) and the homogene-
ous Sobolev spaces H*(R") (cf. Bahouri 2011, Section 1.3)

are the special cases of H}(R") obtained by taking 7 = 0 and
t =s > —n/2, respectively. That is,

H'R" = HR"), H®R") = HR").

It is known that for k € N, H*(R") and H*(R") are linearly
isometric with

fe’®R") : 0°f € L’R"), |a| <k},
{f € LA(R") : 0°f € L*(R"), |a| =k},
respectively, where the derivative 0%f is in the sense of
distributions.
The modified Sobolev space on S™' x R, denoted by

HIS(S”‘1 X R) for s, € R with r > —1/2, is defined as the
completion of S(S"! x R) with respect to the inner product

(o, W)H;’(S"*‘x[R)
1

2t 2\s—t 2. ~
= (I+qg°) (0, ¥ (w, g)dgdw,
227y /S_] /R gl q ¢lw, q)y(w, q)dq

where dw denotes the surface measure on S$"*~!. Thus, the
norm || - || yssr-1xr) induced by the above inner product
satisfies

2
”(p”Hf(S”‘lle)

—1 2t 2\s—1] 2 2

= 1+ ,q)|*dgdo(w),

22y /S /qu' 1+ (@, ) dgdo(@)
(2.2)

for all p € S(S™! x R).
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Henceforth, while referring to the modified Sobolev
spaces HY(R") and Hf(S"‘1 X R), we assume that
(s;1) € RXR with t > —n/2 for the space H;(R") and
t > —1/2 for the space Hf(S"‘1 X R). We say such values
of t € R as admissible.

We now prove the embedding properties of the spaces
HY(R") and Hj(S”‘l X R).

Theorem 2.1 Let H? denote either HY(R™) or H?(S"! x R).
Then the following results hold.

(1) Ifs, < s,,then for each admissiblet € R, Hfz C Hf‘ and
fllys < Wl for all f € H.

(2) Ift,and t, are admissible and t| < t,, then for each
seER, Hfl C Hfz andl[flle < |[f||H; forall f € Hfl.

Proof We consider only the case H; = H}(R"); the case of
of Hf = H¥(S"~! X R) follows similarly.

(1) Let 5; < s, and t € R admissible. Then we have
[E12(1 + |12~ < |E17(1 + |€]?)%27". Hence, we obtain the
embedding Hfz C Hf "and the inequality ||f|| ;1 < |If|| 4 for
all f € H>. ' ‘

(2) Let s € R and admissible ¢, f, such that#; < ,. Then
we have

2 1 2 f
<1f:§|2) S<1f:¢|2)'

Hence, |€]%2(1 + |E|2)~2 < |E|21(1 + |€]?)*", and we obtain
the embedding Htsl C Hfz and the inequality ||[f ||z < IWf Il g
1 1

forall f e Hfl. O

Remark 2.2 From Theorem 2.1 we can infer that {H : s € R}
for each admissible 7 and {H*, : t € R admissble } for each
real s are Hilbert scales (cf. Engl et al. 1996; Nair 2016).
We can also infer that the homogeneous Sobolev spaces
H = H for admissible s € R do not have embedding prop-
erties and hence {Hl’ : t € R admissible } does not form a

Hilbert scale (cf. Krein and Petunin 1966).

Interpolation inequalities for modified
Sobolev spaces

In this section we extend the interpolation inequalities avail-
able for the Sobolev spaces H°(R"), s € R and the homoge-
neous Sobolev spaces H*(R"), s > —n/2 to the case of modi-
fied Sobolev spaces H}(R") and H; (S"! x R) for admissible
t € R. In the next section we shall make use of the modified
interpolation inequality to derive estimates for the worst
case error associated with the Radon transform and certain
source sets.

@ Springer

Theorem 3.1 (Modified interpolation inequality) Let
(51511), (85, 15), (5, 1) € R? be such that t,t,,t, are addmissi-
ble and (s,t) = (1 — A)(sy, 1) + A(sy, 1) for some 0 < A < 1.
Then

1-2 A
Wil < 1AL
i 2

t

3.1

where Hg denotes either Hg([R") or H,f(S"‘1 X R) as in
Theorem 2.1.

Proof Clearly, the inequality (3.1) holds if either A = 0 or
A = 1. Hence, we assume that 0 < 4 < 1. We consider the
case H? = H?(R™). The other case will follow similarly.

Now, using the relation (s, 1) = (1 — A)(sy,#) + A(s5, %)
with 0 < 4 < 1and the Holder’s inequality, we obtain

11, = [ 1P+ 1Py e s
A 1-4
= [ Jiea+ igprior]
R )
x 1Pt + ey P e

1-4
< ( [E12 (1 + [E[HHh lf(§)|2d§>
er

A
X < [E22(1 + |E[H)=" lf(é)l2d§>
Rn
= 71 W1

Thus we get the required inequality. O

Corollary 3.2 With the notation Hg as in Theorem 2.1 and
Theorem 3.1, we have the following:

(1) Lets,,s,s, € Rbesuchthats, <s < s,. Then for every
admissible t € R,

5=

1-4 A :
Wil < WFIANAIE,  with 2=

3= 81
(2) Lett,,t,t, € R be admissible such thatt; <t < t,. Then
foreverys € R,

1—1
nh—t

1- .
n 2

(3) Let (s1,t)),(55,1,),(s,1) € R? be such that t, 1,1, are
admissible, s| < s < syandt; <t <t,. Then

1-A)(1- 1-2 A(1— 2
1l < I 1S I I
n ) n )

5—$; -t

where A = .
h=1

and u =

S8
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Proof The results in (1) and (2) directly follow from Theo-
rem 3.1. We will prove (3) now. In view of (1) and (2) we
get that

1-2 A

Il < WL 1
1-A)(1- 1-4 A(1— A
<1l S e 4 gl 1 e
n

Thus, the proof is complete. O

Remark 3.3 1t is to be observed that the interpolation ine-
quality in Theorem 3.1 generalizes the corresponding ine-
qualities known for Sobolev spaces, namely,

1-2 A
WAl s < WAt I N ez

and for the homogeneous Sobolev spaces, namely,

1-4 A
1, < W A1

Worst case error estimate associated
with Radon transform

As we have mentioned in last section, now we make use
of the modified interpolation inequality in Theorem 3.1 to
derive estimates for the worst case error associated with
the Radon transform and certain source sets, which include
results in the setting of homogeneous Sobolev spaces as well
as standard Sobolev spaces.

We may recall (cf. Natterer 1986) that the Radon trans-
form R : L*>(R") — L*(S""! x R)is a smoothing operator in
the sense that for any fe€H([R"), we have
Rf € H:((: 11)) //22 (S"! x R) and we have the isometry relation,
known as the Reshetnyak formula (cf. Sharafutdinov 2017),

“f”Hf([R") = ”Rf”}[;:((::ll))//;(gn—lxR) 4.1
for any s,t € R with # > —n/2. In particular, for the choice
t=s=—a=(l—-n)/2we get that

|lf||H;g(Rn) = IRf Il 2(sm-1xw)- 4.2)

Here we note that t=-a is admissible as
—a = (1 -n)/2 > —n/2. Using the interpolation inequality
B.1)withs=¢r=0,5, =1, = —a,ands, =t, =bforb >0
and (4.2), we obtain
ey < I g o

(4.3)
= IR 1 IV ;,;“(R,,

Here also we note that t = 0, —a, b are clearly admissible.
Recall that (see Nair Nair (2009), Section 4.5) for a set
M c L*(R"), the worst case error in the problem of recov-
ering f € M with ||Rf|| < 6 is defined by

eM, ) = SUp{”f”LZ(Rn) (fEM, ”Rf”]}(snflxR) <é}.

An estimate for the worst case error can be used to assert the
quality of a regularization method for the ill-posed equation

Rf =g

for given g in the range of R. In fact, if g° € L*(S"™' x R)is
a noisy data in place of the actulal data g such that

5
llg® — g”Lz(S"-lle) <6

for some known noise level 6>0 and
R, : L*(S" ' xR) —» L>(R") for @ > 0 is a family of regu-
larization algorithms to recover f from g°, then (cf. Engl
et al. 1996; Nair 2009) the method {R,} is said to be of
order optimal with respect to a source set M C L*(R") if for

an appropriately chosen a (depending on 6 and M), we have
IRe8” = Fllizny < ce(M, 8)

for some constant ¢ > 0, independent of M. Now, we derive
estimates for the worst case error associated with the source
set in the setting of homogeneous Sobolev spaces Hll;.

Theorem 4.1 (Worst case error estimate-I) For
b>0,p>0,let

M,, = {(f € H)R") - |Ifllypn < o).
Then we have

b a
e(M,,.5) < 55 pi

Proof In view of (4.3) for f € M ,» We get that

Wl < IRFIZE, 7
which implies

L e
Nl 2y < Savb pars

whenever ||Rf || j2(si-1xg) < 6. Now, using the definition of
e(M,;,6) (see (1.1)), we get required estimates. O

Remark 4.2 We may observe that the estimate in the above
theorem is same as the estimate (1.3) known for the source
set M, 1ntr0duced in (1.2). Clearly, the condition for the
norm 1nvolved for M ,.» 18 weaker than for M,

Next, for 7 > 0, we consider a modified worst case error

@ Springer
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e.(M,8) = sup{|lfll2wny : f €M, ||Rf||HQ(§n—1xR) <4}
“4.4)

Recall that the worst case error considered earlier was
defined using L2-norm of Rf whereas the above modified
one is defined using a possibly weaker norm of Rf. In fact,
for = = 0, the modified one is nothing but the earlier one.
Now we may ask a question: Do we still get the same esti-
mate for the modified worst case error? The following theo-
rem answers this question affirmatively for 0 < 7 < a with
a:=mn-1)/2

Theorem 4.3 (Worst case error estimate-II) For
b>0,0<t<aandp>0,let

M,,.=1{f¢€ HS(RH) D@y < 2}
where a = (a — T)s. Then we have

b a
e.(M,},6) < Garb pash.

Proof We first recall from (4.1) that for any f € H;(R") with
t> —n/2, we have Rf € H;‘:;(S”‘l X R) and we have the
isometry relation

2z ey = IRF Nl s o1y

t+a

where a = (%).Taking s = —aandt = 7 — ain the above

isometry relation, we obtain
W llzr-e ey = Rl sogs-1ci)-

Here we note that for ¢ > 0, t = 7 — a is admissible for the
space H;(R") as

n—1>_T+l_§
2 )7 2 2

which is clearly bigger than —n /2. Similarly t = a = (a — 1)5
and ¢ = 0 are admissible and hence interpolation inequal-
ity (3.1) with (s;,#)) = (—a,7 —a),(s,,1,) = (b,a) and
(s,1) = (0,0) gives

T—CZ:T—(

a

b
Wl 2wy < ”flll-b;fja(R")”fl IZZ;U(R")

T

4.5)

b a
= ”Rf”Il;E)a(Sn—]xR)“fl II;E’H(R").

From the above we obtain

b a
“f”LZ([Rn) S 6a+b p““’

whenever [|Rf || yo(si-1xry < 6 and ||f || oy < p, and hence
we get the required estimate. O

@ Springer

Remark 4.4 We have already mentioned that for 7 =0,
e, (M, 6) coincides with e(M, 6). In the case of the source

set M, ., we see thatif = 0, then M, . is the source set

M, , considered in Theorem 4.1, and for r = a, M,,, . coin-
cides with M,, in (1.2).

Conclusion

In this paper we have proved the embedding results and
interpolation inequalities for the family of modified
Sobolev spaces H;(R") and Ht‘(S”‘l X R) for s € R and
admissible r € R, and used these results in deriving esti-
mates for the worst case error associated with the Radon
transform and certain source sets. We have also shown
that the derived estimates coincide with Natterer’s esti-
mate under weaker conditions on the norm involved in
defining the source sets as well as the norm of the images
of elements in the source set. Thus, the results in this paper
include some of the known results in the literature for
standard Sobolev spaces and also new results for homo-
geneous Sobolev spaces as special cases.
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