
Vol:.(1234567890)

Proceedings of the Indian National Science Academy (2023) 89:770–776
https://doi.org/10.1007/s43538-023-00190-w

1 3

                     RESEARCH PAPER 

 Characteristics of quantum channels through  evolution 
of quantumness  quantifi ers 

                                                       Amit     Bhar   1   ·  Sumana     Karmakar   2   ·  Ajoy     Sen   3   ·  Indrani     Chattopadhyay   4  

 Received: 30 August 2022 / Accepted: 29 June 2023   / Published online: 10 August 2023
©   Indian National Science Academy      2023  

                        Abstract 
 Non-locality and non-classicality are two aspects of quantum theory which delineates it from classical counterpart. There 

are several ways by which non-locality and non-classicality can be quantifi ed. In general, we call them as quantifi ers of 

quantumness. Quantum discord and measurement induced non-locality(MIN) are examples of such kind of quantumness 

quantifi ers in composite quantum systems. In this paper, we will geometrically investigate the evolution of these quantifi ers 

under diff erent quantum channels. The motivation is to  characterize quantum channels, analytically, through the evolution 

of  quantumness quantifi ers. 

   Keywords     Discord    ·   Measurement induced non-locality    ·  Non-locality    ·  Non-classicality    ·  Quantumness    ·  Quantum 

channel  

      Introduction 

 Quantifi cation and characterization of the nature of correla-

tions in a quantum state is not only of fundamental scien-

tifi c interest but also have a vital role in the development of 

quantum technologies (Nielsen and Chuang  2000 ). Quan-

tumness of correlations in composite quantum systems is 

regarded to be the important reason behind the advantage 

of protocols developed in quantum information theory over 

its classical counterpart. Entanglement was recognized as 

the characteristic trait of quantum mechanics (Einstein et al. 

 1935 ). The problem to detect whether a quantum state is 

entangled or not is widely studied (see (Horodecki et al. 

 2009 )for a brief overview and references therein). How-

ever there are evidences that it does not capture all quantum 

features of a quantum system (Knill and Lafl amme  1998 ). 

Several measures of quantumness have been proposed to dif-

ferentiate classicality and quantumness( (Bera et al.  2018 )). 

The idea of quantumness goes beyond entanglement. Total 

correlation in a quantum state can be split into a classical 

part and a quantum part (Henderson and Vedral  2001 ). 

Various measures of quantum correlations were proposed 

by considering diff erent ideas of classicality and opera-

tional means to quantify the quantumness. Amongst them, 

quantum discord (Olliver and Zurek  2001 )and measure-

ment induced non-locality (MIN) (Luo and Fu  2011 ) have 

attracted much attention in recent works. Quantum discord 

can be expressed as the diff erence between total correlation 

measured by quantum mutual information and the classical 

correlation defi ned in (Olliver and Zurek  2001 ). The notion 

of quantum discord goes beyond quantum entanglement as 

separable states can have non-zero discord. On the other 
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side, Measurement induced non-locality (MIN) provides a 

way of quantifying correlation in composite quantum states 

(Luo and Fu  2011 )from the perspective of local measure-

ment invariance. This is a kind of non-locality quantifi er. 

It plays crucial role in the study of quantum state steering 

(Schrödinger  1936 ; , Wiseman et al.  2007 ), remote state con-

trol (Bennett et al.  2001 ; Peter et al.  2005 ), general quantum 

dense coding (Mattle et al.  1996 , Li et al.  2002 ), cryptogra-

phy and many other issues. Generally, quantum discord and 

MIN play important role in quantum information processing 

(Merali  2011 )as well as in quantum computation (Datta et al. 

 2008 ) tasks. 

 Behaviors of quantum correlations under the action of 

local quantum operations have been studied and it is found 

that quantum discord and MIN remain invariant under local 

invertible channel such as local unitary channel  21 . Here, we 

have studied the characteristics of the both unital and non-

unital quantum channels when they preserve quantumness 

as quantifi ed by quantum discord and measurement induced 

non-locality in details. We will provide relations of these 

quantumness measures under the evolution of local quantum 

channels in this context. It is well-known that for two qubit 

system the qubit channel which preserves commutativity is 

either unital or completely decohering channel that nulli-

fi es quantum discord in that state (Streltsov et al.  2011 ). 

For  m × 3    system a channel acting on a second subsystem can 

not create quantum discord for zero quantum discord quan-

tum states if and only if it is either a completely decohering 

channel or an isotropic channel (Hu et al.  2012 ). Moreover, 

a channel transforms a zero quantum discord state to zero 

quantum discord state if and only if that channel preserves 

commutativity (Hu et al.  2012 ; Yu et al.  2011 ;  Guo and 

Hou  2013 ). 

    Quantum channels, discord and MIN 

 Quantum channels are used to transmit, mainly, quantum 

information. Completely positive, trace-preserving maps 

arise naturally in quantum information theory (Ruskai et al. 

 2002 ). Mathematically, quantum channels are identifi ed by 

completely positive trace preserving maps. Unital channels 

are doubly stochastic quantum channels. mathematically 

they are CPTP maps with the additional property that they 

preserves identity matrix. Here, we review diff erent unital 

and non-unital quantum channels. Any completely positive, 

trace-preserving map  Φ     , acting on a quantum state   𝜌     qubits 

can be represented by a matrix in the canonical basis of 

  {I, 𝜎x, 𝜎y     and   𝜎z}    (Ruskai  2003 ). Following (Ruskai  2003 ) we 

can express

      

where   t = (t1, t2, t3)
T     ,   tk     ’s for   k = 1, 2, 3     are real and  T  is a 

  3 × 3     matrix, i.e.,   T =

(
1 0

t 0

)
     where   0     and   t     are row and 

column vectors respectively. Without loss of generality, we 

can assume  T  to be diagonal so that   T     has the canonical form

      

where   𝜆k    ’s,   k = 1, 2, 3     must be positive (we can say   |𝜆k|     ’s 

are the singular values of  T ). For unital channel, it follows 

that   t = (0, 0, 0)     and physically   𝜆k    ’s, for   k = 1, 2, 3     , belong 

to the tetrahedron whose four extreme corner points are 

  (−1,−1, 1), (−1,−1,−1), (−1, 1,−1)     and   (1,−1,−1)     . We 

refer to some special classes of quantum channels below. 

 The bit-fl ip channel, a unital channel, fl ips the state of a 

qubit from   |0⟩     to   |1⟩     and vice-versa with probability   1 − p     . 

The operational elements i.e. Kraus operators of this chan-

nel are

      

The phase fl ip channel is also unital and the operational ele-

ments are

      

Now, combination of these two channels gives the bit-phase 

fl ip channel(which is also unital channel) and its operational 

elements are

      

Next, we consider amplitude damping channel which is a 

non-unital quantum channel. Its operational elements are

      

This section ends with describing the basic concepts of two 

important quantumness quantifi er, namely, the quantum 

discord and measurement induced non-locality. Quantum 

discord (Olliver and Zurek  2001 ) of a state  𝜌AB     under the 

measurement   {E
j

A
}     is defi ned as the diff erence between total 

correlations as given by the quantum mutual information 

  I(𝜌AB)     and the classical correlation   JA(𝜌AB)     i.e.,

 (1)Φ(𝜌) =
1

2
[I + (t + Tv).𝜎], for 𝜌 =

1

2
[I + v.𝜎],

 (2)

⎛⎜⎜⎜⎝
1 0 0 0

t1 𝜆1 0 0

t2 0 𝜆2 0

t3 0 0 𝜆3

⎞⎟⎟⎟⎠

 (3)E0 =
√

pI and E1 =
√

1 − p

(
0 1

1 0

)
.

 (4)E0 =
√

pI and E1 =
√

1 − p

(
1 0

0 − 1

)
.

 (5)E0 =
√

pI and E1 =
√

1 − p

(
0 − i

i 0

)
.

 (6)E0 =

(
1 0

0
√

1 − t

)
and E1 =

(
0
√

t

0 0

)
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where   I(𝜌AB) = S(𝜌A) + S(𝜌B) − S(𝜌AB)     ,   JA(𝜌AB) = max
{E

j

A
}

 [S(𝜌B) − S(𝜌AB|{E
j

A
})]    and   S(𝜌)     is the Von Neumann entropy 

of the state   𝜌     . Measurement induced non-locality or MIN of 

a state   𝜌AB     is introduced in (Luo and Fu  2011 ) and it is 

defi ned as

       

where the maximum is taken over all von Neumann meas-

urement   ΠA = {Πk
A
}     which do not disturb local state of A   𝜌A     , 

i.e.,   
∑

k Π
k
A
𝜌AΠ

k
A
= 𝜌A     and   ∥ . ∥     is taken as the Hilbert-

Schmidt norm (i.e.,   ∥ x ∥2= tr(x†x)     ). Discord has also been 

formulated via geometric formulation. Dakic et.al (Dakic 

et al.  2010 ) defi ned geometric discord of a bipartite state as

       

where   Ω     denotes the set of classical-quantum states. Ana-

lytical formula for both of the quantities exist in bipartite 

system. 

    Main results 

 Having introduced the preliminary notions, we are now in a 

position to proceed to our main results. We will visualize the 

characteristics of quantum channels and the state through pres-

ervation of quantum discord and MIN. We will implement our 

consequences on Warner’s state (Reinhard  1989 ) as an applica-

tion and fi nally we will establish some interesting relationships 

of the quantifi ers under single sided and both sided action of 

quantum channel. 

   Quantum discord of X-state (under certain 
constraints) under general quantum channel: 

 Let us we consider any single qubit quantum channel   Λ     , 

represented in the canonical form given by Eqn.( 2 ). We con-

sider a special class of X-states

      

with real off -diagonal elements. Quantum discord of   𝜌X
AB

    has 

the explicit form as (Ali et al.  2010 )

D(𝜌AB) = I(𝜌AB) − JA(𝜌AB),

N(𝜌AB) = max
ΠA

∥ 𝜌AB − ΠA(𝜌AB) ∥
2,

DG(𝜌) = min
𝜒∈Ω

∥ 𝜌 − 𝜒 ∥

 (7)𝜌X
AB

=

⎛⎜⎜⎜⎝
r1 0 0 c1

0 r2 c2 0

0 c2 r2 0

c1 0 0 r1

,

⎞⎟⎟⎟⎠

      

After the evolution of   𝜌X
AB

     under the two qubit general quan-

tum channel on the party A the state   𝜌X
AB

     becomes 

  Λ(𝜌X
AB
) = (ΛA ⊗ IB)𝜌

X
AB

     a n d  i t  h a s  t h e  fo r m 

  Λ(𝜌X
AB
) = (ΛA ⊗ IB)𝜌

X
AB

     . Due to unavailability of the analyti-

cal formulae of the quantum discord for any general X-state 

we restr ict ourselves to the basic constraints 

  Λ(𝜌X
AB
)11 = Λ(𝜌X

AB
)44     and   Λ(𝜌X

AB
)22 = Λ(𝜌X

AB
)33     where the suf-

fi xes indicates the corresponding position in density matrix 

structure. These constraints, naturally, gives   t1 = t2 = t3 = 0.     

i.e, the quantum channel becomes unital. Now, for 

  t = (0, 0, 0),     the mutual information of   Λ(𝜌X
AB
)     is

      

where   𝜇i     ’s are the eigen values of   Λ(𝜌X
AB
)     with

       

So the classical correlation for   Λ(𝜌X
AB
)     is given by

      

w h e r e    𝜃sup = sup {𝜃1, 𝜃2, 𝜃3, 𝜃4};        𝜃1 = 2|𝜆1(c1 + c2)|,
 𝜃2 = 2|𝜆2(c1 − c2)|, 𝜃3 = 𝜃4 = 2|𝜆3(r1 − r2)|.   

       

We will investigate the characteristics of quantum channels 

and the state   𝜌X
AB

     for which the quantum discord is preserved. 

This includes following cases. 

  Case I     Here we take   r1 = r2 = c1 = c2 =
1

4
     and these give 

  D(Λ(𝜌X
AB
)) = 0     and   D(𝜌X

AB
) = 0.     These correspond to the state 

 (8)

D(𝜌X
AB) = 2 +

2∑
i=1

(ri + ci) log2(ri + ci) +

2∑
i=1

(ri − ci) log2(ri − ci)

−
1 + 2|c1 + c2|

2
log2 {1 + 2|c1 + c2|}

−
1 − 2|c1 + c2|

2
log2 {1 − 2|c1 + c2|}.

 (9)I(Λ(𝜌X
AB
)) = 2 +

3∑
i=0

𝜇i log2 𝜇i,

𝜇0 =
1

4
[1 + 2{𝜆1(c1 + c2) + 𝜆2(c1 − c2) + 𝜆3(r1 − r2)}],

𝜇1 =
1

4
[1 + 2{𝜆3(r1 − r2) − 𝜆1(c1 + c2) − 𝜆2(c1 − c2)}],

𝜇2 =
1

4
[1 + 2{𝜆1(c1 + c2) − 𝜆2(c1 − c2) − 𝜆3(r1 − r2)}],

𝜇3 =
1

4
[1 + 2{𝜆2(c1 − c2) − 𝜆1(c1 + c2) − 𝜆3(r1 − r2)}].

 (10)

C(Λ(𝜌X
AB
)) = 1 +

1 + 𝜃sup

2
log2(1 + 𝜃sup) +

1 − 𝜃sup

2
log2(1 − 𝜃sup),

D(Λ(𝜌X
AB)) =1 +

3∑
i=0

𝜇i log2 𝜇i −
1 + 𝜃sup

2
log2(1 + 𝜃sup)

−
1 − 𝜃sup

2
log2(1 − 𝜃sup).
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1

2
[|𝜙+⟩⟨𝜙+| + |𝜓+⟩⟨𝜓+|]     where   |𝜙+⟩ = 1√

2
|00⟩ + |11⟩     and 

  |𝜓+⟩ = 1√
2
|01⟩ + |10⟩.     

   Case II     In this case we assume   r1 = r2 =
1

4
, c1 = c2 = 𝛼       (𝛼 ∈ R)     

and we get   D(Λ(𝜌X
AB
)) = D(𝜌X

AB
) = 0     . The corresponding 

state   𝜌X
AB

     has the form   𝜌X
AB

= (
1

4
− 𝛼)I + 2𝛼(|𝜙+⟩⟨𝜙+| + |𝜓+⟩⟨𝜓+|)

    . 

   Case III     Next we consider   r1 = r2 =
1

4
, c1 ≠ c2, ri ≥ 0, ci ≥ 0

 ∀i = 1, 2    and we observe that the requirement 

  D(Λ(𝜌X
AB
)) = D(𝜌X

AB
)     directly implies either   𝜆1 = −1, 𝜆2 = 1     

or   𝜆1 = 1, 𝜆2 = −1.     and   𝜆3     takes any value in its physical 

r a n g e .  I n  t h i s  c a s e ,  t h e  s t a t e 

  𝜌X
AB

=
1

4
I +

∑1

i,j=0,i≠j
(c1|ii⟩⟨jj| + c2|ij⟩⟨ji|)    . 

   Case IV     Here, we have   c1 = c2 = 0, r1 ≠ r2     and for 

  D(Λ(𝜌X
AB
)) = D(𝜌X

AB
)     gives   𝜆3 = 1     and   𝜆1     and   𝜆2     take any 

value in its physical range and the corresponding state is 

  𝜌X
AB

=
∑1

i,j=0,i≠j
(r1|ii⟩⟨ii| + r2|ij⟩⟨ij|)    . 

   Case V     Here we take   r1 ≠ r2, c1 = c2 = 𝛼     . Discord will be 

preserved if either   𝜆1 = −1, 𝜆3 = 1     or   𝜆1 = 1, 𝜆3 = −1     and   𝜆2     

takes any value in its physical range. In this case, the state 

is   𝜌X
AB

=
∑1

i,j=0,i≠j
[(𝛼 + r1)|ii⟩⟨jj| + (𝛼 + r2)|ij⟩⟨ji|].     Here, 

we get an important observation that if the same channel is 

implemented on both parties then   𝜆i     ’s for   i = 1, 2, 3     are just 

replaced by   𝜆2
i
     for   i = 1, 2, 3    . 

     Measurement Induced Non-Locality of X-state 
(under certain constraints) under general quantum 
channel 

 In this section, We can going to investigate the characteris-

tics of quantum channels under the MIN preservation for the 

X-states   𝜌X
AB

     given in ( 7 ). For this state, we have

      

We obtained MIN of   𝜌X
AB

     under the action of general quan-

tum channel   Λ     whose canonical form of the matrix is given 

by ( 2 ). Here, we will observe the characteristics of unital 

channel only to avoid cumbersome mathematical structure 

of general quantum non-unital channel   Λ     . After the evolu-

tion of   𝜌X
AB

     under the two qubit general unital quantum chan-

nel, acting on the party A, the state   𝜌X
AB

     becomes 

  Λ(𝜌X
AB
) = (ΛA ⊗ IB)𝜌

X
AB

     a n d  w e  n e e d 

  N(Λ(𝜌X
AB
)) = N((ΛA ⊗ IB)𝜌

X
AB
)     for MIN preservation. Now, 

  N(Λ(𝜌X
AB
))     has the following form

 (11)
N(𝜌X

AB
) = (r1 − r2)

2 + (c1 + c2)
2 + (c1 − c2)

2−

min {(r1 − r2)
2, (c1 + c2)

2, (c1 − c2)
2}.

      

From the construction of this special class of X-state, we 

have some relationships among the state parameters   r2
1
≥ c2

1
     

and   r2
2
≥ c2

2
     i.e.,   r1r2 ≤ −c1c2     or   c1c2 ≤ r1r2,     when   c1     and   c2     

are either both positive or both negative i.e. same sign and 

  r1r2 ≤ c1c2     or   −c1c2 ≤ r1r2,     when   c1     and   c2     are opposite in 

sign. When   c1, c2     are of same sign and   r1r2 ≤ −c1c2     , then 

  (r1 − r2)
2 ≥ (c1 + c2)

2 ≥ (c1 − c2)
2     and when   c1, c2     are of 

o p p o s i t e  s i g n  a n d    r1r2 ≤ c1c2      ,  t h e n 

  (r1 − r2)
2 ≥ (c1 − c2)

2 ≥ (c1 + c2)
2     . When   c1     ,   c2     both are of 

same sign and   r1r2 ≥ c1c2     , then any one of the following 

cases are possible

    •    (r1 − r2)
2 ≥ (c1 + c2)

2 ≥ (c1 − c2)
2      

   •    (c1 + c2)
2 ≥ (c1 − c2)

2 ≥ (r1 − r2)
2      

   •    (c1 + c2)
2 ≥ (r1 − r2)

2 ≥ (c1 − c2)
2        

 Finally, if   c1     and   c2     are opposite in sign with   r1r2 ≥ −c1c2     

then the above three cases hold good by just interchanging 

  (c1 + c2)
2     by   (c1 − c2)

2     . We can investigate the properties of 

quantum channel   Λ     and also observe the structure of the state 

  𝜌X
AB

     when the MIN is preserved i.e.   N(𝜌X
AB
) = N(Λ(𝜌X

AB
))     . We 

present the results in the tabular form (refer Table  1 ). 

   

    Preservation of MIN for Werner’s State 

 Werner states are a well known subclass of X states. We can 

describe quantumness preservation of these states by diff er-

ent quantum channels. Any member from this class can be 

parameterized by

      

which is separable for   0 ≤ 𝛼 ≤
1

3
     and entangled for 

  
1

3
< 𝛼 < 1.     So,

      

and after the evolution by quantum channel on one party, the 

value of the MIN is given by

       

With out loss of generality, we may arrange   𝜆1, 𝜆2, 𝜆3     in 

decreasing order and denote them   𝜆k1
, 𝜆k2

, 𝜆k3
     respectively. 

So, the preservation of the MIN before and after the quan-

tum evolution due to the quantum channel gives us 

 (12)

N(Λ(𝜌X
AB
)) = (r1 − r2)

2𝜆2
3
+ (c1 + c2)

2𝜆2
1
+ (c1 − c2)

2𝜆2
2
−

min {(r1 − r2)
2𝜆2

3
, (c1 + c2)

2𝜆2
1
, (c1 − c2)

2𝜆2
2
}

 (13)𝜌W
AB

=
1 − 𝛼

4
I + 𝛼|Ψ−⟩⟨Ψ−|,

 (14)N(𝜌W
AB
) =

1

2
𝛼,

N
(
(ΛA ⊗ IB)𝜌

W
AB

)
=

1

4
(𝛼2𝜆2

1
+ 𝛼2𝜆2

2
+ 𝛼2𝜆2

3
) −

1

4
𝛼2 min {𝜆2

1
, 𝜆2

2
, 𝜆2

3
}.
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  𝜆2
k1
+ 𝜆2

k2
= 2     . If unital quantum channels are applied on both 

parties of the Warner’s state, we have

      

where   𝜆ki
     for   i = 1, 2, 3     are the same as defi ned before. Pres-

ervation of MIN during this evolution yields   𝜆4
k1
+ 𝜆4

k2
= 2     . 

We observe similar fact for Werner’s state during discord 

preservation i.e.

       

Simple algebraic manipulations clearly reveals the set of 

possible values of   (𝜆1, 𝜆2, 𝜆3)     and they are the four extreme 

corner points of the tetrahedron i.e.   (−1,−1, 1)     ,   (−1,−1,−1)     , 

  (−1, 1,−1)     and   (1,−1,−1)     (see Fig.  1 ). We have also inves-

tigated this aspect for geometric measure of discord and got 

exactly same region of   (𝜆1, 𝜆2, 𝜆3).             

 (15)N
(
(ΛA ⊗ ΛB)𝜌

W
AB

)
=

1

4
𝛼2(𝜆4

k1
+ 𝜆4

k2
),

D(𝜌W
AB
) = D

(
(ΛA ⊗ ΛB)𝜌

W
AB

)

     Some comments on the diff erent quantum 
channels in the context of the quantum 
correlations 

 Here, we mention some of the interesting relations that we 

have obtained for diff erent unital and non-unital quantum 

  Table 1       The table sums up the conditions of MIN preservation by quantum channel for X states under diff erent conditions  

    c1, c2     are of same sign      (r1 − r2)
2 ≥ (c1 + c2)

2 ≥ (c1 − c2)
2     

and   r1 ≠ r2      
    |𝜆3| = 1     , when   c1 = c2 = 0     and   𝜌X

AB
= r1

∑1

i=0
|ii⟩⟨ii| + r2

∑
i,j,i≠j |ij⟩⟨ij|      

        c1, c2     are not both zero      |𝜆3| = 1 = |𝜆1|     ,   |𝜆2| ≤ 1     , 

  (c1 + c2)
2, (c1 − c2)

2, (r1 − r2)
2     

may or may not be equal  

          |𝜆2| = 1 = |𝜆3|     ,   |𝜆1| ≤ 1

    ,  (c1 + c2)
2 = (c1 − c2)

2      

          |𝜆2| = 1 = |𝜆1|     ,   |𝜆3| ≤ 1

    ,  (r1 − r2)
2 = (c1 + c2)

2 = (c1 − c2)
2      

      (c1 + c2)
2 ≥ (c1 − c2)

2 ≥ (r1 − r2)
2          |𝜆1| = 1     ,   c1 = c2 ≠ 0      

        c1 ≠ c2          |𝜆2| = 1 = |𝜆1|     ,   |𝜆3| ≤ 1     , 

  (c1 + c2)
2, (c1 − c2)

2, (r1 − r2)
2     

may or may not be equal  

          |𝜆1| = 1 = |𝜆3|     ,   |𝜆2| ≤ 1

    ,  (c1 + c2)
2 = (r1 − r2)

2      

          |𝜆2| = 1 = |𝜆3|     ,   |𝜆1| ≤ 1

    ,  (r1 − r2)
2 = (c1 + c2)

2 = (c1 − c2)
2      

      (c1 + c2)
2 ≥ (r1 − r2)

2 ≥ (c1 − c2)
2          |𝜆1| = 1     , when   r1 = r2     and   𝜌X

AB
= I∕4 + c1

∑1

i,j,i≠j
|ii⟩⟨jj| + c2

∑1

i,j,i≠j
|ij⟩⟨ji|      

        r1 ≠ r2          |𝜆3| = 1 = |𝜆1|     ,   |𝜆2| ≤ 1     , 

  (c1 + c2)
2, (c1 − c2)

2, (r1 − r2)
2     

may or may not be equal  

          |𝜆2| = 1 = |𝜆1|     ,   |𝜆3| ≤ 1

    ,  (r1 − r2)
2 = (c1 − c2)

2      

          |𝜆2| = 1 = |𝜆3|     ,   |𝜆1| ≤ 1

    ,  (r1 − r2)
2 = (c1 + c2)

2 = (c1 − c2)
2      

    c1, c2     are of opposite sign    The characteristics of quantum channel are exactly similar like previous cases just by   𝜆1     and   c2     by   𝜆2     and   −c2     

respectively  

  Fig. 1       MIN of Werner state is preserved on the three red lines of the 

tetrahedron and quantum discord and Geometric measure of discord 

are preserved on the four corner points of the tetrahedron  
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channels such as bit-fl ip channel, phase-fl ip channel, bit-

phase-fl ip channel and amplitude damping channel in the 

context of the evaluation of quantumness measures such as 

the quantum discord and the MIN. At fi rst, we describe the 

results on MIN for Werner states given by ( 13 ). Under bit-

fl ip channel, we have the following relationships between 

diff erent MIN of fi nal state

       

and

       

Whenever   𝛼 =
1

3
     and   p =

1

2
     we have

       

where   𝜀A     ,   𝜀B     denote the bit-fl ip channel on parties A and B 

respectively. Under the phase-fl ip and bit-phase-fl ip chan-

nel we observe similar relationships. However, all of these 

channels are unital. So, we check the relationships for a non-

unital channel i.e., amplitude damping channel. We obtain 

the following explicit relations

       

at   t =
1

2
,    

      

where   𝜉A     and   𝜉B     denote the amplitude damping channels 

on party A and B respectively. Upto this point, we have 

described the results only for Werner state. We can also 

continue our investigation for pure state of the form

      

where   a, b ∈ R     and   a2 + b2 = 1     . Under bit-fl ip channel, we 

have the following relationships for   a ≠ b    ;

      

The expression   a2b2     , in the above expression, can be inter-

preted through the following relations
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 (17)|𝜙⟩ = a|00⟩ + b|11⟩,

 (18)

N

(
(𝜀A ⊗ IB)(𝜌

𝜙

AB
)
)
× N

(
(IA ⊗ 𝜀B)(𝜌

𝜙

AB
)
)
≥ a2b2N

(
(𝜀A ⊗ 𝜀B)(𝜌

𝜙

AB
)
)

.

 (19)
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= a2b2.

We observe exactly same inequalities in the case of bit-

phase-fl ip channel but in the case of phase-fl ip channel we 

obtain diff erent result

      

and for   p =
1

2
     , we have

       

where   𝜆A     and   𝜆B     denote the phase-fl ip channel implemented 

on parties A and B respectively. Finally, we study the evolu-

tion of pure state ( 17 ) under a non-unital channel i.e., ampli-

tude damping channel and got exactly similar inequality. In 

(Luo and Fu  2011 ) we found that for product states, 

i.e.,  𝜌AB = 𝜌A ⊗ 𝜌B     and   N(𝜌AB) = 0     . After the evolution 

u n d e r  g e n e r a l  u n i t a l  c h a n n e l  i . e . , 

  𝜌′
AB

= Λu
A
(𝜌AB) = Λu

A
(𝜌A)⊗ 𝜌B     we got   N(𝜌′

AB
) = 0     . The same 

fact is observed for classical-quantum states i.e., 

  𝜌AB =
∑

k pk|k⟩A⟨k|⊗ 𝜌B     with   𝜌A =
∑

k pk|k⟩A⟨k|     is non-

degenerate. But interesting fact is that fully classically cor-

related states   𝜌cc
AB

     with   N(𝜌cc
AB
) = 0    (Luo and Fu  2011 ), has 

non zero MIN under the evolution of non-unital channel 

i.e.,  N
(
Λnu

A
(𝜌cc

AB
)
)
≠ 0     Intuitively, it can be predicted that the 

eff ect of non-unital channels for classical quantum state   𝜌
CQ

AB
     

whose MIN is initially zero makes non zero MIN. For degen-

erate fully classically correlated state, for example 

  𝜌cc
AB

=
1

2
|0⟩A⟨0|⊗ |0⟩B⟨0| + 1

2
|1⟩A⟨1|⊗ |1⟩B⟨1|     , we investi-

gate the eff ect of MIN under the evolution of non-unital 

quantum channel. Before the implementation of non-unital 

channel, we have   N(𝜌cc
AB
) =

1

4
     , but the post evolution through 

n o n - u n i t a l  q u a n t u m  c h a n n e l  r e s u l t s  i n 
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i s2
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2]
    ,   si     and   wi     for   i = 1, 2, 3     are in general 

complex numbers such that   
∑3

i=1
s2

i
≠ 0    (Streltsov et  al. 

 2011 ),  (s1, s2, s3)     denotes the Bloch vector of   N
(
(Λnu

A
)(𝕀∕2)

)
     

a n d    Λnu
A
(|1⟩⟨1|) = 1∕2(𝕀 + Σi(si − wi)𝜎i)      , 

  Λnu
A
(|0⟩⟨0|) = 1∕2(𝕀 + Σi(si − wi)𝜎i)     with   

∑3

i=1
w2

i
≠ 0.     

    Conclusion 

 In last few years lots of work has been done to establish the 

non-classical aspects of quantum mechanics. Quantum discord 

and MIN are two important discoveries for the quantifi cation 

of quantumness after entanglement. Numerous studies have 

already been done in diff erent issues of these quantumness 

measures just to conceptualize these concepts as well as for 
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understanding the aspects of their application. In this paper, 

we have studied the preservation of the quantum correlations 

under local noise. We found that quantum discord and MIN 

of X-state(with real off  diagonal elements) may be preserved 

under local unital channels depending upon the type of the 

channels and the state too. Behaviors of the channels and the 

state due to the preservation of MIN are also discussed. We 

have also explored the tetrahedral parametric structure of 

quantum channel. MIN of Werner state is preserved on the 

three lines of the tetrahedron. Quantum discord and geometric 

measure of discord are also remain preserved at the four corner 

points of the tetrahedron. We have obtained some dynamical 

relations considering the MIN of Werner state and the pure 

state under certain unital channels and non unital channel. 

For pure product states and classical quantum states (with non 

degenerate reduced density matrix of party A) MIN is pre-

served under unital channels whereas the eff ect of non unital 

channels upon the classical-quantum states with zero MIN, 

generates non zero MIN. 
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