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                     Abstract 
 Present article has attempted to provide relaxation time approximation based kinetic theory formalism for transport coef-

fi cients of relativistic matter in absence and presence of magnetic fi eld. The main projection part of it is the compact pres-

entation of four transport coeffi  cients—shear viscosity, bulk viscosity, thermal conductivity and electrical conductivity of 

relativistic matter, which will probably be contemporary matter of interest not only for the physics of heavy ion collisions 

but also other research domain like compact star and electron hydrodynamics in condense matter physics. 

   Keywords     Transport coeffi  cients    ·  Magnetic fi eld    ·  Kinetic theory    ·  Relaxation time approximation  

      Introduction 

 Production of strong magnetic fi elds in the early stages of 

relativistic heavy-ion collisions (HIC) is a longstanding 

topic, that are being extensively studied (Rafelski and Muller 

 1976 ; Kharzeev et al.  2008 ). Strengths of these produced 

fi elds have been estimated to be even larger than the strong-

interaction scale   ΛQCD ≃ 0.25     GeV (e.g. Pb–Pb collisions at 

the Large Hadron Collider estimates   eB ∼ 15 m2
𝜋
≫ Λ2

QCD
     ) 

(Skokov et al.  2009 ; Tuchin  2013 ). So, impact of this huge 

magnetic fi eld on the QCD matter’s properties become a 

contemporary research topic. Reader can fi nd a long list of 

Refs. Nam ( 2012 ), Hattori and Satow ( 2016 ), Hattori et al. 

( 2017a ,  b ), Harutyunyan and Sedrakian ( 2016 ), Kerbikov 

and Andreichikov ( 2015 ), Feng ( 2017 ), Fukushima and 

Hidaka ( 2018 ), Li et al. ( 2018 ), Das et al. ( 2019 ,  2020 ), 

Ghosh et al. ( 2019 ,  2020 ), Satapathy et al. ( 2021 ,  2022 ), Li 

and Yee ( 2018 ), Nam and Kao ( 2013 ), Alford et al. ( 2014 ), 

Tawfi k et al. ( 2016 ), Tuchin ( 2012 ), Mohanty et al. ( 2019 ), 

Dey et al. ( 2021a ,  b ), Dash et al. ( 2020 ), Ghosh and Ghosh 

( 2021 ), Huang et al. ( 2010 ,  2011 ), Agasian ( 2012 ,  2013 ) on 

the microscopic calculation of diff erent transport coeffi  cients 

like electrical conductivity (   𝜎     ) (Nam  2012 ; Hattori and 

Satow  2016 ; Hattori et al.  2017b ; Harutyunyan and Sedra-

kian  2016 ; Kerbikov and Andreichikov  2015 ; Feng  2017 ; 

Fukushima and Hidaka  2018 ; Li et al.  2018 ; Das et al.  2019 , 

 2020 ; Ghosh et al.  2020 ; Satapathy et al.  2021 ,  2022 ), shear 

viscosity (   𝜂     ) (Li and Yee  2018 ; Nam and Kao  2013 ; Alford 

et al.  2014 ; Tawfi k et al.  2016 ; Tuchin  2012 ; Ghosh et al. 

 2019 ; Mohanty et al.  2019 ; Dey et al.  2021a ,  b ; Dash et al. 

 2020 ; Ghosh and Ghosh  2021 ), bulk viscosity (   𝜁     ) (Hattori 

et al.  2017a ; Huang et al.  2010 ,  2011 ; Agasian  2012 ,  2013 ), 

thermal conductivity (   𝜅     ) of QCD matter in presence of mag-

netic fi eld. If we analyse framework of earlier calculations, 

then we can fi nd that the relaxation time approximation 

(RTA) based kinetic theory expressions of transport coeffi  -

cients are widely adopted and their methodologies in 

absence and presence of magnetic fi eld are well discussed 

in the volume 10 book of Landau series (Lifshitz and 

Pitaevski  1981 ). A detailed and systematic calculations of 

these transport coeffi  cients for relativistic matter in absence 

of magnetic field are addressed in Refs. Gavin ( 1985 ), 

Chakraborty and Kapusta ( 2011 ), Islam et al. ( 2021 ). Present 

work will attempt to revisit the calculations in a very com-

pact way and then extend it for fi nite magnetic fi eld case. 

This compact methodologies or brief steps of four transport 

coeffi  cients calculations in absence and presence of mag-

netic fi eld are expected to be very useful and contemporary 

matter of interest for the HIC community as well as others 

like researcher of compact star (Sen et al.  2021 ), condense 

matter community who recently focus on electron hydrody-

namics of graphene system (Narozhny  2019 ). The core of 

article is organized basically in sections “ Transport coeffi  -

cients in absence of magnetic fi elds ” and “ Transport coef-

fi cients in presence of magnetic fi elds ”, where brief steps of 
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four transport coeffi  cients calculations in absence and pres-

ence of magnetic field are respectively addressed with 

graphical visualization. At the end, the steps of the micro-

scopic calculations are summarized with its future extension 

possibility. 

    Transport coeffi  cients in absence 
of magnetic fi elds 

 Many good references are available in the literature for 

knowing the microscopic formalism of transport coeffi  cients. 

Reader can go through Refs. Gavin ( 1985 ), Chakraborty and 

Kapusta ( 2011 ), Islam et al. ( 2021 ), De Groot and Mazur 

( 1962 ), Chaudhuri ( 2014 ), Monnai ( 2016 ) for relativistic 

matter like QGP. Here, we will quickly address the key steps 

for these calculations. 

 Let us fi rst try to visualize the concept of local thermaliza-

tion of medium. For this purpose, Fig.  1  is drawn to display the 

macroscopic (left panel) and microscopic (right panel) mecha-

nism. We are considering an expanding spherical (other geom-

etry is also possible, e.g. cylindrical expanding QGP) medium/

fl uid, containing large number of fl uid elements (roughly con-

sidered as cubical size). Now, let us focus on a blue marked 

fl uid element at 4D position   x𝜇     and with four velocity   u𝜇     . 

After zooming in the fl uid element, we can see large number 

of medium constituent particles, moving randomly with four 

momentum   p𝜇     . Each cubical box has its own macroscopic 

thermodynamical properties like pressure  P , temperature  T , 
internal energy density   𝜖     , entropy density  s  etc, which follow 

the Euler’s thermodynamical relation   Ts = 𝜖 + P − 𝜇n     and 

second law of thermodynamics   Tds = d𝜖 + P − 𝜇dn     . Now, 

in the limiting case, we can consider all fl uid elements are 

thermodynamically infi nitesimal volume elements instead of 

fi nite boxes and they have their own set of thermodynamical 

quantities like  T ,   𝜖     ,  P  etc at 4D position   x𝜇     . This is the basic 

conception of local thermalization. So, entire (static) fl uid can 

be described by position dependent thermodynamics—  T(x𝜇)     , 

  𝜖(x𝜇)     ,   P(x𝜇)     etc.         

 We know that the statistical mechanics (SM) provides the 

microscopic picture, where particles are randomly moving 

with four momentum   p𝜇 ≡ (E, p⃗)     by following standard clas-

sical mechanics (CM). SM prescribes a special summation 

  
∑

0 ≡ g ∫ d3xd3p

(2𝜋)3
f0     , through which it connect micro/one-body/

CM to macro/many-body/Thermodynamics. Here,   f0     is equi-

librium thermodynamical distribution and  g  is degeneracy 

factor. They are briefl y addressed in Table  1 .  

 For relativistic matter we have to consider particle and anti-

particle distribution separately. For example, Fermi–Dirac 

function

      

will be used for quark and anti-quark distribution functions 

respectively. For 2 fl avor quark matter, degeneracy fac-

tor will be   g = 2 × 2 × 3 = 12     . In relativistic tensor type 

 (1)f ±
0
= 1∕

{
exp

(
E

T
∓

𝜇

T

)
+ 1

}

  Fig. 1       Schematic diagram of 

local thermalization: (Left) 

expanding spherical medium 

with large (ideally infi nite) no 

of fl uid element (cube shapes). 

Zooming one (blue marked 

cube) fl uid element at   x𝜇     and 

with four velocity   u𝜇     , one can 

visualize a microscopic picture 

(Right)—randomly moving 

(red color) particles with four 

momentum   p𝜇     and satisfying 

local thermalization condition  
u

μ

x
μ

p
μ

Thermodynamics : T(x
μ
), P(x

μ
)

  Table 1       Statistical mechanics (SM) connect microscopic or one-body 

or classical mechanical (CM) quantities like energy  E , momentum 

 p , velocity  v  etc. to macroscopic or many-body or thermodynamical 

quantities like energy density   𝜖     , pressure  P , number density  n  etc  

  Macro/many-body/ther-

modynamics  

  SM    Micro/one-body/CM  

    𝜖          𝜖 = 1

V

∑
0 E          E =

√
p⃗2 + m2      

   P       P =
1

V

∑
0

p⃗⋅v⃗

3
          ⃗v =

p⃗

E
      

   n       n =
1

V

∑
0 1        1  
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description, we can realize as   𝜖 = T00     ,   P = T11 = T22 = T33     , 

  n = N0     by defi ning (ideal part of) energy–momentum tensor:

      

net quark number fl ow:

      

Till now, we have discussed about the picture of static fl uid 

or fl uid rest frame, where fl uid elements are in rest or hav-

ing four velocity   u𝜇 ≡ (1, 0⃗)     . However, for expanding fl uid 

picture, fl uid elements can have velocity   u𝜇 ≡ 𝛾(1, u⃗)     with 

  𝛾 = 1∕
√

1 − u⃗2     and   u2 = 1     . So, similar to   T(x𝜇)     ,   P(x𝜇)     , one 

can write   u𝜇(x𝜇)     in the local thermalization picture. In this 

dynamic picture of fl uid, ideal energy–momentum tensor 

and net quark number fl ow can be expressed as

      

in terms of the building blocks—  𝜖     ,  P ,  n ,   u𝜇     and metric ten-

sor   g𝜇𝜈    . 

 Now, the dissipative term of energy–momentum tensor can 

be defi ned as

      

where traceless   𝜋𝜇𝜈     (   𝜋
𝜇
𝜇 = 0     ) is known as shear stress; 

  ΠΔ𝜇𝜈     is known as bulk stress;   W𝜇     is energy f low; 

  Δ𝜇𝜈 = (g𝜇𝜈 − u𝜇u𝜈)     is projection perpendicular to velocity 

  u𝜇     . In Eq. ( 5 ), energy fl ow   W𝜇     further includes heat fl ow 

  q𝜇     and dissipative part of net quark number fl ow   N
𝜇

D
     by the 

relation

      

where enthalpy per particle is   h =
𝜖+P

n
     . These dissipative 

pressures   𝜋𝜇𝜈     ,   Π     and heat fl ow   q𝜇     will be connected with 

transport coeffi  cients shear viscosity   𝜂     , bulk viscosity   𝜁     and 

thermal conductivity   𝜅     , which are our matter of interest. 

Gradient of fl uid element’s velocity   u𝜇(x𝜇)     and temperature 

 (2)T
𝜇𝜈

0
=12∫

d3
p

(2𝜋)3
p𝜇p𝜈

E
(f +

0
+ f −

0
),

 (3)N
𝜇

0
=12∫

d3
p

(2𝜋)3
p𝜇

E
(f +

0
− f −

0
) .

 (4)
T
𝜇𝜈

0
=𝜖u𝜇u𝜈 − P(g𝜇𝜈 − u𝜇u𝜈)

N
𝜇

0
=nu𝜇

 (5)T
𝜇𝜈

D
= W𝜇u𝜈 + W𝜈u𝜇 + 𝜋𝜇𝜈 + ΠΔ𝜇𝜈 ,

 (6)W𝜇 = (q𝜇 + hN
𝜇

D
) ,

  T(x𝜇)     are the reasons of their respective dissipation. Their 

connecting relations are

      

      

      

where full form of respective gradients are

       

 If the relativistic Eqs. ( 7 ), ( 8 ), ( 9 ) with Lorentz indices are 

far from our visualization, then we may connect them to our 

under-graduate level simple relations:

      

where shear pressure   P𝜂     , bulk pressure   P𝜁     and heat fl ow   ⃗q     

and their corresponding gradients may be easy to visualize. 

Their graphics are presented in left and right panels of Fig.  2  

for   𝜂     and   𝜁     respectively and left panel of Fig.  3  for   𝜅     . Reader 

can identify the common mathematical structure:

      

Let us consider that the medium constituent particles are in 

slightly out of equilibrium. Their unknown non-equilibrium 

distribution  f  can be considered as summation of equilibrium 

distribution   f0     and its small deviation   𝛿f      i.e.   f = f0 + 𝛿f      . It 

means that   f0     and   𝛿f      are responsible for ideal and dissipative 

part of energy–momentum tensors   T
𝜇𝜈

0
     and   T

𝜇𝜈

D
     respectively. 

Similarly, net number density can have dissipative part   N
𝜇

D
     

 (7)𝜋𝜇𝜈 =2𝜂U𝜇𝜈
𝜂

,

 (8)Π = − 𝜁U𝜁 ,

 (9)and q𝜇 =𝜅U
𝜇
𝜅

,

 (10)

U
𝜇𝜈
𝜂

≡[1

2
(Δ𝜇

𝜎
Δ𝜈

𝜏
+ Δ𝜈

𝜎
Δ𝜇

𝜏
) −

1

3
Δ𝜇𝜈Δ𝜎𝜏

]
∇𝜎u𝜏 ,

and U𝜁 ≡𝜕𝜌u𝜌 ,

U
𝜇
𝜅

T
≡ −

T2

h
Δ𝜇𝜌𝜕𝜌

(𝜇
T

)
.

 (11)

P𝜂 =𝜂
𝜕vx

𝜕y

P𝜁 = − 𝜁∇ ⋅ v⃗ = −𝜁
∑ 𝜕vx

𝜕x

q⃗ = − 𝜅∇T = −
∑

x̂
𝜕T

𝜕x
,

 (12)

Dissipating pressure = (transport coeff icient) × Gradient .

  Fig. 2       Graphical visualization 

of shear viscosity (left) and bulk 

viscosity (right)  
vx

x

y

Pη
= η dvx/dy

shear viscosity
shear stress

velocity gradient

vy

x

y

Pζ
= ζ dvx/dx

bulk viscosity
bulk pressure

velocity divergence

z

vx

vz
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along with   N
𝜇

0
     . So, similar to Eqs. ( 2 ) and ( 3 ), we can write 

microscopic expressions of   T
𝜇𝜈

D
     and   N

𝜇

D
     for QGP as

      

      

In terms of   T𝜇𝜈 = T
𝜇𝜈

0
+ T

𝜇𝜈

D
     and   N𝜇 = N

𝜇

0
+ N

𝜇

D
     , one can 

express the dissipative pressure-like terms   𝜋𝜇𝜈     ,   Π     and   q𝜇     as

      

Using microscopic Eqs. ( 13 ), ( 14 ) in Eq. ( 15 ), we get   𝜋𝜇𝜈     ,   Π     

and   q𝜇     in terms of   𝛿f ±
𝜂

     ,   𝛿f ±
𝜁

     ,   𝛿f ±
𝜅

     respectively, where sub-

scripts of   𝛿f      are introduced for respective transport coeffi  -

cients   𝜂     ,   𝜁     ,   𝜅     . Reader can visualize a common mathematical 

structure like

      

where   ∗     ’s inside bracket are respective mathematical parts 

for three diff erent dissipative forces. These (small) devia-

tions   𝛿f      from equilibrium should be proportional to   
𝜕f0

𝜕E
     (as a 

second term of Taylor’s series of  f ) and respective gradients 

  U𝜇𝜈
𝜂

     ,   U𝜁     ,   U𝜅     . Hence, we can write

      

Using Eqs.  ( 17 ) in the actual expanded expressions of 

Eq. ( 16 ), we can recognize Eq. ( 12 ) type structure and iden-

tify the transport coeffi  cients   𝜂     ,   𝜁     and   𝜅     in terms of their 

respective unknown constants   Φ
𝜂
𝜇𝜈     ,   Φ

𝜁     ,   Φ𝜅
𝜇
     , which can be 

 (13)T
𝜇𝜈

D
= 12∫

d3p

(2𝜋)3
p𝜇p𝜈

E
(𝛿f + + 𝛿f −) ,

 (14)N
𝜇

D
= 12∫

d3
p

(2𝜋)3
p𝜇

E
(𝛿f + − 𝛿f −) .

 (15)

𝜋𝜇𝜈 =
[

1

2
(Δ𝜇

𝜎
Δ𝜈

𝜏
+ Δ𝜈

𝜎
Δ𝜇

𝜏
) −

1

3
Δ𝜇𝜈Δ𝜎𝜏

]
T𝜎𝜏

Π = −
1

3
Δ𝜇𝜈T

𝜇𝜈

D

q𝜇 =W𝜇 − hN
𝜇

D
= u𝜈T𝜈𝜎Δ𝜇

𝜎
− hΔ𝜇

𝜈
N𝜈 .

 (16)𝜋𝜇𝜈 ,Π, q𝜇 = 12∫
d3p

(2𝜋)3
(∗, ∗, ∗)(𝛿f + + 𝛿f −) ,

 (17)

𝛿f ±
𝜂
≡ Φ𝜂

𝜇𝜈
U
𝜇𝜈
𝜂

𝜕f0

𝜕E
,

𝛿f ±
𝜁
≡ Φ𝜁

U𝜁

𝜕f0

𝜕E
,

𝛿f ±
𝜅
≡ Φ𝜅

𝜇
U
𝜇
𝜅

𝜕f0

𝜕E
.

found by using the relaxation time approximation (RTA) of 

relativistic Boltzmann transport equations (RBTE):

      

Assuming

      

in left hand side (LHS) of Eq. ( 18 ), we can get space deriva-

tive of   f0     as Islam et al. ( 2021 )

      

from where actual form of Eqs. ( 17 ) can now be identifi ed as

      

The force term of LHS of RBTE is connected with momen-

tum-derivative of   f ±
0

    

      

where an external electric fi eld   Ei     will act as force term 

  F𝜇 = eQ,Q̄E
𝜇 = (0, eEi)    .                 

 Through this deviation   𝛿f ±
𝜎

     , transport coeffi  cient like 

electrical conductivity   𝜎     can be obtained from macro-

scopic and microscopic defi nition of electric (dissipative) 

current fl ow:

 (18)
p𝜇

E
𝜕𝜇f ± + F𝜇 𝜕f ±

𝜕p𝜇
= −

(p𝜇u𝜇

E

)𝛿f ±

𝜏c

.

 (19)f ≈ f0 = 1∕

{
exp

(
u𝜇(x𝜇)p𝜇

T(x𝜇)
−

𝜇(x𝜇)

T(x𝜇)

)}

 (20)

p𝜇

E
𝜕𝜇f ±

0
= −𝛽f ±

0

(
1 − f ±

0

)
[

p𝜇p𝜈

2E
U
𝜂
𝜇𝜈

−
1

E

(
p2

3
− c2

s
E2

)
U
𝜁 +

p𝜇

E
(E ∓ h)U𝜅

𝜇

]

= −
1

𝜏c

(
𝛿f ±

𝜂
+ 𝛿f ±

𝜁
+ 𝛿f ±

𝜅

)
,

 (21)

𝛿f ±
𝜂
=𝜏c

p𝜇p𝜈

2E
U
𝜇𝜈
𝜂

𝜕f0

𝜕E
,

𝛿f ±
𝜁
=𝜏c

1

E

(
p2

3
− c2

s
E2

)
U𝜁

𝜕f0

𝜕E
,

𝛿f ±
𝜅
=𝜏c

p𝜇

E
(E ∓ h)U𝜇

𝜅

𝜕f0

𝜕E
.

 (22)

F𝜇
𝜕f ±

0

𝜕p𝜇
= − 𝛽f ±

0
(1 − f ±

0
)

[
eQ,Q̄E

𝜇
p𝜇

E

]

= −
𝛿f ±

𝜎

𝜏c

,

  Fig. 3       Schematic diagram 

for visualization of thermal 

conductivity (left) and electrical 

conductivity (right)  

x1

x

x2

q = κ dT/dx

Thermal conductivity
Heat flow

temperature gradient

q

(T1 - T2)/(x1-x2)

T1
T2

J

x

J = σ E

Electrical conductivity

Electric current density

Electric Field



516 Proceedings of the Indian National Science Academy (2023) 89:512–519

1 3

      

So, at the end, following the above steps, one can reach fi nal 

expressions of all four transport coeffi  cients of quark matter:

      

where in approximated expressions,   p     ,  v ,  E  are thermal aver-

age values, taken outside the integration and susceptibilities 

for  par t icle and anti-par t icle are def ined as 

  𝜒± =
𝜕n±

𝜕𝜇
≡ 𝜕

𝜕𝜇
12 ∫ d3

p

(2𝜋)3
f ±
0

     with   𝜒 = 𝜒+ − 𝜒−     .  These 

approximations are for gross interpretations of diff erent 

quantities. For example, we noticed that pressure is basically 

multiplication of average momentum, velocity and density, 

  P =
∑

0 pv∕3 ≈ pv∕3 × n     . Similarly, transport coeffi  cients 

can be expressed as a multiplication of relaxation time   𝜏c     , 

average kinematics and susceptibility, where average kine-

matics parts for   𝜂     ,   𝜁      ,   𝜅      ,   𝜎     are respectively   
p2v2

15
     , 

  p2v2(1∕3 − c2
s
)2     ,   

pv

3
(E − h)2     and   

e2v2

3
    . 

 (23)J
𝜇

D
= 𝜎𝜇𝜈

E𝜈 = 6
∑
u,d

∫
d3

p

(2𝜋)3
p𝜇

E

(
eQ𝛿f +

𝜎
+ eQ̄𝛿f −

𝜎

)
.

 (24)

𝜂 = 12∫
d3

p

(2𝜋)3

(
p

4

15E2

)
𝜏c𝛽

[
f +
0
(1 − f +

0
) + f −

0
(1 − f −

0
)
]

≈ 𝜏c

p
2v2

15
𝜒

𝜁 = 12∫
d3

p

(2𝜋)3

{
1

E2

(
p

2

3
− c2

s
E2

)2
}

𝜏c𝛽[
f +
0
(1 − f +

0
) + f −

0
(1 − f −

0
)
]

≈ 𝜏c

(
pv∕3 − c2

s
E
)2
𝜒

𝜅 = 12∫
d3

p

(2𝜋)3
p

2

3E2
𝜏c𝛽

2

[
(E − h)2f +

0
(1 − f +

0
) + (E + h)2f −

0
(1 − f −

0
)
]

≈ 𝜏c

pv

3

[
𝛽(E − h)2𝜒+ − 𝛽(E + h)2𝜒−

]

𝜎 = 6
∑

Q=u,d
∫

d3
p

(2𝜋)3

e2
Q

p
2

3E2
𝜏c𝛽

[
f +
0
(1 − f +

0
) + f −

0
(1 − f −

0
)
]

≈ 𝜏c

1

2

∑
Q=u,d

e2
Q

v2

3
𝜒 ,

    Transport coeffi  cients in presence 
of magnetic fi elds 

 After knowing the steps of transport coeffi  cient calcula-

tions for   B = 0     , we can now repeat these steps for   B ≠ 0     . 

Let us start with a smart guessing about our deviation 

terms for diff erent transport coeffi  cients (in terms of 3D 

index  i ,  j , instead of 4D index   𝜇, 𝜈     ) as

      

where the subscript  n  is newly added to denote diff erent 

components of any transport coeffi  cient, which will be dif-

ferent in magnitude for   B ≠ 0     . Some of these components, 

called Hall components, are newly introduced when one 

transit from   B = 0     to   B ≠ 0     picture. Whereas other compo-

nents, called parallel and perpendicular components (Figs.  4 , 

 5 ), will be diff erent in magnitude for   B ≠ 0     but same for 

  B = 0     . That is why subscript  n  is not introduced for   B = 0     

case. In other word, we can say that the matter transit from 

isotropic to anisotropic transportation during the transition 

from   B = 0     to   B ≠ 0     picture.                 

 Let us unfold the structures of   Uij
𝜂n

     ,   U𝜁n
     ,   Ui

𝜅n
     ,   Ei

n
     . For 

shear viscosity in absence of magnetic fi eld, we get only 

o n e  c o m p o n e n t  o f  v e l o c i t y  g r a d i e n t 

  Uij
𝜂
= 2

(
Vij + (1∕3)𝛿ij∇⃗ ⋅ u⃗

)
     , with   Vij =

1

2

(
𝜕ui

𝜕xj

+
𝜕uj

𝜕xi

)
     , which 

are built by fl uid velocity   ui     only, but for fi nite magnetic 

fi eld case, combination of fl uid velocity   ui     and magnetic 

fi eld (unit) vector   bi     will produce fi ve possible components 

of (traceless) gradient tensors for shear viscosity 

coeffi  cients:

 (25)

𝛿f ±
𝜂n
=

∑
n=0,..4

𝜏𝜂n

pipj

2E
U

ij
𝜂n

𝜕f0

𝜕E
,

𝛿f ±
𝜁n
=

∑
n=0,1

𝜏𝜁n

1

E

(p2

3
− c2

s
E2

)
U𝜁n

𝜕f0

𝜕E
,

𝛿f ±
𝜅n

=
∑

n=0,1,2

𝜏𝜅n

pi

E
(E ∓ h)Ui

𝜅n

𝜕f0

𝜕E
,

𝛿f ±
𝜎n

=
∑

n=0,1,2

𝜏𝜎n
eQ,Q̄

pi

E
E

i
n

,

  Fig. 4       Schematic diagram for 

perpendicular (left) and parallel 

(right) shear viscosity compo-

nents—  𝜂1 ≡ 𝜂xyxy     and   𝜂2 ≡ 𝜂xzxz     

respectively  
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 Here,   bij ≡ 𝜀ijklbkbl     ,   𝜀ijkl     is total anti-symmetric Levi-

Civita tensor.   bi     is a unit vector parallel to the magnetic fi eld 

  Bi     , normalised as   bibi = −1     . Similarly, two possible compo-

nents of (non-zero trace) gradient tensors for bulk viscosity 

coeffi  cients:

      

Three possible components of gradient tensors for thermal 

conductivity:

      

Three possible components of force tensors for electrical 

conductivity:

      

In presence of magnetic fi eld, macroscopic Eqs. ( 7 ), ( 8 ), ( 9 ) 

for   𝜂     ,   𝜁     ,   𝜅     will be modifi ed to

      

 (26)

U
𝜂0

ij
=2

(
Vij + (1∕3)𝛿ij∇⃗ ⋅ u⃗

)
U
𝜂1

ij
=

3

4

{(
3bibj − 𝛿ij

)(
bkblVkl − (1∕3)∇⃗ ⋅ u⃗

)}
U
𝜂2

ij
=2

(
Vikbjbk + Vjkbibk − 2Vijbibjbkbl

)
U
𝜂3

ij
=2

(
Vikbjk + Vjkbik − Vklbjlbibk − Vklbilbjbk

)

 (27)U
𝜂4

ij
=2

(
bikbjbl + bjkbibl

)
Vkl .

 (28)
U
𝜁0 =∇⃗ ⋅ u⃗

U
𝜁1 =Vklbkbl − ∇⃗ ⋅ u⃗ ;

 (29)

U
𝜅0

i
=𝜕iT

U
𝜅1

i
=(bj𝜕jT)bi

U
𝜅2

i
=𝜀ijkbj𝜕kT

 (30)

U
𝜎
i
=Ei

U
𝜎
i
=(bj

Ej)bi

U
𝜎
i
=𝜀ijkbj

Ek .

 (31)

𝜋𝜇𝜈 =
∑

n=0,..,4

𝜂nU
𝜇𝜈
𝜂n

,

Π = −
∑

n=0,1

𝜁nU𝜁n
,

and q𝜇 =
∑

n=0,1,2

𝜅nU
𝜇
𝜅n

,

where n components of gradients   U𝜇𝜈
𝜂n

     ,   U𝜁n
     ,   U𝜇

𝜅n
     are newly 

expected at   B ≠ 0     picture instead of single components gra-

dients   U𝜇𝜈
𝜂

     ,   U𝜁     ,   U
𝜇
𝜅
     for   B = 0     case. Similarly, macroscopic 

Eq. ( 23 ) for   𝜎     will also modifi ed to

      

Again we can formulate kinetic theory based microscopic 

expressions of   𝜋𝜇𝜈     ,   Π     ,   q𝜇     and   J
𝜇

D
    :

      

by caring respective integrands, denoted as   ∗    ’s. 

 Now using Eq. ( 25 ) in Eq. ( 33 ) and then recognize   𝜂n     , 

  𝜁n     ,   𝜅n     and   𝜎n     of quark-matter as

      

 (32)
J𝜇 =

∑
n=0,1,2

𝜎nE
𝜇 .

 (33)

𝜋𝜇𝜈 ,Π, q𝜇, J
𝜇

D

= 12∫
d3p

(2𝜋)3
(∗, ∗, ∗, ∗)

(
𝛿f +

𝜂n,𝜁n,𝜅n,𝜎n
+ 𝛿f −

𝜂n,𝜁n,𝜅n,𝜎n

)

 (34)

𝜂n = 12∫
d3

p

(2𝜋)3

(
p

4

15E2

)
𝜏𝜂n

𝛽
[
f +
0
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0
) + f −

0
(1 − f −

0
)
]
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p
2v2
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𝜒
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d3
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2

3
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s
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)2
}
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𝛽
[
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0
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0
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0
)
]
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2
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  Fig. 5       Schematic diagram of 

parallel (Left), perpendicular 

and Hall (Right) components of 

electrical and thermal conduc-

tivity  
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Now the   𝜏𝜂n,𝜁n,𝜅n,𝜎n
     are our unknown constants, which will be 

exactly equal to relaxation time   𝜏c     for   B = 0     case but it will 

not be valid for   B ≠ 0     case. To fi nd these unknown constants 

  𝜏𝜂n,𝜁n,𝜅n,𝜎n
     , let us take help again the RTA based RBTE

      

The main diff erence between   B = 0     and   B ≠ 0     cases are 

force   eQ,Q̄Bbijvj     due to magnetic fi eld is added in the LHS of 

RBTE. When we put   f ± ≈ f ±
0

     in LHS of RBTE, the magnetic 

fi eld part,   eQ,Q̄Bbijvj

𝜕f±
0

𝜕pi
     vanishes so only for magnetic fi eld 

part we have considered the correction term   f ± = f ±
0
+ 𝛿f ±     

instead of   f ± ≈ f ±
0

     . During the calculation, one can fi nd that 

the term   eQ,Q̄Bbijvj
𝜕

𝜕pi

(
𝛿f ±

)
     mainly introduced the contribu-

tion of magnetic fi eld into the unknown constants   𝜏𝜂n,𝜁n,𝜅n,𝜎n
     

and they are

      

      

      

where   𝜏B = E∕(eQ,Q̄B)     is cyclotron time scale. One can clas-

sify them into parallel (   ∥     ), perpendicular (   ⟂     ) and Hall (   ×     ) 

components as

      

       

 (35)

pi

E
𝜕if

± + Fi 𝜕f ±

𝜕pi
= −

𝛿f ±

𝜏c

pi

E
𝜕if

±
0
+ eQ,Q̄E

i
𝜕f ±

0

𝜕pi
+ eQ,Q̄Bbijvj

𝜕

𝜕pi

(
𝛿f ±

)
= −

𝛿f ±

𝜏c

.

 (36)

𝜏𝜂0
=𝜏c

𝜏𝜂1
=𝜏c∕

[
1 + 4(𝜏c∕𝜏B)

2
]

𝜏𝜂2
=𝜏c∕

[
1 + (𝜏c∕𝜏B)

2
]

𝜏𝜂3
=𝜏c(𝜏c∕𝜏B)∕

[
1∕2 + 2(𝜏c∕𝜏B)

2
]

𝜏𝜂4
=𝜏c(𝜏c∕𝜏B)∕

[
1 + (𝜏c∕𝜏B)

2
]

 (37)𝜏𝜁0
=𝜏𝜁1

= 𝜏c

 (38)

𝜏𝜅0
=𝜏𝜎0

= 𝜏c∕
[
1 + (𝜏c∕𝜏B)

2
]

𝜏𝜅1
=𝜏𝜎1

= 𝜏c(𝜏c∕𝜏B)∕
[
1 + (𝜏c∕𝜏B)

2
]

𝜏𝜅2
=𝜏𝜎2

= 𝜏c(𝜏c∕𝜏B)
2∕
[
1 + (𝜏c∕𝜏B)

2
]

,

 (39)

𝜏𝜂
⟂

=𝜏𝜂1

𝜏𝜂∥ =𝜏𝜂2

𝜏𝜂× ≡𝜏𝜂3,4

 (40)

𝜏𝜎
⟂

,𝜅
⟂

=𝜏𝜎0,𝜅0

𝜏𝜎∥,𝜅∥
=𝜏𝜎0,𝜅0

+ 𝜏𝜎2,𝜅2

𝜏𝜎×,𝜅×
=𝜏𝜎1,𝜅1

.

    Summary and outlook 

 We can summarize the steps of kinetic theory framework in 

few bullet points:

    •  Considering total energy–momentum tensor as summa-

tion of ideal and dissipating part, fi rst we have to identify 

the macroscopic defi nition of transport coeffi  cients as 

proportional constant between thermodynamical pressure 

and gradient.  

   •  Using the microscopic aspect of statistical mechanics, 

which connect one to many body information by a special 

phase-space sum/integration, we can realize that equilib-

rium distribution function and its deviation of medium 

constituent particles are responsible for ideal and dis-

sipating part of energy–momentum tensor.  

   •  Assuming the ansatz of deviation in terms of respective 

gradients with unknown constants, one can easily recog-

nize the microscopic expressions of diff erent transport 

coeffi  cients in terms of respective unknown constants, 

which will be known by using relaxation time approxi-

mation of Boltzmann equation.    

 At the end, our fi nal microscopic expressions of diff erent 

transport coeffi  cients can be realized as two components—

(1) relaxation time of respective transportation, which may 

(may not) be equal to collisional time (linked with mean 

free path) and (2) thermodynamical phase-space parts. In 

presence of magnetic fi eld, the relaxation time component is 

replaced by eff ective relaxation time, which is the mixture of 

two time scales—cyclotron time and actual relaxation time. 

Also, we will get diff erent transportation along parallel and 

perpendicular to magnetic fi eld and newly appeared Hall 

transportation due to the magnetic fi eld. 

 We have not addressed the quantum aspect of magnetic 

fi eld, where Landau quantization has to be adopted in trans-

portation mechanism. The topic is really hot and open scope 

even for formalism direction. Recently Refs. Satapathy et al. 

( 2021 ,  2022 ), Ghosh and Ghosh ( 2021 ) claimed that the 

eff ective relaxation time of kinetic theory formalism may 

be considered as special case of a general picture of quantum 

fi eld theoretical version, where transportation is basically the 

transition between two selective Landau levels. In low mag-

netic fi eld domain, this discrete transitions are appeared to 

be continuous, where kinetic theory formalism can be valid. 

       Data availability     Not Applicable.  
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