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                     Abstract 
 The implications of interpolation inequality for Hilbert scales for obtaining estimates for the worst case error for ill-posed 

problems are well known. In this paper, we prove interpolation inequalities for the modifi ed Sobolev scales, the general 

form of which was introduced by Sharafutdinov (Inverse Problems 33:025002, 2017), and make use of them along with 

the recently obtained modifi ed Reshetnyak formulas for Radon transform to obtain error estimates for the worst case error 

associated with the Radon transform and appropriate source sets. 

   Keywords     Radon trasform    ·  Ill-posed    ·  Modifi ed sobolev spaces    ·  Interpolation inequality    ·  Worst case error  

  Mathematics Subject Classifi cation     47A52    ·  47A62    ·  65R30    ·  65R32  

      Introduction 

 One of the mathematical issues that one faces in the 

domain of computerized tomography is that of inversion 

of the Radon transform  R , which maps   f ∈ L2(ℝn)     into 

  L2(𝕊n−1 ×ℝ)     defi ned using the formula

       

where   𝕊n−1     is the unit sphere in   ℝn     and   d𝜇(⋅)     corresponds 

to the measure on the hyperplane   {x ∈ ℝ
n ∶ ⟨x, 𝜉⟩ = p}     (cf. 

Natterer  1986 ). Radon transform is known to be a smooth-

ing operator and hence the problem of inversion is ill-

posed in the sense that it does not have continuous inverse 

even from its range, as the range is not a closed subspace 

of   L2(𝕊n−1 ×ℝ)     . Thus, small error in the evaluation of  Rf  
can induce large deviation in the function  f , and hence, for 

obtaining stable approximations for  f , it is necessary to use 

regularization algorithms. The quality of such regularization 

algorithms are measured in terms of the so called  worst case 
error  (cf. Nair  2009 , Section 4.5. Also see Engl et al. ( 1996 ))

      

associated with certain  source sets    M ⊂ L2(ℝn)     . It is known 

that (cf. Micchelli and Rivlin  1977 ; Nair  1997 ,  2009 ) for 

appropriate source sets  M , the quantity

       

is of the same order as   e(M, 𝛿))     as   𝛿 → 0,     where   A     varies over 

all  regularization algorithms    A ∶ L2(𝕊n−1 ×ℝ) → L2(ℝn)     

(cf. Engl et al.  1996 ; Nair  2009 ). Thus, it is important to 

have the source set  M  in such a way that   e(M, 𝛿) → 0     as 

  𝛿 → 0     and also to know some estimates for   e(M, 𝛿)    . 

 Natterer’s result based on the fact (cf. Natterer  1984 , 

 1986 ; Nair  1997 ; Hegland  1995 ; Nair  2009 )

       

and the  interpolation inequalities  on Sobolev scales imply 

that if

      

for some constant   𝜌 > 0     and   b > 0     , then

(Rf )(𝜉, p) = ∫⟨x,𝜉⟩=p

f (x)d𝜇(x), (𝜉, p) ∈ 𝕊
n−1 ×ℝ,

 (1.1)

e(M, 𝛿) ∶= sup{‖f‖L2(ℝn) ∶ f ∈ M, ‖Rf‖L2(𝕊n−1×ℝ) ≤ 𝛿},

E(M, 𝛿) ∶= inf
A

sup{‖f − Ag𝛿‖ ∶ f ∈ M, ‖Rf − g𝛿‖ ≤ 𝛿}

‖Rf‖ ≃ ‖f‖−a ∀ f ∈ L2(ℝn), a ∶=
n − 1

2
,

 (1.2)M𝜌,b ∶= {f ∈ Hb(ℝn) ∶ ‖f‖Hb(ℝn) ≤ 𝜌}
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In the above, for   s ∈ ℝ     ,   Hs(ℝn)     is the standard  Sobolev space  
of order  s , that is, the completion of the   S(ℝn)     , the  Schwarz 
class  of functions on   ℝn     , with respect to the inner product

       

and the associated norm   ‖ ⋅ ‖s     satisfi es

      

where   ̂f      denotes the  Fourier transform  of  f  defi ned by

       

We may note that for   s < 0     ,   Hs(ℝn)     is linearly isomorphic 

with   (H−s(ℝn))′     , the dual of   H−s(ℝn)    . 

 One may ask whether an estimate of the form ( 1.3 ) is 

valid for source sets arising out of weaker assumptions on 

the norms of functions. In this regard, we attempt to make 

some contributions by making use of the  modifi ed Sobolev 
spaces  (cf. Sharafutdinov  2017 )

       

We shall prove embedding theorems and interpolation ine-

qualities for these Sobolev spaces and obtain estimates for 

worst case error associated with certain source sets, which 

result in extension of the already known results for Sobolev 

scales. 

 The paper is organized as follows: In the Sect.  2 , we recall 

some of the basic defi nitions and prove embedding results 

for modifi ed Sobolev spaces, and in Sect.  3  we prove inter-

polation inequalities involving modifi ed Sobolev spaces, 

which include the inequalities involving homogeneous 

Sobolev spaces as well as standard Sobolev spaces. Sec-

tion  4  makes use of the interpolation inequalities in the pre-

vious section to derive estimates for the worst case error 

associated with Radon transform with respect to certain 

source sets. The concluding remarks are presented in the 

fi nal section, Sect.  5 . 

    Modifi ed Sobolev spaces and their 
embeddings 

 In this section we fi rst defi ne the modifi ed Sobolev spaces on 

  ℝn     and   𝕊n−1 ×ℝ     as it has been done in Sharafutdinov ( 2017 ), 

and prove their embedding properties, which are useful in 

deriving results in the next sections. 

 (1.3)e(M𝜌,b, 𝛿) ≤ 𝜌
a

a+b 𝛿
b

a+b .

⟨f , g⟩s = ∫
ℝn

(1 + |𝜉|2)sf̂ (𝜉)ĝ(𝜉)d𝜉, f , g ∈ S(ℝn),

 (1.4)‖f‖2
s
= ∫

ℝn

(1 + |𝜉|2)s|f̂ (𝜉)|2d𝜉, f ∈ S(ℝn),

f̂ (𝜉) =
1

(2𝜋)n∕2 ∫
ℝn

f (x)e−ix⋅𝜉dx, 𝜉 ∈ ℝ
n.

Hs
t
(ℝn) for t > −n∕2, Hs

t
(𝕊n−1 ×ℝ) for t > −1∕2.

 Analogous to   S(ℝn)     , let us denote by   S(𝕊n−1 ×ℝ)     , 

the Schwartz class of functions on   𝕊n−1 ×ℝ     . For 

  𝜑 ∈ S(𝕊n−1 ×ℝ)     , the one-dimensional Fourier transform 

  ̂𝜑(𝜔, ⋅)     of   𝜑,     considering   𝜔 ∈ 𝕊
n−1     as a parameter, is defi ned 

by

       

The  modifi ed Sobolev space    Hs
t
(ℝn)     on   ℝn     , for reals  s  and 

 t  with   t > −n∕2     , is defi ned in Sharafutdinov ( 2017 ) as the 

completion of   S(ℝn)     with respect to the inner product

       

so that the corresponding norm   ‖ ⋅ ‖Hs
t (ℝ

n)     satisfi es

      

We may observe that the Sobolev spaces   Hs(ℝn)     (cf. 

Renardy and Rogers  2004 , Section 7.2) and the homogene-

ous Sobolev spaces   Ḣs(ℝn)     (cf. Bahouri  2011 , Section 1.3) 

are the special cases of   Hs
t
(ℝn)     obtained by taking   t = 0     and 

  t = s > −n∕2     , respectively. That is,

       

It is known that for   k ∈ ℕ     ,   Hk(ℝn)     and   Ḣk(ℝn)     are linearly 

isometric with

       

respectively, where the derivative   𝜕𝛼f      is in the sense of 

distributions. 

 The  modifi ed Sobolev space  on   𝕊n−1 ×ℝ     , denoted by 

  Hs
t
(𝕊n−1 ×ℝ)     for   s, t ∈ ℝ     with   t > −1∕2     , is defi ned as the 

completion of   S(𝕊n−1 ×ℝ)     with respect to the inner product

       

where   d𝜔     denotes the surface measure on   𝕊n−1     . Thus, the 

norm   ‖ ⋅ ‖Hs
t (𝕊

n−1×ℝ)     induced by the above inner product 

satisfi es

      

for all   𝜑 ∈ S(𝕊n−1 ×ℝ)    . 

𝜑̂(𝜔, q) =
1

(2𝜋)1∕2 ∫
ℝ

𝜑(𝜔, p)e−ipqdp, (𝜔, q) ∈ 𝕊
n−1 ×ℝ.

⟨f , g⟩Hs
t (ℝ

n) = ∫
ℝn

|𝜉|2t(1 + |𝜉|2)s−t f̂ (𝜉)ĝ(𝜉)d𝜉, f , g ∈ S(ℝn),

 (2.1)

‖f‖2
Hs

t (ℝ
n)
= ∫

ℝn

|𝜉|2t(1 + |𝜉|2)s−t|f̂ (𝜉)|2d𝜉, f ∈ S(ℝn).

Hs(ℝn) = Hs
0
(ℝn), Ḣs(ℝn) = Hs

s
(ℝn).

{f ∈ L2(ℝn) ∶ 𝜕𝛼f ∈ L2(ℝn), |𝛼| ≤ k},

{f ∈ L2(ℝn) ∶ 𝜕𝛼f ∈ L2(ℝn), |𝛼| = k},

⟨𝜑,𝜓⟩Hs
t (𝕊

n−1×ℝ)

=
1

2(2𝜋)n−1 ∫
𝕊n−1 ∫ℝ

|q|2t(1 + q2)s−t𝜑̂(𝜔, q)𝜓̂(𝜔, q)dqd𝜔,

 (2.2)

‖𝜑‖2

Hs
t (𝕊

n−1×ℝ)

=
1

2(2𝜋)n−1 ∫
𝕊n−1 ∫ℝ

|q|2t(1 + q2)s−t|𝜑̂(𝜔, q)|2dqd𝜎(𝜔),
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 Henceforth, while referring to the modified Sobolev 

spaces   Hs
t
(ℝn)     and   Hs

t
(𝕊n−1 ×ℝ)     , we assume that 

  (s, t) ∈ ℝ ×ℝ     with   t > −n∕2     for the space   Hs
t
(ℝn)     and 

  t > −1∕2     for the space   Hs
t
(𝕊n−1 ×ℝ)     . We say such values 

of   t ∈ ℝ     as  admissible . 
 We now prove the embedding properties of the spaces 

  Hs
t
(ℝn)     and   Hs

t
(𝕊n−1 ×ℝ)    . 

   Theorem 2.1     Let   H𝛽
𝛼     denote either   H𝛽

𝛼 (ℝ
n)     or   H𝛽

𝛼 (𝕊
n−1 ×ℝ)     . 

Then the following results hold. 

   (1)      If   s1 < s2     , then for each admissible   t ∈ ℝ     ,   Hs2

t ⊂ H
s1

t      and 
  ‖f‖H

s1
t
≤ ‖f‖H

s2
t
     for all   f ∈ H

s2

t .       
  (2)      If   t1     and   t2     are admissible and   t1 < t2     , then for each 

  s ∈ ℝ     ,   Hs
t1
⊂ Hs

t2
     and   ‖f‖Hs

t2

≤ ‖f‖Hs
t1

     for all   f ∈ Hs
t1
    .     

    Proof     We consider only the case   Hs
t
= Hs

t
(ℝn)     ; the case of 

of   Hs
t
= Hs

t
(𝕊n−1 ×ℝ)     follows similarly. 

 (1) Let   s1 < s2     and   t ∈ ℝ     admissible. Then we have 

  |𝜉|2t(1 + |𝜉|2)s1−t ≤ |𝜉|2t(1 + |𝜉|2)s2−t     . Hence, we obtain the 

embedding   H
s2

t ⊂ H
s1

t      and the inequality   ‖f‖H
s1
t
≤ ‖f‖H

s2
t
     for 

all   f ∈ H
s2

t .     

 (2) Let   s ∈ ℝ     and admissible   t1, t2     such that   t1 < t2     . Then 

we have

       

Hence,   |𝜉|2t2(1 + |𝜉|2)s−t2 ≤ |𝜉|2t1(1 + |𝜉|2)s−t1     , and we obtain 

the embedding   Hs
t1
⊂ Hs

t2
     and the inequality   ‖f‖Hs

t2

≤ ‖f‖Hs
t1

     

for all   f ∈ Hs
t1
     .       ◻     

    Remark 2.2     From Theorem  2.1  we can infer that   {Hs
t
∶ s ∈ ℝ}     

for each admissible  t  and   {Hs
−t

∶ t ∈ ℝ admissble }     for each 

real  s  are Hilbert scales (cf. Engl et al.  1996 ; Nair  2016 ). 

We can also infer that the homogeneous Sobolev spaces 

  Ḣs ∶= Hs
s
     for admissible   s ∈ ℝ     do not have embedding prop-

erties and hence   {Ht
t
∶ t ∈ ℝ admissible }     does not form a 

Hilbert scale (cf. Krein and Petunin  1966 ). 

     Interpolation inequalities for modifi ed 
Sobolev spaces 

 In this section we extend the interpolation inequalities avail-

able for the Sobolev spaces   Hs(ℝn), s ∈ ℝ     and the homoge-

neous Sobolev spaces   Ḣs(ℝn), s > −n∕2     to the case of modi-

fi ed Sobolev spaces   Hs
t
(ℝn)     and   Hs

t
(𝕊n−1 ×ℝ)     for admissible 

  t ∈ ℝ     . In the next section we shall make use of the  modifi ed 
interpolation inequality  to derive estimates for the worst 

case error associated with the Radon transform and certain 

source sets. 

( |𝜉|2
1 + |𝜉|2

)t2 ≤ ( |𝜉|2
1 + |𝜉|2

)t1
.

   Theorem  3.1      (Modified interpolation inequality)  Let 
  (s1, t1), (s2, t2), (s, t) ∈ ℝ

2     be such that   t, t1, t2     are addmissi-
ble and   (s, t) = (1 − 𝜆)(s1, t1) + 𝜆(s2, t2)     for some   0 ≤ 𝜆 ≤ 1     . 
Then

      
where   H𝛽

𝛼     denotes either   H𝛽
𝛼 (ℝ

n)     or   H𝛽
𝛼 (𝕊

n−1 ×ℝ)     as in 
Theorem  2.1 . 

    Proof     Clearly, the inequality ( 3.1 ) holds if either   𝜆 = 0     or 

  𝜆 = 1     . Hence, we assume that   0 < 𝜆 < 1     . We consider the 

case   H
𝛽
𝛼 = H

𝛽
𝛼 (ℝ

n)     . The other case will follow similarly. 

 Now, using the relation   (s, t) = (1 − 𝜆)(s1, t1) + 𝜆(s2, t2)     

with   0 < 𝜆 < 1     and the Hölder’s inequality, we obtain

       

Thus we get the required inequality.       ◻     

    Corollary 3.2     With the notation   H𝛽
𝛼     as in Theorem  2.1  and 

Theorem  3.1 , we have the following: 

   (1)      Let   s1, s, s2 ∈ ℝ     be such that   s1 < s < s2     . Then for every 
admissible   t ∈ ℝ     , 

          

  (2)      Let   t1, t, t2 ∈ ℝ     be admissible such that   t1 < t < t2     . Then 
for every   s ∈ ℝ     , 

          

  (3)      Let   (s1, t1), (s2, t2), (s, t) ∈ ℝ
2     be such that   t, t1, t2     are 

admissible,   s1 < s < s2     and   t1 < t < t2     . Then 

       

 where   𝜆 =
s−s1

s2−s1

     and   𝜇 =
t−t1

t2−t1
    .     

 (3.1)‖f‖Hs
t
≤ ‖f‖1−𝜆

H
s1
t1

‖f‖𝜆
H

s2
t2

,

‖f‖2
Hs

t
= ∫

ℝn

|𝜉|2t(1 + |𝜉|2)s−t|f̂ (𝜉)|2d𝜉

= ∫
ℝn

[|𝜉|2t1(1 + |𝜉|2)s1−t1 |f̂ (𝜉)|2]1−𝜆

×
[|𝜉|2t2(1 + |𝜉|2)s2−t2 |f̂ (𝜉)|2]𝜆d𝜉

≤
(
∫
ℝn

|𝜉|2t1(1 + |𝜉|2)s1−t1 |f̂ (𝜉)|2d𝜉

)1−𝜆

×

(
∫
ℝn

|𝜉|2t2(1 + |𝜉|2)s2−t2 |f̂ (𝜉)|2d𝜉

)𝜆

= ‖f‖2(1−𝜆)

H
s1
t1

‖f‖2𝜆

H
s2
t2

.

‖f‖Hs
t
≤ ‖f‖1−𝜆

H
s1
t

‖f‖𝜆
H

s2
t

with 𝜆 =
s − s1

s2 − s1

.

‖f‖Hs
t
≤ ‖f‖1−𝜇

Hs
t1

‖f‖𝜇
Hs

t2

with 𝜇 =
t − t1

t2 − t1
.

‖f‖Hs
t
≤ ‖f‖(1−𝜆)(1−𝜇)

H
s1
t1

‖f‖(1−𝜆)𝜇
H

s1
t2

‖f‖𝜆(1−𝜇)
H

s2
t1

‖f‖𝜆𝜇
H

s2
t2

,
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    Proof     The results in (1) and (2) directly follow from Theo-

rem  3.1 . We will prove (3) now. In view of (1) and (2) we 

get that

       

Thus, the proof is complete.       ◻     

    Remark 3.3     It is to be observed that the interpolation ine-

quality in Theorem  3.1  generalizes the corresponding ine-

qualities known for Sobolev spaces, namely,

       

and for the homogeneous Sobolev spaces, namely,

        

     Worst case error estimate associated 
with Radon transform 

 As we have mentioned in last section, now we make use 

of the  modifi ed interpolation inequality  in Theorem  3.1  to 

derive estimates for the worst case error associated with 

the Radon transform and certain source sets, which include 

results in the setting of homogeneous Sobolev spaces as well 

as standard Sobolev spaces. 

 We may recall (cf. Natterer  1986 ) that the Radon trans-

form   R ∶ L2(ℝn) → L2(𝕊n−1 ×ℝ)     is a smoothing operator in 

the  sense that  for  any   f ∈ Hs
t
(ℝn)     ,  we have 

  Rf ∈ H
s+(n−1)∕2

t+(n−1)∕2
(𝕊n−1 ×ℝ)     and we have the isometry relation, 

known as the  Reshetnyak formula  (cf. Sharafutdinov  2017 ),

      

for any   s, t ∈ ℝ     with   t > −n∕2     . In particular, for the choice 

  t = s = −a = (1 − n)∕2     we get that

      

Here  we note  tha t    t = −a      i s  admiss ib le  as 

  −a = (1 − n)∕2 > −n∕2     . Using the interpolation inequality 

( 3.1 ) with   s = t = 0, s1 = t1 = −a,     and   s2 = t2 = b     for   b > 0     

and ( 4.2 ), we obtain

      

‖f‖Hs
t
≤ ‖f‖1−𝜆

H
s1
t

‖f‖𝜆
H

s2
t

≤ ‖f‖(1−𝜆)(1−𝜇)
H

s1
t1

‖f‖(1−𝜆)𝜇
H

s1
t2

‖f‖𝜆(1−𝜇)
H

s2
t1

‖f‖𝜆𝜇
H

s2
t2

.

‖f‖Hs ≤ ‖f‖1−𝜆
Hs1

‖f‖𝜆
Hs2

,

‖f‖Hs
s
≤ ‖f‖1−𝜆

H
s1
s1

‖f‖𝜆
H

s2
s2

.

 (4.1)‖f‖Hs
t (ℝ

n) = ‖Rf‖
H

s+(n−1)∕2

t+(n−1)∕2
(𝕊n−1×ℝ)

 (4.2)‖f‖H−a
−a
(ℝn) = ‖Rf‖L2(𝕊n−1×ℝ).

 (4.3)

‖f‖L2(ℝn) ≤ ‖f‖ b

b+a

H−a
−a
(ℝn)

‖f‖ a

b+a

Hb
b
(ℝn)

= ‖Rf‖ b

b+a

L2(𝕊n−1×ℝ)
‖f‖ a

b+a

Hb
b
(ℝn)

.

Here also we note that   t = 0,−a, b     are clearly admissible. 

Recall that (see Nair Nair ( 2009 ), Section 4.5) for a set 

  M ⊂ L2(ℝn)     , the  worst case error  in the problem of recov-

ering   f ∈ M     with   ‖Rf‖ ≤ 𝛿     is defi ned by

       

An estimate for the worst case error can be used to assert the 

quality of a regularization method for the ill-posed equation

       

for given  g  in the range of  R . In fact, if   g𝛿 ∈ L2(𝕊n−1 ×ℝ)     is 

a noisy data in place of the actulal data  g  such that

       

fo r  s o m e  k n ow n  n o i s e  l e ve l    𝛿 > 0      a n d 

  R𝛼 ∶ L2(𝕊n−1 ×ℝ) → L2(ℝn)     for   𝛼 > 0     is a family of regu-

larization algorithms to recover  f  from   g𝛿     , then (cf. Engl 

et al.  1996 ; Nair  2009 ) the method   {R𝛼}     is said to be of 

order optimal with respect to a source set   M ⊂ L2(ℝn)     if for 

an appropriately chosen   𝛼     (depending on   𝛿     and  M ), we have

       

for some constant   c > 0     , independent of  M . Now, we derive 

estimates for the worst case error associated with the source 

set in the setting of homogeneous Sobolev spaces   Hb
b
    . 

   Theorem  4.1      (Worst case error estimate-I)  For 
  b > 0, 𝜌 > 0     , let

       
Then we have

        
    Proof     In view of ( 4.3 ) for   f ∈ M̃𝜌,b     we get that

       

which implies

       

whenever   ‖Rf‖L2(𝕊n−1×ℝ) ≤ 𝛿     . Now, using the defi nition of 

  e(M̃𝜌,b, 𝛿)     (see ( 1.1 )), we get required estimates.       ◻     

    Remark 4.2     We may observe that the estimate in the above 

theorem is same as the estimate ( 1.3 ) known for the source 

set   M𝜌,b     introduced in ( 1.2 ). Clearly, the condition for the 

norm involved for   ̃M𝜌,b     is weaker than for   M𝜌,b    . 

  Next, for   𝜏 ≥ 0     , we consider a modifi ed worst case error

e(M, 𝛿) = sup{‖f‖L2(ℝn) ∶ f ∈ M, ‖Rf‖L2(𝕊n−1×ℝ) ≤ 𝛿}.

Rf = g

‖g𝛿 − g‖L2(𝕊n−1×ℝ) ≤ 𝛿

‖R𝛼g𝛿 − f‖L2(ℝn) ≤ c e(M, 𝛿)

M̃𝜌,b = {f ∈ Hb
b
(ℝn) ∶ ‖f‖Hb

b
(ℝn) ≤ 𝜌}.

e(M̃𝜌,b, 𝛿) ≤ 𝛿
b

a+b 𝜌
a

a+b .

‖f‖L2(ℝn) ≤ ‖Rf‖ b

b+a

L2(𝕊n−1×ℝ)
𝜌

a

b+a ,

‖f‖L2(ℝn) ≤ 𝛿
b

a+b 𝜌
a

a+b
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Recall that the worst case error considered earlier was 

defi ned using   L2    -norm of  Rf  whereas the above modifi ed 

one is defi ned using a possibly weaker norm of  Rf . In fact, 

for   𝜏 = 0     , the modifi ed one is nothing but the earlier one. 

Now we may ask a question: Do we still get the same esti-

mate for the modifi ed worst case error? The following theo-

rem answers this question affi  rmatively for   0 < 𝜏 < a     with 

  a ∶= (n − 1)∕2    . 

   Theorem  4.3      (Worst case error estimate-II)  For 
  b > 0, 0 < 𝜏 < a     and   𝜌 > 0     , let

       
where   𝛼 = (a − 𝜏)

b

a
     . Then we have

        
    Proof     We fi rst recall from ( 4.1 ) that for any   f ∈ Hs

t
(ℝn)     with 

  t > −n∕2     , we have   Rf ∈ Hs+a
t+a

(𝕊n−1 ×ℝ)     and we have the 

isometry relation

       

where   a =
(

n−1

2

)
.     Taking   s = −a     and   t = 𝜏 − a     in the above 

isometry relation, we obtain

       

Here we note that for   𝜏 ≥ 0     ,   t = 𝜏 − a     is admissible for the 

space   Hs
t
(ℝn)     as

       

which is clearly bigger than   −n∕2     . Similarly   t = 𝛼 = (a − 𝜏)
b

a
     

and   t = 0     are admissible and hence interpolation inequal-

ity ( 3.1 ) with   (s1, t1) = (−a, 𝜏 − a), (s2, t2) = (b, 𝛼)     and 

  (s, t) = (0, 0)     gives

      

From the above we obtain

       

whenever   ‖Rf‖H0
𝜏
(𝕊n−1×ℝ) ≤ 𝛿     and   ‖f‖Hb

𝛼
(ℝn) ≤ 𝜌     , and hence 

we get the required estimate.       ◻     

 (4.4)

e𝜏(M, 𝛿) = sup{‖f‖L2(ℝn) ∶ f ∈ M, ‖Rf‖H0
𝜏
(𝕊n−1×ℝ) ≤ 𝛿}.

M𝜌,b,𝜏 = {f ∈ Hb
𝛼
(ℝn) ∶ ‖f‖Hb

𝛼
(ℝn) ≤ 𝜌},

e𝜏(M𝜌,b,𝜏 , 𝛿) ≤ 𝛿
b

a+b 𝜌
a

a+b .

‖f‖Hs
t (ℝ

n) = ‖Rf‖Hs+a
t+a (𝕊

n−1×ℝ),

‖f‖H−a
𝜏−a

(ℝn) = ‖Rf‖H0
𝜏
(𝕊n−1×ℝ).

𝜏 − a = 𝜏 −
(

n − 1

2

)
= 𝜏 +

1

2
−

n

2

 (4.5)

‖f‖L2(ℝn) ≤ ‖f‖ b

b+a

H−a
𝜏−a

(ℝn)
‖f‖ a

b+a

Hb
𝛼
(ℝn)

= ‖Rf‖ b

b+a

H0
𝜏
(𝕊n−1×ℝ)

‖f‖ a

b+a

Hb
𝛼
(ℝn)

.

‖f‖L2(ℝn) ≤ 𝛿
b

a+b 𝜌
a

a+b

    Remark 4.4     We have already mentioned that for   𝜏 = 0     , 

  e𝜏(M, 𝛿)     coincides with   e(M, 𝛿)     . In the case of the source 

set   M𝜌,b,𝜏     , we see that if   𝜏 = 0     , then   M𝜌,b,𝜏     is the source set 

  ̃M𝜌,b     considered in Theorem  4.1 , and for   𝜏 = a     ,   M𝜌,b,𝜏     coin-

cides with   M𝜌,b     in ( 1.2 ). 

     Conclusion 

 In this paper we have proved the embedding results and 

interpolation inequalities for the family of modified 

Sobolev spaces   Hs
t
(ℝn)     and   Hs

t
(𝕊n−1 ×ℝ)     for   s ∈ ℝ     and 

admissible   t ∈ ℝ     , and used these results in deriving esti-

mates for the worst case error associated with the Radon 

transform and certain source sets. We have also shown 

that the derived estimates coincide with Natterer’s esti-

mate under weaker conditions on the norm involved in 

defi ning the source sets as well as the norm of the images 

of elements in the source set. Thus, the results in this paper 

include some of the known results in the literature for 

standard Sobolev spaces and also new results for homo-

geneous Sobolev spaces as special cases. 
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