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                     Abstract 
 We briefl y describe the origin and development of classical Algebraic Number Theory. We state some latest results regarding 

discriminants and integral bases of pure number fi elds as well as sextic number fi elds defi ned by irreducible trinomials with 

integer coeffi  cients. A few open problems regarding class number of algebraic number fi elds are also mentioned. 
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      Historical background 

 The origin of Algebraic Number Theory is attributed to 

Fermat’s Last Theorem which was conjectured by a French 

mathematician Pierre de Fermat in 1637. It states that the 

equation   Xn + Yn = Zn     has no solution in non-zero integers 

 x ,  y ,  z ,  when  n  is an integer greater than 2. Fermat himself 

proved the case   n = 4     of the theorem (see Dedekind  1996 , 

0.3.1). If   n = pm     , then the relation   xn + yn = zn     implies that 

  (xm)p + (ym)p = (zm)p     which gives a solution of the equation 

  Xp + Yp = Zp     . Since any integer greater than 2 is either a 

multiple of 4 or has an odd prime factor, for proving Fer-

mat’s Last Theorem it is enough to show that   Xp + Yp = Zp     

has no solution in non-zero integers for all odd prime expo-

nents  p . This celebrated theorem motivated a general study 

of the theory of algebraic numbers. History reveals that in 

1770, Leonhard Euler used the fi eld   ℚ(𝜔)     with   𝜔     a complex 

cube root of unity to prove Fermat’s Last Theorem for the 

case   n = 3     (cf. Dedekind  1996 , 0.5.1). The fi rst major step 

towards a general proof of Fermat’s Last Theorem was by 

a French woman  1    Sophie Germain. In a letter dated May 

12, 1819 to the greatest number theorist of that time Carl 

Friedrich Gauss, she explained her idea of the proof. She 

had proved that if  p  is an odd prime such that   q = 2kp + 1     

is also a prime for some number  k  satisfying the following 

conditions: 

      (i)        xp ≡ p (mod q)     has no solution,   

     (ii)      the set of  p th powers modulo  q  contains no consecu-

tive non-zero integers,     

 then the fi rst case of Fermat’s Last Theorem holds for the 

exponent  p , i.e., the equation   Xp + Yp = Zp     has no solution 

in integers  x ,  y ,  z  with  p  not dividing  xyz . In particular, for 

an odd prime  p  if   2p + 1     is also a prime, then it can be eas-

ily seen that the above conditions (i) and (ii) are satisfi ed 

and hence the fi rst case of Fermat’s Last Theorem holds 

for the exponent  p . In this way she was able to show that 

the same holds for all odd primes   p ≤ 197     . In 1825, her 

method claimed its fi rst complete success when the famous 

mathematicians Peter Gustav Lejeune Dirichlet and Adrien-

Marie Legendre (one German and the other French) working 

independently were able to prove the case   n = 5     of Fermat’s 

Last Theorem. In fact, they acknowledged that their proofs 

were based on the method of Sophie Germain. Fourteen   This article is based on the lecture delivered by the author in IISER 

Mohali on 21st March 2023 for award of the Srinivasa Ramanujan 

Medal (2022) of INSA.  
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   1    It may be pointed out that women were not allowed to enroll them-

selves as members of École Polytechnique which was opened in Paris 

in 1794 when Germain was 18 years old. Germain managed to obtain 

lecture notes from this institute under the pseudonym Monsieur Le 

Blanc. A couple of months later, the supervisor of the course Joseph-

Louis Lagrange could no longer ignore the brilliance of Monsieur Le 

Blanc’s answer sheets and Germain was forced to reveal her identity. 

Lagrange recognised her abilities and became her mentor. 
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years later, the French mathematician Gabriel Lamé proved 

the case   n = 7     of the theorem using Germain’s results. Her 

results related to Fermat’s Last Theorem remained most 

important until the contribution of Ernst Eduard Kummer 

in 1847. 

 The German mathematician Ernst Eduard Kummer con-

tributed a lot towards the subject. While trying to prove Fer-

mat’s Last Theorem, he was studying arithmetic of the ring 

  ℤ[𝜁p]     where   𝜁p     is a primitive  p th root of unity,  p  prime and 

realized that unique factorization into prime elements may 

not hold in such rings. While tackling the above problem, he 

made a remarkable achievement discovering that the unique 

factorization property could be salvaged if we replace role of 

elements of   ℤ[𝜁p]     by what he called ideal numbers. Richard 

Dedekind extended Kummer’s work by using ideals in place 

of ideal numbers; in fact the concept of an ideal of a ring was 

thus born in the work of Kummer and Dedekind. By using 

the theory of ideal numbers, Kummer proved Fermat’s Last 

Theorem for a wide range of prime exponents—the so called 

regular primes.  2    He also evolved a powerful approach with 

applications to many other problems. In fact, a large part 

of classical number theory can be expressed in the frame-

work of Algebraic Number Theory. This theory now has a 

wealth of applications to several topics in mathematics such 

as Diophantine equations, cryptography, factorization into 

prime ideals, primality testing etc. It is this wider link that 

paved the way for proof of Fermat’s Last Theorem with sig-

nifi cant contributions by several mathematicians including 

Yutaka Taniyama, Gorō Shimura, Barry Mazur, Ken Ribet, 

Gerd Faltings, and Hida Haruzo. After seven years of sin-

gle minded eff orts, an English mathematician Andrew John 

Wiles completed a proof of Fermat’s Last Theorem by May 

1993. He outlined the proof in three lectures in a confer-

ence held at Sir Issac Newton Institute in Cambridge in June 

1993. The title of Wiles’ lecture series was “Modular forms, 

Elliptic curves and Galois representations". At the end of his 

third lecture on 23rd June 1993, when he concluded Fer-

mat’s Last Theorem, he became the most famous mathemati-

cian in the world. In September 1993, Nick Katz, a referee 

of the paper containing this proof noticed a gap in one of 

the arguments. Wiles corrected the proof with the help of 

his former student Richard Taylor and the revised proof was 

published in 1995 (cf. Taylor and Wiles  1995 ; Wiles  1995 ). 

 In the words of Cambridge Professor John Coates (Ph.D. 

supervisor of Andrew Wiles) “A proof of Fermat’s Last 

Theorem is a great intellectual triumph and one shouldn’t 

lose sight of the fact that it has revolutionised number 

theory in one fell swoop. For me the charm and beauty 

of Andrew’s work has been that it has been a tremendous 

step for algebraic number theory". For solving this prob-

lem, Wiles was knighted in 2000 and received other awards 

such as 2016 Abel  3    prize. A detailed outline of Wiles’ proof 

along with all other necessary preliminary results is fairly 

well explained in Stewart and Tall ( 2015 ). Simon Singh in 

his book “Fermat’s Last Theorem” Singh ( 1997 ) takes us 

through a journey of more than 330 years of the struggle of 

Math world to prove this theorem. 

    Basic notions 

 We begin by introducing some basic notions of algebraic 

number theory. 

 A complex number   𝛼     is said to be an algebraic number 

if it is a root of some non-zero polynomial with coeffi  cients 

from the fi eld   ℚ     of rational numbers. The set of all algebraic 

numbers is countable and is a subfi eld of   ℂ     . A subfi eld of 

  ℂ     having fi nite degree over   ℚ     is called an algebraic number 

fi eld. If  K  is an algebraic number fi eld, then the degree of the 

extension   K∕ℚ     is called the degree of  K . Algebraic number 

fi elds of degree 2, 3, 4, 5, 6 are respectively known as quad-

ratic, cubic, quartic, quintic, sextic fi elds. 

 An algebraic number   𝛼     is said to be an algebraic integer if 

it is a root of some monic polynomial with coeffi  cients from 

the set   ℤ     of integers. The set of all algebraic integers of an 

algebraic number fi eld  K  will be denoted by   AK     . It is a basic 

result that   AK     is an integrally closed domain  4    with quotient 

fi eld  K  and   AK     is a free abelian group of rank equal to degree 

of  K . Any   ℤ    -basis of   AK     is called an integral basis of  K . An 

algebraic number fi eld  K  of degree  n  is called monogenic 

if   AK = ℤ[𝜃]     for some   𝜃     , i.e.,   {1, 𝜃,⋯ , 𝜃n−1}     is an integral 

basis of  K . A quadratic fi eld   K = ℚ(
√

d)     with  d  a squarefree 

integer has integral basis   {1, w}     , where   w = (1 +
√

d)∕2     or 

  
√

d     according as   d ≡ 1 (mod 4)     or not. A cyclotomic fi eld 

  K = ℚ(𝜁)     has   AK = ℤ[𝜁]     and hence is monogenic. 

    Properties of discrimininant 

 In what follows, for an algebraic number fi eld  K ,   TrK∕ℚ     will 

stand for the trace map from  K  into   ℚ     . If   {w1, ..., wn}     is an 

integral basis of an algebraic number fi eld  K , then the deter-

minant of the   n × n     matrix having ( i ,  j )th entry   TrK∕ℚ(wiwj)     

is called the discriminant of  K  and will be denoted by   dK    . 

   2    A prime  p  is said to be regular if the class number (defi ned in 

Sect.  5 ) of the fi eld   ℚ(e2𝜋𝜄∕p)     is not divisible by  p . 

   3    This prize is named after the Norwegian Mathematician Niels Hen-

rik Abel (1802–1829) and directly modeled after the Nobel Prize. It 

comes with a monetary award of 7.5 million Norwegian Kroner. 

   4    An integral domain  R  with quotient fi eld  F  is said to be integrally 

closed if whenever   𝛼 ∈ F     satisfi es a monic polynomial with coeffi  -

cients from  R , then   𝛼 ∈ R    . 
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 When   K = ℚ(𝜃)     with   𝜃     in   AK     having minimal polynomial 

 f ( x ) of degree  n  over   ℚ     , say   f (x) =
∏

i(x − 𝜃i     ), then the dis-

criminant   
∏

1≤i<j≤n(𝜃i − 𝜃j)
2     of  f ( x ) and the discriminant   dK     

of  K  are related by the formula

        

 The group index   [AK ∶ ℤ[𝜃]]     is called the index of   𝜃     or 

the index of  f ( x ). 
 The following results about discriminant are well-known 

(cf. Khanduja  2022 ). 

   Theorem 1     (Stickelberger, 1897) The discriminant of an 
algebraic number fi eld is always congruent to 0 or 1 modulo 
4. 

  An embedding of an algebraic number fi eld  K  is a homo-

morphism   𝜎 ∶ K → ℂ     ; it is called real if   𝜎(K) ⊂ ℝ     and non-

real otherwise. 

   Theorem 2     (Brill, 1877) Let  K  be an algebraic number fi eld 
of degree   r1 + 2r2,     where   r1     is the number of real embed-
dings of  K  and   2r2     is the number of non-real embeddings of 
 K ,  then   (−1)r2 dK > 0.     

  If  K  is as in the above theorem, then it is said to have 

signature   [r1, r2].     

   Theorem 3     (Hermite, 1857) Only a fi nite number of alge-
braic number fi elds can have the same discriminant. 

  Hermite’s theorem is of fundamental importance in alge-

braic number theory. It has led to a search for fi nding the 

number fi elds with given signature [   r1, r2     ] whose discrimi-

nant is smallest in absolute value; such an absolute value 

of the discriminant will be denoted by   M(r1, r2).     It can be 

easily proved that   M(2, 0) = 5     and   M(0, 1) = 3.     For cubic 

fi elds, it is known that   M(1, 1) = 23     is realized by   K = ℚ(𝛼)     

with   𝛼     satisfying   𝛼3 = 1 + 𝛼     and   M(3, 0) = 49     realized by the 

fi eld   ℚ(𝛽)     with   𝛽     satisfying   𝛽3 + 𝛽2 = 2𝛽 + 1     (cf. Narkiewicz 

 2004 , p. 81). It may be pointed out that  M (6, 0) was deter-

mined by Gurnam Kaur in her Ph.D. thesis (cf. Kaur  1970 ). 

    Properties of the ring of algebraic integers 

 We recall some basic notions of ring theory. 

   Defi nition     Let  R  be an integral domain. An element   𝛼     of  R  is 

said to be a  unit  of  R  if there exists   𝛽 ∈ R     such that   𝛼𝛽 = 1.     

Two elements   𝛼, 𝛽     are said to be  associates  if there exists a 

unit   𝜖     of  R  such that   𝛽 = 𝛼𝜖     . A non-zero non-unit element 

  𝛼     of  R  is said to be an  irreducible  element of  R  if whenever 

disc f (x) = [AK ∶ ℤ[𝜃]]2 ⋅ dK .

  𝛼 = 𝛽𝛾     with   𝛽, 𝛾 ∈ R,     then either   𝛽     or   𝛾     is a unit. A non-zero 

non-unit element   𝛼     of R is said to be a  prime  element of  R  
if whenever   𝛼 ∣ 𝛽𝛾     with   𝛽, 𝛾 ∈ R,     then either   𝛼 ∣ 𝛽     or   𝛼 ∣ 𝛾 .     

 Every prime element is irreducible in an integral domain 

but the converse is not true in general. 

    Defi nition     An integral domain  R  is said to be a  factoriza-
tion domain  if every non-zero non-unit element of  R  can be 

expressed as a product of fi nitely many irreducible elements 

of  R . A factorization domain  R  is called a  unique factoriza-
tion domain(UFD)  if whenever   p1p2 … pr = q1q2 ⋯ qs     with 

every   pi, qj     irreducible in  R , then   r = s     and there is a permu-

tation   𝜎     of   {1, 2,… , r}     such that   pi     and   q𝜎(i)     are associates for 

all   i = 1, 2,… , r     . An integral domain  R  is said to be a  prin-
cipal ideal domain  if every ideal of  R  is a principal ideal. 

 Every principal ideal domain is a unique factorization 

domain but the converse is not true in general. However the 

converse is true for the ring of algebraic integers   AK     of an 

algebraic number fi eld  K . Also,   AK     is a factorization domain 

(cf. Khanduja  2022 , Chap. 3). 

    Defi nition     Let  R  be an integral domain with quotient fi eld 

 F . A subset  I  of  F  is called a fractional ideal of  R  if the fol-

lowing three conditions are satisfi ed: 

      (i)       I  is an additive subgroup of  F .   
     (ii)      For every   a ∈ I     and   r ∈ R, ar ∈ I    .   

     (iii)      There exists   𝛼 ≠ 0     in  R  such that   𝛼I ⊆ R.         

   Notation.  If  I ,   J  are fractional ideals of  R ,   then  IJ  is 

defi ned to be the set consisting of all fi nite sums of the type 

  
∑

i

aibi     where   ai     ’s belong to  I  and   bi     ’s belong to  J . Note that 

 IJ  is a fractional ideal of  R  and is called the product of  I  with 

 J . 

   Defi nition     A non-zero fractional ideal  I  of  R  is called invert-

ible if there exists a fractional ideal  J  of  R  such that   IJ = R.     

Such an ideal  J  is called the inverse of  I . One can check that 

if the inverse of  I  exists, then it is unique. We shall denote 

the inverse of an ideal  I  by   I−1.     

 Note that if a fractional ideal  I  of an integral domain  R  
with quotient fi eld  F  is invertible, then

      

this holds because if   I′     denotes the ideal on the right hand 

side of ( 1 ) and  J  denotes the inverse of  I , then clearly   J ⊆ I′     

and   I′ = I′(IJ) = (I′I)J ⊆ RJ = J    . 

    Definition     A fractional ideal  I  of  R  is said to be 

finitely generated if there exist   a1,… , an     in  I  such that 

  I = Ra1 +⋯ + Ran,     i.e., every   𝛼 ∈ I      can be written as 

  𝛼 = r1a1 +⋯ + rnan     for some   r1,… , rn     in  R ; in this situation 

 (1)I−1 = {𝛼 ∈ F|𝛼I ⊆ R};
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  a1,… , an     is called a system of generators of  I  and we some-

times express it by writing   I = ⟨a1,… , an⟩.     If a fractional 

ideal is generated by a single element, it is called a principal 

fractional ideal. 

    Theorem 4     Let  K  be an algebraic number fi eld of degree  n . 
Any non-zero ideal  I  of   AK     is a free abelian group of rank  n . 
In particular, every ideal of   AK     is fi nitely generated. 

  The class of commutative rings with identity in which 

every ideal is fi nitely generated is of fundamental impor-

tance in ring theory. Such rings are called Noetherian rings, 

and are named after a great algebraist Emmy Noether  5    who 

introduced this concept. 

 It is immediate from Theorem   4  and Lemma 2.14 of 

Khanduja ( 2022 ) that if  I  is a non-zero ideal of   AK     for an 

algebraic number fi eld  K , then the group   AK∕I     is fi nite. The 

order of this group is called the norm of  I . 
 Recall that an ideal   𝔭 ≠ R     of a ring  R  is called a  prime 

ideal  if whenever   𝛼𝛽 ∈ 𝔭     for   𝛼, 𝛽 ∈ R,     then either   𝛼 ∈ 𝔭     or 

  𝛽 ∈ 𝔭.     An ideal   𝔪     of  R  is called  maximal  if   𝔪 ≠ R     and   𝔪     is 

not properly contained in any ideal of  R  except  R . 
 It can easily be seen that every maximal ideal of a 

commutative ring with identity is a prime ideal but the 

converse is not true. For example, consider   R = ℤ[x]     the 

ring of polynomials with integer coefficients in an inde-

terminate  x , then   ⟨2⟩     is a prime ideal of  R  but it is not 

maximal as   ⟨2⟩ ⫋ ⟨2, x⟩ ⫋ ℤ[x].     However the following 

theorem shows that the converse holds for the ring of 

algebraic integers of an algebraic number field. 

   Theorem 5     Let  K  be an algebraic number fi eld. Then every 
non-zero prime ideal of   AK     is maximal. 

    Definition     An integral domain  R  is called a  Dedekind   6    

 domain  if  R  is integrally closed Noetherian domain in which 

every non-zero prime ideal is maximal. 

 As pointed out above,   AK     is a Dedekind domain for each 

algebraic number fi eld  K . It can easily be seen that every 

principal ideal domain is a Dedekind domain. There are 

several equivalent defi nitions of a Dedekind domain (see 

Luthar and Passi  2002 , Chap. 14; Zariski and Samuel  1975 , 

Chap. V) 

  We now state a few results regarding the factorization of 

ideals in a Dedekind domain. 

   Theorem 6     Every non-zero fractional ideal of a Dedekind 
domain is invertible. 

    Theorem 7     Let  R  be a Dedekind domain. Then every non-

zero proper ideal of  R  can be written as a product of prime 
ideals of  R  in one and only one way except for the order of 
factors.  7    

  It may be pointed out that the converse of the above two 

theorems is true. If every non-zero fractional ideal of an 

integral domain  R  is invertible, then  R  is a Dedekind domain 

(cf. Luthar and Passi  2002 , Chap. 14). It is also known that 

in an integral domain  R , if every non-zero proper ideal  R  
can be written as a product of prime ideals of  R , then  R  is a 

Dedekind domain; the uniqueness of factorization follows 

from existence. An easy proof of this was given by Cohen 

(see Zariski and Samuel  1975 , Chap. V). 

 In 1878, Dedekind proved that if   K = ℚ(𝜃)     with   𝜃     an alge-

braic integer having minimal polynomial  f ( x ) over   ℚ     and if 

  p ∤ [AK ∶ ℤ[𝜃]],     then the factorization of   pAK     into prime 

ideals is related to the factorization of the polynomial  f ( x ) 
modulo  p . 

   Theorem 8     (Dedekind’s Theorem on splitting of primes) 

 Let   K = ℚ(𝜃)     be an algebraic number fi eld with  f ( x ) as 
the minimal polynomial of the algebraic integer   𝜃     over   ℚ.     
Let  p  be a prime number. Let   ̄f (x) = ḡ1(x)

e1 … ḡr(x)
er     be the 

factorization of   ̄f (x)     as a product of powers of distinct irre-
ducible polynomials over   ℤ∕pℤ,     with   gi(x) ∈ ℤ[x]     monic. 
Suppose that  p  does not divide   [AK ∶ ℤ[𝜃]],     then

       
where   ℘1,… ,℘r      are distinct prime ideals of   AK ,     
  ℘i = pAK + gi(𝜃)AK     with norm of   ℘i     equal to   pdeg gi     for all  i . 

pAK = ℘
e1

1
…℘

er

r
,

   5    Emmy Noether (1882–1935) obtained the fundamental results for 

Noetherian rings generalizing many of the earlier results for polyno-

mial rings by Hilbert, Lasker and Macaulay. In the words of Profes-

sor Peter Roquette (Roquette  2013 , Sect. 5.5), “It is quite remarkable 

that the importance of Emmy Noether had been clearly recognised in 

the USA at that time already—at least among the leading mathema-

ticians". He quotes Professor N. Wiener of MIT whose testimonial 

written for Emmy Noether says “Miss Noether is a great personality; 

the greatest woman mathematician who has ever lived and a greatest 

woman scientist of any sort now living. Leaving all questions of sex 

aside, she is one of the ten or twelve leading mathematicians of the 

entire world...". 

   6    Dedekind domains are named after a German mathematician Rich-

ard Dedekind (1831–1916) who made a number of highly signifi cant 

contributions to ring theory, algebraic number theory and the founda-

tions of real numbers. Several notions in mathematics are named after 

Richard Dedekind. For example Dedekind cut, Dedekind domain, 

Dedekind zeta-functions. Ideals were fi rst proposed by him in the 

3rd edition of the book-“Vorlesungen über Zahlentheorie” edited by 

Dedekind which is based on Dirichlet’s lectures. 

   7    For the ring of algebraic integers of an algebraic number fi eld, this 

result is sometimes called the fundamental theorem of ideal theory. 
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  We wish to point out that the converse of Theorem  8  is 

also true. This was proved by S. K. Khanduja and Munish 

Kumar (cf. Khanduja and Kumar  2008 ). 

    Class number of an algebraic number fi eld 

 Let  K  be an algebraic number fi eld. The set of all non-zero 

fractional ideals of  K  is a group under usual multiplication 

of ideals, denoted by   GK .     Let   PK     denote its subgroup consist-

ing of all non-zero principal fractional ideals. The quotient 

group   GK∕PK     is called the class group of  K  and its cardinal-

ity is called the class number of  K . The following theorem 

was fi rst proved by Dedekind in 1871 in his account of fi eld 

theory. 

   Theorem 9     The class number of an algebraic number fi eld 
is fi nite. 

  Note that class number of an algebraic number fi eld  K  is 1 

if and only if   AK     is a principal ideal domain or equivalently, 

  AK     is a unique factorisation domain. In some sense, the class 

number of  K  measures how far   AK     is from being a principal 

ideal domain. 

 A quadratic fi eld   K = ℚ(
√

d)     is called real or imagi-

nary according as  d  is positive or negative. For an imagi-

nary quadratic field   K = ℚ(
√

d)     with  d  a squarefree 

integer, Gauss proved that class number of  K  is 1 for 

  d = −1,−2,−3,−7,−11,−19,−43,−67,−163     . He also con-

jectured that these are the only nine imaginary quadratic 

fi elds  K  for which class number of  K  is 1. This conjecture 

remained open until 1966 when it was proved independently 

by Alan Baker ( 1966 ) and Harold Stark Stark ( 1967 ). 

 Regarding imaginary quadratic fi elds, Gauss made a more 

general conjecture known as Class Number Problem. It 

states that for any given number  h , there are only fi nitely 

many imaginary quadratic fi elds having class number  h . This 

conjecture was proved in 1934 by Hans Heilbronn and 

Edward Linfoot Heilbronn and Linfoot ( 1934 ). In 1936, Carl 

Ludwig Siegel Siegel ( 1936 ) proved a more general result 

which says that if  K  runs over quadratic extensions of   ℚ     with 

class number   hK     and regulator   RK     , then   
log(hKRK)

log |dK|      tends to 

1/2 as   |dK| ⟶ ∞    . 

 In 1950, Sarvadaman Chowla Chowla ( 1950 ) gave a dif-

ferent proof of Siegel’s result. This result was extended by 

Richard Brauer to all extensions of any fi xed degree over   ℚ     

and is known as Brauer–Siegel Theorem. 

 The following problem is still open. 

  Open Problem.  Gauss conjectured that there are infi -

nitely many real quadratic fi elds having class number one. 

There are numerous examples of real quadratic fi elds hav-

ing class number one, e.g. when   d = 2, 3, 5, 6, 7, 11, 13, 14     , 

17, 19,  21, 22, 23, 29, 31, 33, 37, 38,  41, 43, 46, 47, 53, 5

7, 59, 61, 62, 67,  69, 71, 73, 77, 83, 86,    89, 93, 94, 97,…     ; 

however it is not known that their number is infi nite. In fact, 

it is not known whether there are infi nitely many algebraic 

number fi elds of arbitrary degree having class number one. 

    Discriminant and integral basis of pure 
number fi elds 

 By a pure number fi eld of degree  n , we mean an algebraic 

number fi eld   K = ℚ(𝜃)     , where   𝜃     is a root of an irreducible 

polynomial   xn − a     over   ℤ     . The problem of computation of 

discriminant and construction of integral basis of pure num-

ber fi elds has been considered by several mathematicians. 

In 1900, Dedekind was the fi rst to describe an integral basis 

of pure cubic fi elds (cf. Khanduja  2022 , Theorem 2.22). An 

explicit construction of integral basis of pure prime degree 

number fi elds was given by Westlund in 1910 (cf. Westlund 

 1910 ; Jakhar and Sangwan  2019 ). In 1984, Funakura ( 1984 ) 

gave a formula for the discriminant and an integral basis for 

all quartic fi elds of the type   ℚ( 4
√

a)     in terms of prime pow-

ers dividing  a  and certain linear congruences modulo some 

power of 2. This problem has been solved for all pure sextic 

fi elds by Jakhar, Khanduja and Sangwan (cf. Jakhar et al. 

 2017 ; Jakhar  2021 ). 

 When   K = ℚ( n
√

a)     is a pure fi eld of degree  n  such that 

the integer  a  is either squarefree or coprime with  n , then the 

formula for the discriminant of  K  and an explicit construc-

tion of an integral basis of  K  is given by Jakhar, Khanduja 

and Sangwan in 2021 (cf. Jakhar et al.  2021a ,  b ). 

 We state some of the results about pure number fi elds 

below. 

   Theorem  10     Let   K = ℚ(𝜃)     be a cubic f ield with 
  𝜃3 = m = ab2     , where  a ,  b  are relatively prime squarefree 
integers. The following hold: 

      (i)      If   m ≢ 1 or 8 (mod 9),     then   {1, 𝜃, 𝜃2∕b}     is an integral 
basis of  K  and   dK = −27a2b2.       

     (ii)      If   m ≡ 1 (mod 9),     then   {𝜃, 𝜃2∕b, (1 + 𝜃 + 𝜃2)∕3}     is 
an integral basis of  K  and   dK = −3a2b2.       

     (iii)      If   m ≡ 8 (mod 9)     , then   {𝜃, 𝜃2∕b, (1 − 𝜃 + 𝜃2)∕3}     is 
an integral basis of  K  and   dK = −3a2b2.         

    Theorem 11     Let  p  be a prime number and   K = ℚ(𝜃)     be an 
algebraic number fi eld with discriminant   dK     , where   𝜃     is a 
root of an irreducible polynomial   f (x) = xp − a     belonging 
to   ℤ[x]     . Assume that  a  is not divisible by the  p th power of 
any prime. Write   a =

∏p

i=1
a

j

i
     with each   ai     squarefree and 

  ai, aj     coprime for   i ≠ j     . Let   𝛾i     denote the element   𝜃i∕
∏p−1

j=1
a

li,j

j
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of  K , where   li,j     stands for the largest integer not exceeding   ij
p
     

for   1 ≤ i ≤ p − 1     . Let  q  run over all distinct primes dividing 
 a . Then the following hold: 

      (i)      When either  p | a  or   p ∤ a     and   p2 ∤ (ap−1 − 1)     , then the 
set   {1, 𝛾1, 𝛾2,⋯ , 𝛾p−1}     is an integral basis of  K  and 
  dK = (−1)

(p−1)(p−2)

2 sgn(ap−1)pp ∏
q|a qp−1    .   

     (ii)      When   p2|(ap−1 − 1)     , then the set   {𝛾0, 𝛾1,⋯ , 𝛾p−1}     is 

an integral basis of  K , where   𝛾0 =
1

p

p−1∑
i=0

(a′𝜃)i     with   a′     

any integer satisfying   aa′ ≡ 1 (mod p2)     and 

            

    Theorem 12     Let   K = ℚ(𝜃)     be an algebraic number fi eld with 
discriminant   dK     , where   𝜃     is a root of an irreducible polyno-
mial   f (x) = xn − a     belonging to   ℤ[x]     . Let   

∏k

i=1
p

si

i
,
∏l

j=1
q

tj

j
     

be the prime factorizations of  n , | a | respectively. Let   mj, ni     
and   ri     stand respectively for the integers   gcd(n, tj),

n

p
si
i

     and 

  vpi
(api−1 − 1) − 1     . Assume that  a  is  n th power free and for 

each  i , either   vpi
(a) = 0     or   vpi

(a)     is coprime to   pi     . Then

       

where   vi     equals   nsi − 2ni

min{ri,si}∑
j=1

p
si−j

i
     or   nsi     according as 

  ri > 0     or not. 

  Before explicitly stating an integral basis of   ℚ( n
√

a)     , we 

introduce some notation. 

 Let   f (x) = xn − a     ,   K = ℚ(𝜃)     ,   n =
∏k

i=1
p

si

i
     and   ri     be as in 

Theorem   12  with | a | an  n th power-free integer which is 

expressed as   
∏n−1

j=1
a

j

j
     , where   aj     ’s are squarefree numbers rela-

tively prime in pairs. For   0 ≤ m ≤ n − 1     ,   Cm     will stand for the 

number   
∏n−1

j=1
a

[
jm

n

]
j

     . We shall denote by  S  the set 

  {i ∣ 1 ≤ i ≤ k, ri ≥ 1}     . For   i ∈ S     , denote   min{ri, si}     by   di     . Note 

that for such an index  i ,   pi     does not divide  a , for otherwise 

  ri = vpi
(api−1 − 1) − 1     =   −1 < 0     . Since the interval   [0, n − 1]     

can be partitioned into the union

       

of pairwise disjoint intervals, it follows that given any non-

negative integer  m  not exceeding   n − 1     , it belongs to one of 

these intervals and hence there exists a largest integer 

  ki,m, 0 ≤ ki,m ≤ di     and a non-negative integer   ji,m     such that 

  m = n −
n

p
ki,m

i

+ ji,m     . For   0 ≤ m ≤ n − 1     , let   Sm     denote the sub-

dK = (−1)
(p−1)(p−2)

2 sgn(ap−1)pp−2
∏
q|a qp−1.

dK = (−1)
(n−1)(n−2)

2 sgn(an−1)(

k∏
i=1

p
vi

i
)

l∏
j=1

q
n−mj

j
,

∪
di−1

ki=0
[n −

n

p
ki

i

, n −
n

p
ki+1

i

) ∪ [n −
n

p
di

i

, n − 1]

set of  S  defi ned by   Sm = {i ∈ S ∣ ki,m ≥ 1}     . Fix a pair ( i ,  m ) 
with   i ∈ Sm      .  Choose an integer   b′

i,m
     such that 

  ab′
i,m

≡ 1 (mod p
ki,m+1

i
)     and set   a′

i,m
= (b′

i,m
)p

si−1−ki,m

i      or   b′
i,m

     

according as   1 ≤ ki,m < si     or   ki,m = si     . Corresponding to the 

pair ( i ,   m ), denote the integer   
n

p
ki,m

i

     by   ni,m     . Let   wi,m     be an 

integer such that   wi,mCm(a′
i,m)

p
ki,m
i −1 ≡ 1 (mod pki,m

i )     ; such   wi,m     exists 

because   pi ∤ Cma′
i,m

     . Defi ne   𝛿i,m     belonging to   ℤ[𝜃]     by

       

Let   zi,m     stand for the integer   
∏

j∈Sm∖{i} p
kj,m

j
     for   i ∈ Sm     . Since 

  gcd{zi,m ∣ i ∈ Sm}     = 1, there exist integers   ui,m     such that 

  
∑

i∈Sm

ui,mzi,m = 1     . Let   𝛽m     equal   
∑

i∈Sm

ui,mzi,m𝛿i,m     or 0 according 

as   Sm ≠ ∅     or   Sm = ∅     . Observe that the highest power of   𝜃     

occurring in   𝛿i,m     is

       

and hence the same holds for   𝛽m     . Note that when   Sm     is a sin-

gleton set consisting of   {i}     , then   zi,m     being an empty product 

is 1 and   𝛽m = 𝛿i,m    . 

 With the above notations, we have proved the following 

theorem in Jakhar et al. ( 2021b ). 

   Theorem 13     Let   K = ℚ(𝜃)     with   𝜃     having minimal polyno-
mial   xn − a     over   ℚ     where  a  is an  n th power free integer and 
for every prime   pi     dividing  n  either   pi ∤ a     or   vpi

(a)     is coprime 
to   pi     . Let   n =

∏k

i=1
p

si

i
, S, Cm, ki,m     and   𝛽m     be as in the above 

paragraph. Then the following hold: 

 ( i ) If   S = ∅     , then   
{

𝜃m

Cm

|||| 0 ≤ m ≤ n − 1

}
     is an integral 

basis of  K . 

 ( ii ) If   S ≠ ∅     , then   

{
𝜃m + 𝛽m

Cm

∏
i∈S p

ki,m

i

|||| 0 ≤ m ≤ n − 1

}
     is an 

integral basis of  K . 

  We now provide two examples to illustrate the above 

theorem. 

   Example 1     Let   𝜃     be a root of   x10 − 150     and   K = ℚ(𝜃)     . With 

notations as in Theorem  13 , it can be easily seen that here 

  S = ∅     ,   Cm = 1     for   0 ≤ m ≤ 4     and   Cm = 5     for   5 ≤ m ≤ 9     and 

hence   {1, 𝜃, 𝜃2, 𝜃3, 𝜃4,
𝜃5

5
,
𝜃6

5
,
𝜃7

5
,
𝜃8

5
,
𝜃9

5
}     is an integral basis of 

 K  by Theorem  13 ( i ). 

    Example 2     Let   K = ℚ(𝜃)     ,  where   𝜃     is a root of 

  x6 − 2 ⋅ 52 ⋅ 135     . We retain the notations introduced 

𝛿i,m = wi,mCm𝜃
ji,m

p
ki,m

i
−2∑

r=0

(a′
i,m
𝜃ni,m)r.

ji,m + n − 2ni,m = m − ni,m < m
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in the paragraph preceding Theorem   13  and we take 

  p1 = 3, p2 = 2     ,   a = 2 ⋅ 52 ⋅ 135     . One can verify that 

  C1 = 1, C2 = 13, C3 = 5 ⋅ 132, C4 = 5 ⋅ 133, C5 = 5 ⋅ 134      . 

It can be easily seen that   v3(a
2 − 1) = r1 + 1 ≥ 2     and 

  v2(a − 1) = r2 + 1 = 0     . Therefore   S = {1}     . One can quickly 

verify that   k1,m = 0     for   0 ≤ m ≤ 3     and   k1,m = 1     for   m = 4, 5     ; 

also   j1,4 = 0     ,   j1,5 = 1     . Here   b′
1,m

= −1     works for   m = 4, 5     

and in view of this choice we may take   a′
1,m

= −1     for 

  m = 4, 5     . We may take   w1,m = 2     for   m = 4, 5     . Since   S = {1}     

is a singleton, we have   𝛽m = 𝛿1,m     for   m = 4, 5     . Substitut-

ing these values, we see that   𝛽4 = 10 ⋅ 133(−𝜃2 + 1)     and 

  𝛽5 = 10 ⋅ 134(−𝜃3 + 𝜃)     . Therefore by Theorem  13 ( ii ), we 

see that

       

is an integral basis of  K . 

  The following theorem which improves a result of Gaál 

and Remete proved in ( 2017 ), follows quickly from the 

above theorem. 

   Theorem 14     Let   n ≥ 2     be an integer with prime divisors 
  p1, p2,… , pk     . Let   K = ℚ(𝜃)     ,   K ′

= ℚ(𝜃
′

)     be algebraic number 
fi elds of degree  n , where   𝜃     ,   𝜃′     satisfy, respectively, the poly-
nomials   xn − m     ,   xn − m′     with integers  m ,   m′     squarefree which 
are congruent modulo   np1p2 ⋯ pk     . Then an element 
  1
q
(c0 + c1𝜃 +⋯ + cn−1𝜃

n−1)     with   ci, q     belonging to   ℤ     , is in 

  AK     if and only if   1
q
(c0 + c1𝜃

′

+⋯ + cn−1𝜃
′(n−1))     is in   AK

′    . 

     Discriminant and integral basis of fi elds 
defi ned by trinomials 

 The problem of computation of discriminant as well as 

integral basis of algebraic number fi elds has attracted the 

attention of several mathematicians who determined these 

for several classes of number fi elds which are defi ned over 

  ℚ     by certain types of irreducible polynomials (cf. Alaca 

 1998 ; Funakura  1984 ; Jakhar  2021 ; Jakhar et al.  2021a ,  b , 

 2023 ,  2017 ; Jakhar and Sangwan  2019 ; Kaur  1970 ; Kaur 

and Khanduja  2022 ; Komatsu  1975 ; Llorente et al.  1984 ). 

In 1983, Llorente, Nart and Vila gave an eff ective compu-

tation for the discriminant of all cubic fi elds and later in 

1991 for all those quartic and quintic fi elds which are gener-

ated over   ℚ     by a root of an irreducible trinomial   xn + ax + b     

belonging to   ℤ[x]     using Newton polygon technique (cf. 

Llorente et al.  1983 ,  1991 ). During 1998–2004, Alaca and 

Williams following a diff erent approach involving computer 

programming described a  p -integral basis (defi ned in the 

{1, 𝜃,
𝜃2

13
,

𝜃3

5 ⋅ 132
,
𝜃4 + 10 ⋅ 133(−𝜃2 + 1)

15 ⋅ 133
,
𝜃5 + 10 ⋅ 134(−𝜃3 + 𝜃)

15 ⋅ 134
}

following paragraph) of fi elds of the above type, viz. fi elds 

which are generated over   ℚ     by a root of some irreducible 

trinomial   xn + ax + b ∈ ℤ[x]     with   n = 3, 4     or 5 (cf. Alaca 

and Alaca  2004 ; Alaca  1998 ; Alaca and Williams  2004 ). 

The  p -integral bases given by them led to the construction 

of an integral basis of  K  in each case. In 2022, we dealt 

with the above problem for   n = 6     . In Kaur and Khanduja 

( 2022 ) for   K = ℚ(𝜃)     with   𝜃     satisfying an irreducible trino-

mial   f (x) = x6 + ax + b ∈ ℤ[x]     , we explicitly construct a 

 p -integral basis of  K  besides computing the exact power of 

 p  dividing the disciminant of  K  for each prime  p  in terms 

of powers of  p  dividing  a ,  b  and the discriminant of  f ( x ) 
together with certain linear congruences involving these. 

Besides the Theorem of Index of Ore (cf. Khanduja and 

Kumar  2014 , Theorem 1.4; Ore  1928 ), we use elementary 

valuation theory to compute the index of   𝜃     in several cases 

when this theorem is not applicable. Our proofs are theoreti-

cal and we do not use computer programming. Moreover 

the method of proof in Kaur and Khanduja ( 2022 ) has every 

possibility of extending to similar relative extensions keep-

ing in mind the generalised version of Theorem of Index of 

Ore proved in Khanduja and Kumar ( 2014 ). 

 For an algebraic number fi eld   L = ℚ(𝜉)     with   𝜉     in the ring 

  AL     of algebraic integers of  L , ind  𝜉     will stand for the group 

index   [AL ∶ ℤ[𝜉]]     . If   I(p)     denotes the integral closure in  L  
of the ring   ℤ(p)     which stands for the localisation of   ℤ     at a 

maximal ideal   pℤ     , then

       

is a free   ℤ(p)    -module of rank equal to the degree of the exten-

sion   L∕ℚ     . A basis of   I(p)     as   ℤ(p)    -module is called a  p -inte-

gral basis of  K . Note that if  p  does not divide ind  𝜉     , then by 

Lagrange’s theorem for fi nite groups,   AL ⊆ ℤ(p)[𝜉]     and hence 

  I(p) = ℤ(p)[𝜉]     , i.e., {1,  𝜉,⋯ , 𝜉n−1     } is a  p -integral basis of  L ,  n  
being the degree of the extension   L∕ℚ    . 

 In what follows,   vp     will stand for the  p -adic valuation 

of   ℚ     defi ned for any non-zero integer  m  to be the highest 

power of the prime  p  dividing  m . In what follows, we will 

denote by  K  the fi eld   ℚ(𝜃)     where   𝜃     is a root of an irreducible 

trinomial   f (x) = x6 + ax + b     belonging to   ℤ[x]     . If a prime  p  
is such that   p5     divides  a  and   p6     divides  b , then   𝜃∕p     is a root 

of the polynomial   x6 + (a∕p5)x + (b∕p6)     having integer coef-

fi cients. So we may assume that for each prime  p 

      

Throughout  D  will stand for the discriminant of  f ( x ) and 

  D2     for the integer   D∕2v2(D)     . As is well-known (cf. Esmonde 

et al.  1999 , Exercise 4.5.4)

      

I(p) =
{
𝛼

a
|𝛼 ∈ AL, a ∈ ℤ ⧵ pℤ

}

 (2)either vp(a) < 5 or vp(b) < 6.

 (3)D = 55a6 − 66b5.
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  Table 1       v 2   (d K ) and 2-Integral 

Basis of K  
  Case    Conditions      v2(D)          v2(dK)        2-Integral Basis  

  E1      v2(a) = 0        0    0    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

  E2      v2(b) = 1, v2(a) = 1        6    6    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

  E3      v2(b) = 1, v2(a) ≥ 2        11    11    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

  E4      v2(b) ≥ 2, v2(a) = 1        6    4    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5∕2    }  

  E5      v2(b) ≥ 3, v2(a) = 2        12    4    {  1, 𝜃, 𝜃2, 𝜃3∕2, 𝜃4∕2, 𝜃5∕22    }  

  E6      v2(b) = 3, v2(a) = 3        18    6    {  1, 𝜃, 𝜃2∕2, 𝜃3∕2, 𝜃4∕22, 𝜃5∕22    }  

  E7      v2(b) = 3, v2(a) ≥ 4        21    9    {  1, 𝜃, 𝜃2∕2, 𝜃3∕2, 𝜃4∕22, 𝜃5∕22    }  

  E8      v2(b) ≥ 4, v2(a) = 3        18    4    {  1, 𝜃, 𝜃2∕2, 𝜃3∕2, 𝜃4∕22, 𝜃5∕23    }  

  E9      v2(b) ≥ 5, v2(a) = 4        24    4    {  1, 𝜃, 𝜃2∕2, 𝜃3∕22, 𝜃4∕23, 𝜃5∕24    }  

  E10      v2(b) = 5, v2(a) = 5        30    10    {  1, 𝜃, 𝜃2∕2, 𝜃3∕22, 𝜃4∕23, 𝜃5∕24    }  

  E11      v2(b) = 5, v2(a) ≥ 6        31    11    {  1, 𝜃, 𝜃2∕2, 𝜃3∕22, 𝜃4∕23, 𝜃5∕24    }  

  E12      v2(a) = 1        7    7    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

      b ≡ 3 (mod 4)            

  E13      v2(a) = 1          v2(D) ≥ 9        7    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4,      

      b ≡ 1 (mod 4)        odd        (−5x5
0
+ x4

0
𝜃 + x3

0
𝜃2 + x2

0
𝜃3 + x0𝜃

4 + 𝜃5)∕2
v2 (D)−7

2     },  

      v2(D)     odd          5(
a

2
)x0 + 3b ≡ 0 (mod 2

v2 (D)−7

2 )      

  E14      v2(a) = 1          v2(D) ≥ 8        4    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4,      

      b ≡ 1 (mod 4),        even        (−5x5
1
+ x4

1
𝜃 + x3

1
𝜃2 + x2

1
𝜃3 + x1𝜃

4 + 𝜃5)∕2
v2 (D)−4

2     },  

      v2(D)     even,          5(
a

2
)x1 − 2u + 3b ≡ 0 (mod 2

v2 (D)−4

2 ),      

      D2 ≡ 3 (mod 4)              u =
v2(D)−6

2
      

  E15      v2(a) = 1          v2(D) ≥ 8        6    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4,      

      b ≡ 1 (mod 4),        even    
    (−5x5

2
+ x4

2
𝜃 + x3

2
𝜃2 + x2

2
𝜃3 + x2𝜃

4 + 𝜃5)∕2
v2 (D)−6

2     },  

      v2(D)     even,      
    5(

a

2
)x2 + 3b ≡ 0 (mod 2

v2 (D)−6

2 )      

      D2 ≡ 1 (mod 4)            

  E16      v2(a) ≥ 2        6    6    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

      b ≡ 1 (mod 4)            

  E17      v2(a) ≥ 2        6    0    {  1, 𝜃, 𝜃2, (1 + 𝜃3)∕2, (𝜃 + 𝜃4)∕2, (𝜃2 + 𝜃5)∕2    }  

      b ≡ 3 (mod 4)            

  E18      v2(b) = 2, v2(a) = 2        12    6    {  1, 𝜃, 𝜃2, 𝜃3∕2, 𝜃4∕2, 𝜃5∕2    }  

  E19      v2(b) = 2, v2(a) = 3        16    6    {  1, 𝜃, 𝜃2, 𝜃3∕2, (2𝜃 + 𝜃4)∕22, (2𝜃2 + 𝜃5)∕22    }  

      
b

4
≡ 3 (mod 4)            

  E20      v2(b) = 2, v2(a) ≥ 4        16    4    {  1, 𝜃, 𝜃2, (2 + 𝜃3)∕22, (2𝜃 + 𝜃4)∕22, (2𝜃2 + 𝜃5)∕22    }  

      
b

4
≡ 3 (mod 4)            

  E21      v2(b) = 2, v2(a) ≥ 3        16    8    {  1, 𝜃, 𝜃2, 𝜃3∕2, 𝜃4∕2, (2𝜃2 + 𝜃5)∕22    }  

      
b

4
≡ 1 (mod 4)            

  E22      v2(b) = 4, v2(a) = 4        24    4    {  1, 𝜃, 𝜃2∕2, 𝜃3∕22, (4𝜃 + 𝜃4)∕23,      

      
b

16
≡ 1 (mod 4)              (8𝜃 + 4𝜃2 + 𝜃5)∕24    }  

  E23      v2(b) = 4, v2(a) = 4        24    6    {  1, 𝜃, 𝜃2∕2, 𝜃3∕22, (4𝜃 + 𝜃4)∕23, (4𝜃2 + 𝜃5)∕23}      

      
b

16
≡ 3 (mod 4)            

  E24      v2(b) = 4, v2(a) = 5        26    6    {  1, 𝜃, 𝜃2∕2, 𝜃3∕22, (4𝜃 + 𝜃4)∕23, (4𝜃2 + 𝜃5)∕24}      

      
b

16
≡ 3 (mod 4)            

  E25      v2(b) = 4, v2(a) ≥ 6        26    4    {  1, 𝜃, 𝜃2∕2, (4 + 𝜃3)∕23, (4𝜃 + 𝜃4)∕23, (4𝜃2 + 𝜃5)∕24}      

      
b

16
≡ 3 (mod 4)            

  E26      v2(b) = 4, v2(a) ≥ 5        26    8    {  1, 𝜃, 𝜃2∕2, 𝜃3∕22, (4𝜃 + 𝜃4)∕23, 𝜃5∕23}      

      
b

16
≡ 1 (mod 4)            
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  Table 2       v 3   (d K ) and 3-Integral 

Basis of K  
  Case    Conditions      v3(D)          v3(dK)        3-integral basis  

  F1      v3(a) = 0        0    0    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

  F2      v3(b) = 1, v3(a) = 1        6    6    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

  F3      v3(b) = 1, v3(a) ≥ 2        11    11    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

  F4      v3(b) ≥ 2, v3(a) = 1        6    4    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5∕3    }  

  F5      v3(b) = 2, v3(a) = 2        12    6    {  1, 𝜃, 𝜃2, 𝜃3∕3, 𝜃4∕3, 𝜃5∕3    }  

  F6      v3(b) = 2, v3(a) ≥ 3        16    10    {  1, 𝜃, 𝜃2, 𝜃3∕3, 𝜃4∕3, 𝜃5∕3    }  

  F7      v3(b) ≥ 3, v3(a) = 2        12    4    {  1, 𝜃, 𝜃2, 𝜃3∕3, 𝜃4∕3, 𝜃5∕32    }  

  F8      v3(b) ≥ 4, v3(a) = 3        18    4    {  1, 𝜃, 𝜃2∕3, 𝜃3∕3, 𝜃4∕32, 𝜃5∕33    }  

  F9      v3(b) = 4, v3(a) = 4        24    8    {  1, 𝜃, 𝜃2∕3, 𝜃3∕32, 𝜃4∕32, 𝜃5∕33    }  

  F10      v3(b) = 4, v3(a) ≥ 5        26    10    {  1, 𝜃, 𝜃2∕3, 𝜃3∕32, 𝜃4∕32, 𝜃5∕33    }  

  F11      v3(b) ≥ 5, v3(a) = 4        24    4    {  1, 𝜃, 𝜃2∕3, 𝜃3∕32, 𝜃4∕33, 𝜃5∕34    }  

  F12      v3(b) = 5, v3(a) = 5        30    10    {  1, 𝜃, 𝜃2∕3, 𝜃3∕32, 𝜃4∕33, 𝜃5∕34    }  

  F13      v3(b) = 5, v3(a) ≥ 6        31    11    {  1, 𝜃, 𝜃2∕3, 𝜃3∕32, 𝜃4∕33, 𝜃5∕34    }  

  F14      v3(a) = 1        6    6    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

      b ≡ 1 (mod 3)            

  F15      v3(a) ≥ 2        6    6    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

      b ≡ 4 or 7 (mod 9)            

  F16      v3(a) ≥ 2        6    2    {  1, 𝜃, 𝜃2, 𝜃3, (1 − 𝜃2 + 𝜃4)∕3,      

      b ≡ 1 (mod 9)              (𝜃 − 𝜃3 + 𝜃5)∕3    }  

  F17      v3(a) ≥ 2        6    6    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

      b ≡ 2 or 5 (mod 9)            

  F18      v3(a) ≥ 2        6    2    {  1, 𝜃, 𝜃2, 𝜃3, (1 + 𝜃2 + 𝜃4)∕3,      

      b ≡ −1 (mod 9)              (𝜃 + 𝜃3 + 𝜃5)∕3    }  

  F19      b ≡ 2 (mod 9)        7    5    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4,      

      a ≡ ±3 (mod 9)              (𝜖 + 𝜃 + 𝜖𝜃2 + 𝜃3 + 𝜖𝜃4 + 𝜃5)∕3    },  

            𝜖     is   −1     or 1 according as   a ≡ 3     or   −3 (mod 9)      

  F20      b ≡ −1 (mod 9)        7    7    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5}      

      a ≡ ±3 (mod 9)            

  F21      b ≡ 5 (mod 9)        8    6    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4,      

      a ≡ ±3 (mod 9)              (𝜖 + 𝜃 + 𝜖𝜃2 + 𝜃3 + 𝜖𝜃4 + 𝜃5)∕3    },  

      v3(D)       =     8          𝜖     is   −1     or 1 according as   a ≡ −3     or   3 (mod 9)      

  F22      b ≡ 5 (mod 9)        9    3    {  1, 𝜃, 𝜃2, 𝜃3,      

      a ≡ ±3 (mod 9)              (−1 − 𝜃 + 𝜃3 + 𝜃4)∕3      

      v3(D) =     9          (−5x5
1
+ x4

1
𝜃 + x3

1
𝜃2 + x2

1
𝜃3 + x1𝜃

4 + 𝜃5)∕32    },  

            5(
a

3
)x1 + 2b ≡ 0 (mod 9)      

  F23      b ≡ 5 (mod 9)          v3(D) ≥ 10        4    {  1, 𝜃, 𝜃2, 𝜃3,      

      a ≡ ±3 (mod 9)        even        (−1 − 𝜃 + 𝜃3 + 𝜃4)∕3      

      v3(D) ≥ 10     and even      
    (−5x5

2
+ x4

2
𝜃 + x3

2
𝜃2 + x2

2
𝜃3 + x2𝜃

4 + 𝜃5)∕3
v3 (D)−6

2     },  

        
    5(

a

3
)x2 + 2b ≡ 0 (mod 3

v3 (D)−6

2 )      

  F24      b ≡ 5 (mod 9)          v3(D) ≥ 11        3    {  1, 𝜃, 𝜃2, 𝜃3,      

      a ≡ ±3 (mod 9)        odd        (−1 − 𝜃 + 𝜃3 + 𝜃4)∕3      

      v3(D) ≥ 11     and odd      
    (−5x5

3
+ x4

3
𝜃 + x3

3
𝜃2 + x2

3
𝜃3 + x3𝜃

4 + 𝜃5)∕3
v3 (D)−5

2     },  

        
    5(

a

3
)x3 + 2b ≡ 0 (mod 3

v3 (D)−5

2 )      

  F25      v3(b) = 3, v3(a) = 3        18    6    {  1, 𝜃, 𝜃2∕3, 𝜃3∕3, 𝜃4∕32, 𝜃5∕32    }  

  F26      v3(b) = 3, v3(a) ≥ 4        21    7    {  1, 𝜃, 𝜃2∕3, 𝜃3∕3, 𝜃4∕32,      

      B =
b

33
     ,   v3(B

3 − B) = 1              (𝜃2 + 3B)2𝜃∕33    }  

  F27      v3(b) = 3, v3(a) ≥ 4        21    3    {  1, 𝜃, 𝜃2∕3, (𝜃2 + 3B)𝜃∕32,      
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Table 2    (continued)
  Case    Conditions      v3(D)          v3(dK)        3-integral basis  

      B =
b

33
     ,   v3(B

3 − B) ≥ 2              (𝜃2 + 3B)2∕33, (𝜃2 + 3B)2𝜃∕33    }  

  Table 3       v 5   (d K ) and 5-Integral 

Basis of K  
  Case    Conditions      v5(D)          v5(dK)        5-Integral Basis  

  G1      v5(b) = 0        0    0    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

  G2      v5(b) = 1, v5(a) = 0    ,        

      a4 ≢ 21     ( mod  25),    5    5    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

      b ≢ a2 − a6     ( mod  25),        

      a2 ≢ (b∕5)     ( mod  5)        

  G3      v5(b) = 1, v5(a) = 0    ,        

      a4 ≢ 21     ( mod  25),    6    6    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

      b ≢ a2 − a6     ( mod  25),        

      a2 ≡ (b∕5)     ( mod  5)        

  G4      v5(b) = 1, v5(a) = 0    ,        {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4,      

      a4 ≢ 21     ( mod  25),    5    3      (𝜃 − a3𝜃2 + a2𝜃3 − a𝜃4 + 𝜃5)∕5    }  

      b ≡ a2 − a6     ( mod  25),        

  G5      v5(b) = 1, v5(a) = 0    ,        

      a4 ≡ 21     ( mod  25),    5    5    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

      b ≢ a2 − a6     ( mod  25)        

  G6      v5(b) = 1, v5(a) = 0    ,        {  1, 𝜃, 𝜃2, 𝜃3,      

      a4 ≡ 21     ( mod  25),      v5(D) ≥ 7        3      (−4a3𝜃 + 3a2𝜃2 − 2a𝜃3 + 𝜃4)∕5,      

      b ≡ a2 − a6     ( mod  25),          (−5x5
0
+ x4

0
𝜃 + x3

0
𝜃2 + x2

0
𝜃3 + x0𝜃

4 + 𝜃5)∕5
v5(D)−5

2
    },  

      v5(D)     is odd      
    ax0 + 6(

b

5
) ≡ 0 (mod 5

v5 (D)−5

2 )      

  G7      v5(b) = 1, v5(a) = 0    ,        {  1, 𝜃, 𝜃2, 𝜃3,      

      a4 ≡ 21     ( mod  25),      v5(D) ≥ 8        2      (−4a3𝜃 + 3a2𝜃2 − 2a𝜃3 + 𝜃4)∕5,      

      b ≡ a2 − a6     ( mod  25),          (−5x5
1
+ x4

1
𝜃 + x3

1
𝜃2 + x2

1
𝜃3 + x1𝜃

4 + 𝜃5)∕5
v5(D)−4

2
    },  

      v5(D)     is even      
    ax1 + 6(

b

5
) ≡ 0 (mod 5

v5 (D)−4

2 )      

  G8      v5(b) = 1, v5(a) ≥ 1        5    5    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

  G9      v5(b) ≥ 2, v5(a) = 0        5    5    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5    }  

      a4 ≢ 1     ( mod  25)        

  G10      v5(b) ≥ 2, v5(a) = 0    ,    5    3    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4,      

      a4 ≡ 1     ( mod  25),          (𝜃 − a3𝜃2 + a2𝜃3 − a𝜃4 + 𝜃5)∕5    }  

  G11      v5(b) = 2, v5(a) = 1        10    8    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5∕5    }  

  G12      v5(b) = 2, v5(a) ≥ 2        10    4    {  1, 𝜃, 𝜃2, 𝜃3∕5, 𝜃4∕5, 𝜃5∕5    }  

  G13      v5(b) ≥ 3, v5(a) = 1        11    9    {  1, 𝜃, 𝜃2, 𝜃3, 𝜃4, 𝜃5∕5    }  

  G14      v5(b) = 3, v5(a) = 2        15    7    {  1, 𝜃, 𝜃2, 𝜃3∕5, 𝜃4∕5, 𝜃5∕52    }  

  G15      v5(b) = 3, v5(a) ≥ 3        15    3    {  1, 𝜃, 𝜃2∕5, 𝜃3∕5, 𝜃4∕52, 𝜃5∕52    }  

  G16      v5(b) ≥ 4, v5(a) = 2        17    9    {  1, 𝜃, 𝜃2, 𝜃3∕5, 𝜃4∕5, 𝜃5∕52    }  

  G17      v5(b) = 4, v5(a) = 3        20    6    {  1, 𝜃, 𝜃2∕5, 𝜃3∕5, 𝜃4∕52, 𝜃5∕53    }  

  G18      v5(b) = 4, v5(a) ≥ 4        20    4    {  1, 𝜃, 𝜃2∕5, 𝜃3∕52, 𝜃4∕52, 𝜃5∕53    }  

  G19      v5(b) ≥ 5, v5(a) = 3        23    9    {  1, 𝜃, 𝜃2∕5, 𝜃3∕5, 𝜃4∕52, 𝜃5∕53    }  

  G20      v5(b) = 5, v5(a) = 4        25    5    {  1, 𝜃, 𝜃2∕5, 𝜃3∕52, 𝜃4∕53, 𝜃5∕54    }  

  G21      v5(b) = 5, v5(a) ≥ 5        25    5    {  1, 𝜃, 𝜃2∕5, 𝜃3∕52, 𝜃4∕53, 𝜃5∕54    }  

  G22      v5(b) ≥ 6, v5(a) = 4        29    9    {  1, 𝜃, 𝜃2∕5, 𝜃3∕52, 𝜃4∕53, 𝜃5∕54    }  



427Proceedings of the Indian National Science Academy (2023) 89:417–428 

1 3

With the above notations and assumption ( 2 ), the following 

theorem is proved in Kaur and Khanduja ( 2022 ) ( 1 ). 

   Theorem 15     Let   K = ℚ(𝜃)     be an algebraic number fi eld with 
  𝜃     a root of an irreducible polynomial   f (x) = x6 + ax + b     
belonging to   ℤ[x]     . Let  D ,   dK     denote respectively the discri-
minants of  f ( x ) and  K . Then a  p -integral basis together with 
the values   vp(D)     ,   vp(dK)     are given in Tables  1 ,  2 ,  3  and  4  
according as  p  equals 2 or 3 or 5 or   p > 5.     

       

 The following problem is still open. 

  Open Problem.  To fi nd a formula for the discriminant 

and to construct an explicit integral basis for general pure 

fi elds of degree  n  or for certain classes of fi elds generated 

over   ℚ     by a root of an irreducible trinomial of the type 

  xn + ax + b     belonging to   ℤ[x]     for   n ≥ 7    . 
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