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                     Abstract 
 Fiber metal laminates fi nd widespread applications in various industries, including aerospace, marine, automotive, and pres-

sure vessel manufacturing. This study focuses on analytically investigating the behavior of fi ber-metal-laminate exposed to 

time dependent pressure loading. To achieve this, the laminates are modeled using Reddy’s higher-order shear deformation 

theory, incorporating von Karman’s geometric nonlinear eff ects in derivation of equations of motion. The laminates are 

supposed to be situated on a Pasternak substrate, with boundary conditions set as simple supports along all plate edges. The 

motion equations, characterized by nonlinear partial derivatives, are discretized using Galerkin technique and subsequently 

resolved via Runge–Kutta technique. The obtained results are compared with those from previous studies, demonstrating 

favorable agreement. Furthermore, the study explores the infl uence of several key parameters, including aspect ratio, Pas-

ternak substrate characteristics, loading duration, and pressure pulse type, on vibration response of laminates. The fi ndings 

indicate that reducing the duration of the positive loading phase while increasing the wave function amplifi es the impact of 

the negative loading phase, leading to increase dimensionless displacement at the plate center. Additionally, it is observed that 

the shear layer constraint has a more pronounced infl uence on the time response compared to the linear stiff ness parameter. 

   Keywords     Nonlinear dynamic    ·  Fiber-metal laminate    ·  Higher-order shear deformation theory    ·  Blast loading  

      Introduction 

 In recent decades, reducing the weight of aerospace struc-

tures has become very important due to the lessening of 

fuel consumption and the prevention of cost wastage and 

the spread of carbon dioxide in space. To achieve this goal, 

due to the weak points of metals, composites, and fi ber 

metal laminates were widely used in aerospace structures 

(Ma et al.  2023 ; Ng et al.  2023 ; Costa et al.  2023 ; Niu et al. 

 2023 ). Metals and composites each have their advantages 

and disadvantages. Metals have disadvantages such as high 

mass density, relatively low corrosion resistance, and low 

fatigue resistance, while composites have disadvantages 

such as low impact tolerance and energy absorption, low 

residual strength after impact, and low reparability. Dis-

advantages in metals and composites can be improved by 

combining them into fi ber metal laminates (Smolnicki et al. 

 2023 ). Among the applications of fi ber metal laminates are 

interior panels of aircraft, aircraft brakes, sports equipment, 

sea vessels, medical equipment, railway wagons, trains, and 

other applications (Xie et al.  2024 ). Fiber metal laminates, 

according to the type of fi bers used in the polymer matrix, 

are divided into three types of laminates reinforced with ara-

mid fi bers, glass fi bers, and carbon fi bers (Blala et al.  2021 ). 

 Fiber-metal-laminates (FMLs) are hybrid materials that 

combine the lightweight and high-strength properties of 

metal layers with the stiff ness and fatigue resistance of fi ber-

reinforced polymer layers. These materials are extensively 

used in various engineering fi elds, including automotive, 

aerospace, and marine industries, due to their excellent 

mechanical properties, impact resistance, and structural 

reliability. Numerous studies have been conducted to ana-

lyze the dynamic and static behaviors of many structures 

under different loading and environmental conditions 

(Chen et al.  2023 ; Lu  2024 ; Samuel and Adewunmi  2024 ; 

Flayyih and Hassan  2024 ). Recent research has expanded 

to include smart FML plates, where piezoelectric materials 

or shape memory alloys are embedded within the laminate 
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structure to enhance functionality, such as vibration con-

trol, self-healing, or structural health monitoring (Wang 

et al.  2023 ). These studies highlight the potential of smart 

FMLs in adaptive and multifunctional structures, addressing 

challenges in real-time response and durability (Gurbanov 

et al.  2020 ). For example, investigations into smart FMLs 

under dynamic loading have demonstrated improvements 

in vibration suppression and damage detection capabilities, 

making them suitable for advanced aerospace applications 

(Etri et al.  2022 ). Another critical area of research involves 

impact loading on FML plates, where the focus is on under-

standing the response to high-velocity impacts, such as bird 

strikes or ballistic impacts, as well as low-velocity impacts, 

including tool drops or hail (Kakati and Chakraborty  2023 ). 

These studies employ experimental, numerical, and analyti-

cal methods to evaluate parameters such as energy absorp-

tion, delamination, and residual strength. Insights from these 

works have been instrumental in optimizing FML design 

for applications requiring high impact resistance and fatigue 

life. 

 The dynamics of isotropic beams (Shabani et al.  2013 ; 

Rezaee and Sharafkhani  2019 ), plates (Ebrahimi-Mama-

ghani et al.  2023 ,  2024 ; Ebrahimi et al.  2013 ) and com-

posite multilayers have been widely studied in recent years 

(Sharafkhani et al.  2022 ; Gharebagh et al.  2011 ; Madinei 

et al.  2013 ). Zhao et al. ( 2023 ) proposed a 3D elasticity 

response for free dynamics of plates with some diff erent 

boundary conditions. Zhen et al. ( 2021 ) studied the free 

dynamics of square thick composites via the third-order 

shear theory and numerical technique. In another research, 

Van Do and Lee ( 2021 ) presented a non-uniform rational 

B-spline using the 3rd-order Reddy’s theory and using it 

examined the static response and vibrations of square-shaped 

composites. Ahmadi et al. ( 2017 ) investigated the buck-

ling, bending, and free vibrations of composites reinforced 

with carbon nanotubes having diff erent geometrical shapes 

using a multi-scale numerical modeling method. Lim et al. 

( 2013 ) proposed an analytical method to study the nonlin-

ear dynamics of sandwich plates. The governing diff erential 

equations of motion were derived using higher-order shear 

deformation theory in conjunction with Hamilton’s princi-

ple. These equations were solved using Navier’s solution 

method and the Runge–Kutta technique. The interlaminar 

stresses are achieved through the sandwich plate thickness. 

Rezaee et al. ( 2025 ) investigated the dynamic response of 

viscoelastic beams subjected to fl uid stimulation, focusing 

on nonlinear eff ects and uncertainties. Pourreza et al. ( 2025 ) 

analyzed the nonlinear vibrations of cracked graphene nano-

plates in a magnetic fi eld using nonlocal elasticity. These 

studies showcase advanced modeling techniques for under-

standing dynamic behavior in complex systems at macro 

and nanoscale. 

 Also, several researchers have studied the nonlinear vibra-

tions of composites using numerical and semi-analytical 

methods. Keshavarzian et al. ( 2022 ) investigated nonlinear 

in-plane dynamics for plates via the perturbation theory. Sze-

krenyes ( 2021 ) based on Reddy’s theory, presented the equa-

tions governing the nonlinear vibrations of orthotropic plates 

with limited deformations. They investigated free nonlinear 

vibrations using the DQM. Maraş and Yaman ( 2022 ) stud-

ied linear and nonlinear dynamics of rectangular fi ber metal 

laminates by 1st-order shear theory. To achieve the nonlinear 

response, they used the multiple scales method and inves-

tigated the structure of nonlinear frequencies. Shooshtari 

and Razavi ( 2010 ) used the least squares-based fi nite dif-

ference technique to solve large-amplitude free dynamics 

problems for plates with arbitrary geometric shapes. Amabili 

et al. ( 2020 ) considered the nonlinear response of laminate 

plates and cylinders under blast loading using the numerical 

technique and the Tsai-Wu criterion. Also, Dinh Duc et al. 

( 2017 ) examined the nonlinear dynamics of the plate made 

of functionally graded metal-ceramic materials exposed to 

blast and thermal loading using higher-order theory. Patel 

et al. ( 2023 ) evaluated the geometric nonlinear dynamics 

of FML cylindrical shells under blast loading with various 

boundary conditions using numerical simulations. As can 

be seen, many studies have been conducted on the natural 

frequency and dynamics of plates with diff erent boundary 

conditions and loads. 

 While extensive research has been conducted on the 

nonlinear dynamic response of composite laminates, as 

discussed in Reference (Upadhyay et al.  2011 ), this study 

focuses on FMLs, a unique class of hybrid materials com-

bining metal and fi ber-reinforced polymer layers. FMLs 

exhibit distinct mechanical properties, such as improved 

impact resistance, enhanced energy absorption, and supe-

rior fatigue behavior, which diff er signifi cantly from those 

of conventional composite laminates. These characteristics 

necessitate a tailored analysis to accurately capture their 

dynamic response under various loading conditions. 

 According to the conducted research, investigating the 

performance of fi ber-metal composite laminates under time 

loadings, especially blast wave loading, has generally been 

conducted experimentally or by using fi nite element simula-

tions with commercial codes. Also, most of the studies have 

been accomplished using higher-order theories considering 

the strains to be linear. Therefore, in the present research, 

for the fi rst time, using Reddy’s theory, taking into account 

von Karman’s nonlinear strains, the response of FML under 

time-dependent uniform pressure forces has been inves-

tigated. The boundary conditions of the plate at all edges 

are considered simple supports, and it is assumed that the 

fi ber metal laminate is placed on the Pasternak substrate. 

According to the Hamilton principle, displacement terms are 

used to obtain the problem’s governing structural equations. 
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The Runge–Kutta numerical technique is then used to solve 

nonlinear equations once the equations have been discre-

tized using the Galerkin technique. The analytical results 

are compared with the results existing in previous studies. 

Also, in order to examine the eff ect of parameters governing 

the problem, the impact of ratio, Pasternak substrate, load-

ing time, and kind of pressure pulses (triangular, step, and 

uniform exponential blast waveforms) on the dynamics of 

FML has been investigated. 

    Governing equations 

 As seen in Fig.  1 , an FML plate, which is composed of alu-

minum and composite layers, having length a, thickness  h , 
and width  b , is placed on a Pasternak substrate consisting of 

linear and shear springs. In addition, it has been supposed 

that the structure is exposed to a uniform load varying with 

time  P   t   in diff erent triangular, step, and exponential blast 

waveforms. The plate displacement fi eld has been modeled 

in this study using the third-order shear theory. The require-

ment that there be no transverse shear stress on the external 

surfaces is likewise met by this theory. The stress is para-

bolically changed along the thickness, and the theory can 

take into account the distortion created in the deformed state 

when the plate is bent.         

 In accordance with the third-order shear deformation 

theory, the displacement fi eld can be expressed as follows:

      

      

 (1a)

u(x, y, z, t) = u0(x, y, t) + z𝜃x(x, y, t) −
4z3

3h2

(
𝜃x(x, y, t) +

𝜕w0(x, y, t)

𝜕x

)

 (1b)

v(x, y, z, t) = v0(x, y, t) + z𝜃y(x, y, t) −
4z3

3h2

(
𝜃y(x, y, t) +

𝜕w0(x, y, t)

𝜕y

)

      

in which   𝜃x     and   𝜃y     are rotations of the transverse plane per-

pendicular to the  x  and  y  axes. 

 In this study, it is assumed that the structure has large defor-

mation and small strain. For this purpose, Karman’s theory 

is used to express strain–displacement relationships, while if 

a large strain is assumed, the fi nite strain technique can be 

applied to model the strain–displacement (Minaei et al.  2021 ; 

Pourreza et al.  2022 ; Nasrabadi et al.  2022 ; Hoseinzadeh et al. 

 2023 ). According to von Karman’s theory of nonlinear strains, 

strain–displacement relations will be in the form of Eqs. ( 2 a–e) 

(Pourreza et al.  2021 ). In Eqs. ( 2 a–e),   𝜀xx, 𝜀yy, 𝛾xy, 𝛾xz, 𝛾     there 

are engineering strains. Since the FML laminate consists of 

composite layers with diff erent fi ber angles, the mechanical 

properties of each layer must be transferred to the coordinates 

on the axis. Based on the plane stress state, using Hook’s 

model, the stress–strain structural relations for each layer with 

diff erent fi ber angles are expressed as Eq. ( 3 ).

      

      

      

      

 (1c)w(x, y, z, t) = w0(x, y, t)

 (2a)

𝜀xx =
𝜕u0

𝜕x
+

1

2

(
𝜕w0

𝜕x

)2

+ z
𝜕𝜃x

𝜕x
−

4z3

3h2

(
𝜕𝜃x

𝜕x
+

𝜕2w0

𝜕x2

)

 (2b)

𝜀yy =
𝜕v0

𝜕y
+

1

2

(
𝜕w0

𝜕y

)2

+ z
𝜕𝜃y

𝜕y
−

4z3

3h2

(
𝜕𝜃y

𝜕y
+

𝜕2w0

𝜕y2

)

 (2c)𝛾xz = 𝜃x +
𝜕w0

𝜕x
−

4

h2
z2

(
𝜃x +

𝜕w0

𝜕x

)

 (2d)𝛾yz = 𝜃y +
𝜕w0

𝜕y
−

4

h2
z2

(
𝜃y +

𝜕w0

𝜕y

)

  Fig. 1       Fiber metal laminate 

under dynamic load  
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in which  Q   ij   remains the reduced stiff ness constants for the 

 k th layer. For composite materials, the reduced stiff ness con-

stants are determined based on the fi ber orientation within 

the laminate. These stiff ness constants, which govern the 

 (2e)

𝛾xy =
𝜕u0

𝜕y
+

𝜕v0

𝜕x
+

𝜕w0

𝜕x

𝜕w0

𝜕y

+ z

(
𝜕𝜃x

𝜕y
+

𝜕𝜃y

𝜕x

)
−

4z3

3h2

(
𝜕𝜃x

𝜕y
+

𝜕𝜃y

𝜕x
+ 2

𝜕2w0

𝜕x𝜕x

)

 (3)

⎡⎢⎢⎢⎢⎢⎣

σxx

σyy

σxy

σyz

σxz

⎤⎥⎥⎥⎥⎥⎦k

=

⎡⎢⎢⎢⎢⎢⎣

Q1−1 Q1−2 Q1−6 0 0

Q2−1 Q2−2 Q2−6 0 0

Q6−1 Q6−2 Q6−6 0 0

0 0 0 Q4−4 Q4−5

0 0 0 Q5−4 Q5−5

⎤⎥⎥⎥⎥⎥⎦
k

⎡⎢⎢⎢⎢⎢⎣

εxx

εyy

γxy

γyz

γxz

⎤⎥⎥⎥⎥⎥⎦k

       

 The equations governing of system motion are derived via 

the Hamilton’s principle, which provides a variational frame-

work for obtaining the equations of motion. This principle 

states that the true dynamic path of a system corresponds to 

the stationary value of the action integral, formulated based 

on the diff erence between kinetic and potential energies and 

work done by external forces as (Hwang and Park  1993 ):

      

where  T  is the kinetic energy,  U  the potential energy, and  W  
the work done by the external forces. Variation of kinetic 

energy expressed as follows:

 (4)

Q11 =
E1

1 − 𝜗12𝜗21

, Q22 =
E2

1 − 𝜗12𝜗21

, Q12 =
𝜗12E2

1 − 𝜗12𝜗21

,

Q66 = G12, Q44 = G23, Q55 = G13

 (5)𝛿 ∫
t

0

(U − T + W)dt = 0

mechanical behavior of each layer, are calculated using 

standard transformation equations widely available in the 

literature. These equations account for the elastic properties 

of constituent materials and angle of the fi bers within each 

composite layer (Reddy  2003 ). 

 According to Eq. ( 3 ), the constants   Q16, Q26, Q45,     in cross-

fi ber composites will be zero. In the above relation   Qij     , the 

constants are:

      

 (6)

𝛿T = ∬
[

I0

(
𝜕u0

𝜕t
𝛿
𝜕u0

𝜕t
+

𝜕v0

𝜕t
𝛿
𝜕v0

𝜕t
+

𝜕w0

𝜕t
𝛿
𝜕w0

𝜕t

)
+I1

(
𝜕u0

𝜕t
𝛿
𝜕𝜃x

𝜕t
+

𝜕v0

𝜕t
𝛿
𝜕𝜃y

𝜕t
+

𝜕w0

𝜕t
𝛿
𝜕𝜃z

𝜕t

)
+ I2

(
𝜕𝜃x

𝜕t

𝜕𝛿𝜃x

𝜕t
+

𝜕𝜃y

𝜕t

𝜕𝛿𝜃y

𝜕t

)
− I3C1

(
𝜕u0

𝜕t

𝜕𝛿𝜃x

𝜕t
+

𝜕v0

𝜕t

𝜕𝛿𝜃y

𝜕t
+

𝜕u0

𝜕t

𝜕2𝛿w0

𝜕x𝜕t
+

𝜕v0

𝜕t

𝜕2𝛿w0

𝜕y𝜕t
+
𝜕𝜃x

𝜕t

𝜕𝛿u0

𝜕t
+

𝜕𝜃y

𝜕t

𝜕𝛿v0

𝜕t
+

𝜕𝛿u0

𝜕t

𝜕2w0

𝜕x𝜕t
+

𝜕𝛿v0

𝜕t

𝜕2w0

𝜕y𝜕t

)
− I4C1

(
𝜕𝜃x

𝜕t

𝜕2𝛿w0

𝜕x𝜕t
+

𝜕𝜃y

𝜕t

𝜕2𝛿w0

𝜕y𝜕t
+2

(
𝜕𝜃x

𝜕t

𝜕𝛿𝜃x

𝜕t
+

𝜕𝜃y

𝜕t

𝜕𝛿𝜃y

𝜕t

)
+

𝜕𝛿𝜃y

𝜕t

𝜕2w0

𝜕x𝜕t
+

𝜕𝛿𝜃y

𝜕t

𝜕2w0

𝜕y𝜕t

)
+ I6C2

1

(
𝜕𝜃x

𝜕t

𝜕𝛿𝜃x

𝜕t
+

𝜕𝜃y

𝜕t

𝜕𝛿𝜃y

𝜕t
+

𝜕𝜃x

𝜕t

𝜕2𝛿w0

𝜕x𝜕t
+

𝜕𝜃y

𝜕t

𝜕2𝛿w0

𝜕y𝜕t
+

𝜕𝛿𝜃x

𝜕t

𝜕2w0

𝜕x𝜕t
+
𝜕2w0

𝜕y𝜕t

𝜕𝛿𝜃y

𝜕t
+

𝜕2𝛿w0

𝜕x𝜕t

𝜕2w0

𝜕x𝜕t
+

𝜕2w0

𝜕y𝜕t

𝜕2𝛿w0

𝜕y𝜕t

)]
dA

in which   C1 = 4
/

3h2     , mass inertia parameters   I6, I4, I2, I1, I     

are also expressed as follows:

       

 Also, the strain energy term is in the form of Eq. ( 8 ):

 (7)Ij = ∫ +h∕ 2

−h∕ 2
𝜌jdz and j = 0, 1, ..., 6
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 (8)

δU = ∫ (
σxxδεxx + σyyδεyy + σxyδγxy + σxzδγxz +σyzδγyz

)
dV = ∫

{
Nxxδ

(
𝜕u0

𝜕x
+

1

2

(
𝜕w0

𝜕x

)2
)

− C1Pxxδ

(
𝜕θx

𝜕x
+

𝜕2w0

𝜕x2

)
+ Nyyδ

(
𝜕v0

𝜕y
+

1

2

(
𝜕w0

𝜕y

)2
)

+ Mxxδ
𝜕θx

𝜕x
+ Nxyδ

(
𝜕u0

𝜕y
+

𝜕v0

𝜕x
+

𝜕w0

𝜕x

𝜕w0

𝜕y

)
+ Myyδ

𝜕θy

𝜕y
− PxyC1δ

(
𝜕θx

𝜕y
+

𝜕θy

𝜕x
+ 2

𝜕2w0

𝜕x

)
Mxyδ

(
𝜕θx

𝜕y
+

𝜕θy

𝜕x

)
− C1Pyyδ

(
𝜕θy

𝜕y
+

𝜕2w0

𝜕y2

)
+ +Qxzδ

(
θx +

𝜕w0

𝜕x

)
− 3C1Rxzδ

(
θx +

𝜕w0

𝜕x

)
+Qyzδ

(
θy +

𝜕w0

𝜕y

)
− 3C1Ryzδ

(
θy +

𝜕w0

𝜕y

)}
dA

      

      

      

      

 (12a)

𝛿u0 ∶
𝜕Nxx

𝜕x
+

𝜕Nxy

𝜕y
= I0

𝜕2u0

𝜕t2
+ I1

𝜕2𝜃x

𝜕t2
− I3C1

𝜕2𝜃x

𝜕t2
− I3C1

𝜕3w0

𝜕x𝜕t2

 (12b)

𝛿v0 ∶
𝜕Nyy

𝜕y
+

𝜕Nxy

𝜕x
= I0

𝜕2v0

𝜕t2
+ I1

𝜕2𝜃y

𝜕t2
− I3C1

𝜕2𝜃y

𝜕t2
− I3C1

𝜕3w0

𝜕y𝜕t2

 (12c)

𝛿w0 ∶ Nxx

𝜕2w0

𝜕x2
+

𝜕Nxx

𝜕x

𝜕w0

𝜕x
+ C1

𝜕2Pxx

𝜕x2
+ Nyy

𝜕2w0

𝜕y2

+
𝜕Nyy

𝜕y

𝜕w0

𝜕y
+ C1

𝜕2Pyy

𝜕y2
+ 2Nxy

𝜕2w0

𝜕x𝜕y
+

𝜕Nxy

𝜕y

𝜕w0

𝜕x

+
𝜕Nxy

𝜕x

𝜕w0

𝜕y
+ 2C1

𝜕2Pxy

𝜕x𝜕y
+

𝜕Qxz

𝜕x

− 3C1

𝜕Rxz

𝜕x
+

𝜕Qyz

𝜕y
− 3C1

𝜕Ryz

𝜕y
+ Kew0

+ Kp

(
𝜕2w0

𝜕x2
+

𝜕2w0

𝜕y2

)
+ q = I0

𝜕2w0

𝜕t2
+ I3C1

𝜕3u0

𝜕x𝜕t2

+ I3C1

𝜕3v0

𝜕y𝜕t2
+ I4C1

𝜕3𝜃x

𝜕x𝜕t2
+ I4C1

𝜕3𝜃y

𝜕y𝜕t2

− I6C2
1

(
𝜕3𝜃x

𝜕x𝜕t2
+

𝜕3𝜃y

𝜕y𝜕t2

)

 (12d)

𝛿𝜃x ∶
𝜕Mxx

𝜕x
− C1

𝜕Pxx

𝜕x
+

𝜕Mxy

𝜕y
− C1

𝜕Pxy

𝜕y
− Qxz

+ 3C1Rxz = I1

𝜕2u0

𝜕t2
+ I2

𝜕2𝜃x

𝜕t2
− I3C1

𝜕2u0

𝜕t2

− 2I4C1

𝜕2𝜃x

𝜕t2
− I4C1

𝜕3w0

𝜕x𝜕t2
+ I6C1

2
𝜕2𝜃x

𝜕t2
+ I6C1

2
𝜕3w0

𝜕x𝜕t2

in which the parameters  N   ij  ,  M   ij  ,  P   ij  ,  Q   ij   and  R   ij   are:

      

      

      

      

       

 The term related to the energy changes caused by the 

external forces work due to the application of time-varying 

loading as well as the energy changes caused by the Paster-

nak substrate is expressed as follows, where  q(t)  is the load 

of step force or triangular load:

       

 Finally, by using Eqs. ( 6 ), ( 8 ), and ( 11 ) and placing them 

into the relation of Hamilton’s principle as well as using 

the method of integration by parts to simplify the terms, 

the equations governing the movement of the system are 

extracted as:

 (9a)
{

Nxx, Nxy, Nyy

}
= ∫

h

2

−
h

2

{
𝜎xx, 𝜎xy, 𝜎yy

}
dz

 (9b)
{

Mxx, Mxy, Myy

}
= ∫

h

2

−
h

2

{
𝜎xx, 𝜎xy, 𝜎yy

}
zdz

 (10a)
{

Pxx, Pxy, Pyy

}
= ∫

h

2

−
h

2

{
𝜎xx, 𝜎xy, 𝜎yy

}
z3dz

 (10b)
{

Pxz, Pyz

}
= ∫

h

2

−
h

2

{
𝜎xz, 𝜎yz

}
dz

 (10c)
{

Rxz, Ryz

}
= ∫

h

2

−
h

2

{
𝜎xz, 𝜎yz

}
z2dz

 (11)𝛿V = ∫
{

q(t) + kp

(
𝜕2w0

𝜕x2
+

𝜕2w0

𝜕y2

)
+ kew0

}
𝜕w0
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 Using Eqs. ( 10 a–c) and ( 12 a–e), the general equations 

governing the problem will be obtained in terms of displace-

ment fi elds. 

    Dynamic loading 

 Advanced supersonic and hypersonic fl ying devices are sub-

jected to a variety of dynamic loads such as gusts, shock 

loads, intense sound pulses, and blast waves. The analysis 

and design of structures under dynamic loading such as blast 

waves requires a detailed understanding of the loading phe-

nomenon. Therefore, in the present research, the eff ects of 

diff erent types of time-dependent pressure pulses have been 

investigated. The types of the loads and their functions are 

as follows: 

   Triangular loading 

        

    Uniform blast loading 

 The Friedländer function is an ideal laboratory function 

for the pressure–time curve of the blast wave caused by an 

explosion in open air, which reaches a point with a safe dis-

tance from the explosion point. If the resulting loading can 

be assumed to be uniform, the resulting wave can be consid-

ered as an exponential shape function called the Friedländer 

function (Dobyns  1981 ):

       

    Step loading 

        

 (12e)

𝛿𝜃y ∶
𝜕Myy

𝜕y
− C1

𝜕Pyy

𝜕y
+

𝜕Mxy

𝜕x
− C1

𝜕Pxy

𝜕x

− Qyz + 3C1Ryz = I1

𝜕2v0

𝜕t2
+ I2

𝜕2𝜃y

𝜕t2

− I3C1

𝜕2v0

𝜕t2
− 2I4C1

𝜕2𝜃y

𝜕t2
− I4C1

𝜕3w0

𝜕y𝜕t2
+ I6C2

1

𝜕2𝜃y

𝜕t2

+ I6C2
1

𝜕3w0

𝜕y𝜕t2

 (13)R(t) =

{(
1 −

t

t1

)
Q0, for t ≤ t1

0 for t > t1

 (14)R(t) =

{
Q0e

−𝛼
t

t1

(
1 −

t

t1

)
, for t ≤ t1

0 for t > t1

 (15)q(t) = Q0

 In Eqs. ( 13 ) to ( 15 ), the constants  Q  0 ,  t  1 , and  ɑ  are the 

maximum blast pressure, duration of the positive phase of 

loading, and the wave function, respectively. 

     Solution method 

 For the edges of the FML, simply supported boundary con-

ditions are considered. Therefore, the displacement and 

moment around the panel are zero. As a result, the bound-

ary conditions will be as follows:

       

 In the Galerkin technique, the trial functions are selected 

to satisfy the geometric boundary conditions, such as dis-

placement and slope constraints, while the force boundary 

conditions are handled indirectly through the variational for-

mulation. The stresses derived from the displacement fi elds 

are validated against the force boundary conditions, ensuring 

that they are satisfi ed in an approximate sense. This approach 

is consistent with standard practices in structural mechan-

ics and has been validated through convergence studies and 

comparison with benchmark results (Rao  2019 ; Rezaee and 

Maleki  2024 ). According to the governing boundary condi-

tions, the proposed Fourier series for displacement fi elds 

are considered as:

      

where  N  and  M  are the truncation order. By placing the 

expansion in Eq. ( 17 ) into the dynamic equations and using 

the Galerkin method (Rezaee and Maleki  2024 ), also consid-

ering that the internal inertias are not eff ective on the ampli-

tude of nonlinear vibrations (Rezaee et al.  2015 ; Minaei and 

 (16)

u0(x, 0, t) = v0(a, y, t) = u0(x, b, t) = v0(0, y, t) = 0

w0(x, 0, t) = w0(x, b, t) = w0(0, y, t) = w0(a, y, t) = 0

𝜃x(x, 0, t) = 𝜃x(x, b, t) = 𝜃y(0, y, t) = 𝜃y(a, y, t) = 0

Mxx(0, y, t) = Myy(x, 0, t) = Mxx(a, y, t) = Myy(x, b, t) = 0

Pxx(0, y, t) = Pyy(x, 0, t) = Pxx(a, y, t) = Pyy(x, b, t) = 0

 (17)

u0(x, y, t) =

M∑
m=1

N∑
n=1

cos
(

m𝜋x

a

)
sin

(n𝜋y

b

)
Umn(t)

v0(x, y, t) =

M∑
m=1

N∑
n=1

sin
(

m𝜋x

a

)
cos

(n𝜋y

b

)
Vmn(t)

W0(x, y, t) =

M∑
m=1

N∑
n=1

sin
(

m𝜋x

a

)
sin

(n𝜋y

b

)
Wmn(t)

𝜃x(x, y, t) =

M∑
m=1

N∑
n=1

cos
(

m𝜋x

a

)
sin

(n𝜋y

b

)
Xmn(t)

𝜃y(x, y, t) =

M∑
m=1

N∑
n=1

sin
(

m𝜋x

a

)
cos

(n𝜋y

b

)
Ymn(t)
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Arab Maleki  2020 ; Rezaee and Maleki  2011 ), nonlinear dif-

ferential equations with ordinary derivatives will be obtained 

as following matrix form:

      

      

 (18a)L1W2 + L2W + L3U + L4V + L5X + L6Y = L7W

 (18b)

L8W2 + L9W + L10U + L11V + L12X + L13Y = L14W

      

      

       

 In Eqs. ( 18 a–e), the coeffi  cients  L   i   represent the con-

tributions of stiff ness, inertia, and foundation parameters 

derived from the governing equations. Coeffi  cients  L   i  , 
 i  = 1,2,…,40 derived from the series expansion of dis-

placement components, representing the contributions 

of higher-order terms in the solution. These coeffi  cients 

depend on material properties, geometrical constraints, 

border conditions, and the applied loading. Finally, 

by using Eqs. ( 18 a–e) and also using the Runge–Kutta 

numerical technique, the above equations are solved and 

the nonlinear response of the system will be obtained. 

The nonlinear ordinary differential equations derived 

from Eqs.  ( 18 a–e) were solved using the fourth-order 

Runge–Kutta (RK4) method, implemented in MATLAB. 

This method provides accurate time-domain solutions 

by iteratively updating the system states based on the 

derivatives obtained from the equations (Khosravi et al. 

 2021 ). A uniform time step size Δt =  10 –6  s was chosen 

 (18c)

L15W3 + L16W2 + L17W

+ L18UW + L19XW + L20VW + L21YW

+ L22U + L23X + L24V + L25Y = L26W

 (18d)

L27U + L28W2 + L29W + L30X + L31Y + L32V = L33W

 (18e)

L34U + L35W2 + L30W + L3Y + L38X + L39V = L40W

  Table 1       Comparison of 

natural frequencies parameter, 

  β = 𝜔a2
√
𝜌h∕D     , of a thick 

elastic plate using the fi rst and 

third-order shear theory  

   h / a     Theory    1st mode    2nd mode    3rd mode  

  0.001    Classic theory (Leissa  1973 )    11.6820    27.7526    41.1989  

  First-order (Hashemi and Arsanjani  2005 )    11.6815    27.7523    41.1945  

  Third-order (Hosseini-Hashemi et al.  2011 )    11.6815    27.7523    41.1944  

  Present work    11.6815    27.7522    41.1943  

  0.1    3D elasticity theory (Malik and Bert  1998 )    11.3984    26.2165    38.3782  

  First-order (Hashemi and Arsanjani  2005 )    11.3815    26.1942    38.3217  

  Third-order (Hosseini-Hashemi et al.  2011 )    11.3739    26.1940    38.3018  

  Present work    11.3738    26.1940    38.3017  

  0.2    3D elasticity theory (Malik and Bert  1998 )    10.7635    23.2795    32.8963  

  First-order (Hashemi and Arsanjani  2005 )    10.7633    23.2752    32.8428  

  Third-order (Hosseini-Hashemi et al.  2011 )    10.7632    23.2751    32.8427  

  Present work    10.7633    23.2750    32.4226  

  Fig. 2       Validation of the time response of fi ber metal laminate plate 

under step loading  

  Table 2       Material properties of fi ber-metal laminate composite materials  

     E  1  (GPa)     E  2  (GPa)     G  13  (GPa)     G  23  (GPa)     G  12  (GPa)    ν 12     ρ (kg/m 3 )  

  Composite    125.6    125.6    4.24    4.23    4.02    0.23    1872  

     E  (GPa)    ν    ρ (kg/m 3 )  

  Al plate    70.5    0.32    2760  
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to balance computational effi  ciency and accuracy. The 

stability of the solution was ensured by adhering to the 

Courant–Friedrichs–Lewy (CFL) condition, where the 

chosen time step size satisfies the numerical stability 

requirements for the system under consideration. The 

CFL condition ensures that the time step is suffi  ciently 

small relative to the plate’s vibration frequencies. Using 

this approach, the nonlinear time response of the structure 

is computed, capturing the infl uence of various parameters 

such as the pressure pulse shape, loading duration, Paster-

nak foundation characteristics, aspect ratio, and laminate 

properties. The numerical procedure ensures the stability 

and convergence of the solution. For each loading case, the 

chosen time step provided suffi  cient resolution to capture 

the dynamic response accurately, including the eff ects of 

the loading’s positive and negative phases. 

  Table 3       Convergence analysis of maximum dimensionless displace-

ment using the Galerkin method  

  Number of truncation 

order ( N ,  M )  
  Maximum dimensionless 

displacement (center)  

  Change from 

previous term 

(%)  

  5    0.943    

  8    0.989    4.88  

  10    1.002    1.31  

  12    1.003    0.1  

  15    1.003    0  

  Fig. 3       Infl uence of aspect ratio on nonlinear time trace and phase plane under blast wave force  

  Fig. 4       Infl uence of the Pasternak substrate on nonlinear time response under blast wave loading  
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    Results 

 In this portion, the validation of the fi rst 3 dimensionless 

natural frequencies of a thick rectangular isotropic plate 

with simple support boundary conditions is discussed. 

For this purpose, fi rst, the results obtained for a thick 

elastic plate are compared with the results obtained from 

the exact solution based on the fi rst-order shear theory 

(Hashemi and Arsanjani  2005 ) an d the results obtained 

from the exact solution based on the third-order shear the-

ory (Hosseini-Hashemi et al.  2011 ) in Table  1 . All results 

presented in this study were extracted for a square plate 

with dimensions  a  =  b  = 20  h , where  h  is the total thick-

ness of the plate. The thickness of the individual layers is 

assumed to be  h  1  =  h  3  = 0.1  h . The stacking sequence of the 

porcelain layer is defi ned as [Al/90/0/90/0/Al], where “Al” 

represents aluminum layers, and “90” and “0” indicate the 

orientation of the fi bers in the composite layers. This spe-

cifi c stacking sequence and the thickness distribution are 

chosen to refl ect typical confi gurations used in engineering 

applications and provide a consistent basis for evaluating 

the dynamic response under uniform pressure loading.  

 In another validation, the nonlinear time response of the 

square laminate composite FML exposed to step loading 

obtained by 3rd-order shear theory is compared with the 

results based on the 3rd-order shear model from reference 

(Upadhyay et al.  2011 ) in Fig.  2 . According to Table  1  and 

Fig.  2 , the results of the present analysis demonstrate accept-

able agreement. To investigate the nonlinear dynamics of 

the fi ber metal laminate plate under diff erent loadings and 

study the eff ect of the eff ective parameters, the physical and 

geometrical properties of the polymer composite layers rein-

forced with CFRP carbon and aluminum fi bers are consid-

ered as shown in Table  2 .          

 The convergence analysis is an essential step in numerical 

methods, such as the Galerkin method, to ensure the accu-

racy and reliability of the results. This analysis evaluates 

how the results stabilize as amount of terms in expansion 

increases. The convergence analysis ensures the accurate-

ness and reliability of results by evaluating how the solution 

stabilizes as the number of terms ( N  and  M ) in the Galerkin 

method increases. In this study, the transverse displacement 

 w ( x , y , t ) was calculated for  N  =  M  = 5, 8, 10, 12, 15, using the 

maximum dimensionless displacement at the plate center as 

the reference parameter. The convergence analysis of maxi-

mum dimensionless displacement using the Galerkin tech-

nique for the case of uniform blast loading ( Q  0  = 100 kPa, 

 t  1  = 0.01 ms) is presented in Table  3 . Signifi cant changes 

were observed for  N  = 5 and  N  = 8, but at  N  = 10, the results 

stabilized with a percentage change of only 1.31% compared 

to  N  = 8. Further increases in  N  (e.g.,  N  = 12 and  N  = 15) 

resulted in negligible changes (< 0.1%), indicating conver-

gence. Thus,  N  =  M  = 10 was selected for all calculations, 

providing an optimal balance between computational effi  -

ciency and accuracy. This analysis validates the correctness 

of the original results and confi rms the robustness of the 

methodology for diff erent types of pressure pulses.  

 One of the most effective factors in the behavior of 

plates is the aspect ratio. For this purpose, in Fig.  3 , the 

dimensionless displacement  w/h  at the middle point of the 

plate in terms of time has been investigated. In this part, 

the eff ects of the Pasternak substrate are not considered. As 

  Fig. 5       Eff ect of fi rst and third-order shear deformation theory displacement fi elds on the nonlinear time response for the displacement fi eld  
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can be seen, by increasing the aspect ratio from 0.4 to 1.4, 

the maximum dimensionless displacement has increased. 

Also, the frequency decreases with the increase of aspect 

ratio from 0.5 to 1.5. In Fig.  4 , using the 3rd-order shear 

fi eld, the dimensionless nonlinear time response of the fi ber 

metal laminate has been evaluated for diff erent values of 

the linear and shear stiff ness of the Pasternak substrate. As 

can be observed, with the increase of linear and shear stiff -

ness parameters, the oscillation amplitude decreases. It is 

also clear that compared to the linear stiff ness constraint, 

the shear layer constraint has a greater infl uence on the time 

trace. In addition, it can be seen that the addition of the 

substrate stiff ness increases the vibration frequency, and 

this increase is greater for the shear spring compared to the 

linear spring.                 

 Figure  5  demonstrates the nonlinear time trace of fi ber 

metal laminate under blast loading using the 3rd-order 

shear displacement fi eld compared to the fi rst-order shear 

displacement fi eld. As it is clear from Fig.  5 , the dimension-

less time response values for the 1st-order shear theory are 

higher compared to the third-order shear theory. Also, the 

vibration frequency for the 1st-order shear theory is lower 

than the vibration frequency calculated based on the 3rd-

order shear theory. It should be noted that with the increase 

in the thickness of the fi ber metal laminate, the diff erence 

between the predicted values of the time response for the 

fi rst and 3rd-order shear theories increases.         

 As observed in Fig.  5 , the nonlinear responses predicted 

by the TSDT and FSDT show signifi cant diff erences in 

terms of both frequency and defl ection. However, in Table  1 , 

which presents the linear natural frequencies, TSDT and 

FSDT produce nearly identical results. This discrepancy 

arises from the diff erences between linear and nonlinear 

analyses. In the linear regime (Table  1 ), the defl ections are 

small, and higher-order deformation eff ects considered in 

  Fig. 6       Infl uence of duration of the positive phase of blast loading on 

the nonlinear time trace  

  Fig. 7        Eff ect of blast loading wave function parameter on the nonlinear time response and frequency transform function  

  Fig. 8       Nonlinear dimensionless time response under triangular, step, 

and blast wave loads  
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TOT have minimal impact on the frequencies, leading to 

similar results between TSDT and FSDT. In contrast, the 

nonlinear response in Fig.  5  involves large defl ections, where 

geometric nonlinearities and higher-order eff ects become 

signifi cant. TSDT, which accounts for these eff ects, pre-

dicts more pronounced diff erences in frequency shifts and 

defl ection amplitudes compared to FSDT, which cannot fully 

capture these nonlinearities. Additionally, the plate geometry 

and the stacking sequence amplify the diff erences between 

TSDT and FSDT in the nonlinear regime. TSDT captures 

the higher-order interactions between layers and shear defor-

mations, which become prominent under large defl ections, 

whereas FSDT oversimplifi es these eff ects. Thus, the dif-

ferences observed in Fig.  5  are attributable to the combined 

eff ects of nonlinearities, plate geometry, and composite type, 

which are accurately captured by TSDT but not by FSDT. 

 The TSDT off ers signifi cant advantages over the FSDT, 

particularly in scenarios involving thick plates, nonlin-

ear behavior, and dynamic loading. Unlike FSDT, which 

assumes a linear variation of transverse shear stresses and 

requires an empirical shear correction factor, TSDT models 

a cubic shear stress distribution that inherently satisfi es the 

zero shear stress boundary condition, eliminating the need 

for correction factors. This makes TSDT more accurate for 

thick plates and materials with high through-thickness prop-

erty variations, such as fi ber metal laminates. Additionally, 

TSDT is better suited for nonlinear and dynamic analyses, 

as it captures higher-order deformation eff ects that FSDT 

cannot, especially in cases of large deformations and com-

plex loadings like blast waves. These benefi ts make TSDT 

a more versatile and reliable choice for advanced structural 

applications, where FSDT’s simplifi cations may lead to 

inaccuracies. 

 In Fig.  6 , the eff ects of the positive phase of blast wave 

loading on the nonlinear time response of the fi ber metal 

laminate have been evaluated. As it is seen from Fig.   6 , 

when the duration of the positive phase of blast wave loading 

decreases, the nonlinear time response increases, and with 

its increase, the negative value of the time response will 

grow signifi cantly. Also, as the positive phase of loading 

duration increases, the frequency increases. The eff ects of 

the wave function parameter in blast loading on the nonlin-

ear time trace of the fi ber metal laminate are shown in Fig.  7 . 

In this part, the eff ects of the Pasternak substrate are not 

considered. According to the results, by increasing the value 

of the wave function constraint, the infl uence of negative 

stage of the blast charging is strengthened, which indications 

to an growth in the displacement in the midpoint of FML. 

Also, increasing the value of the wave function parameter 

has reduced the frequencies of plate vibrations.                 

 The infl uence of diff erent loadings on the nonlinear time 

trace of the fi ber metal laminate has been examined in Fig.  8 . 

As can be seen, the nonlinear dimensionless time trace under 

step loading is greater compared to the triangular wave load-

ing, while for triangular wave loading it is greater compared 

to the blast wave loading. This is because the amplitude of 

the oscillations is related to the loading area, which is the 

largest in the step loading mode and the smallest in the blast 

wave loading mode.         

 The eff ect of considering nonlinear strains compared 

to the linear case is demonstrated in Fig.  9 . In this part, 

the eff ects of the Pasternak substrate are not considered. 

As it is known, the linear and nonlinear responses are 

almost similar to each other at fi rst, but with the pas-

sage of time, their behavior becomes diff erent from each 

other. According to Fig.  9 , in the case of using nonlinear 

strains, the maximum value of the dimensionless ampli-

tude is smaller compared to the linear case, while the fre-

quency of the predicted vibration is larger. This frequency 

will also increase with the increase in the dimensionless 

displacement.         

  Fig. 9       Comparison of the linear and nonlinear time responses of the fi ber-metal laminate plate under blast loading  
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    Conclusion 

 In this research, the nonlinear vibrations of the fi ber metal 

laminate under time-dependent constant pressure loadings 

in the form of triangular, step, and blast waves (exponen-

tial function) have been investigated. The TSDT along with 

von Karman’s nonlinear strain–displacement relationships 

are applied to obtain the nonlinear dynamic equations. 

The equations have been discretized using the Galerkin 

technique, and the time trace has been obtained using the 

Runge–Kutta technique. Finally, the eff ect of various con-

straints including aspect ratio, time duration of the loading 

positive phase, Pasternak substrate eff ect, and the pressure 

pulse type on the nonlinear time trace of the plate have been 

considered. 

 The results show that the dimensionless displacement at 

the center of the plate decreases exponentially with a reduc-

tion in the aspect ratio, accompanied by an increase in the 

frequency of plate vibrations. Furthermore, reducing the 

duration of the positive loading phase amplifi es the ampli-

tude of dimensionless displacement while decreasing the 

frequency of plate vibrations. Similarly, a decrease in the 

wave function parameter correlates with a reduction in the 

dimensionless displacement amplitude and an increase in 

the frequency of plate vibrations. The fi ndings underscore 

the signifi cant impact of parameters such as aspect ratio, 

laminate thickness, and positive loading phase duration on 

the structural time response. Consequently, these factors 

should be carefully considered during the design phase of 

such structures. Additionally, attention should be given to 

the loading time of the blast wave, as a decrease in the posi-

tive phase duration results in an amplifi ed eff ect of the nega-

tive phase of the blast wave loading, potentially surpassing 

the frontal eff ect of the blast wave. 
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